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IIpexuciaoBue KO BTOPOMY U3TAHUIO

HacTosiee u3nanuie CylmecTBEHHO JOTIOIHEHO U nepepaboTano. Hambomb-
meit nepepadotke moasepriuck §§86 u 9. B § 6 aia ucciienopanus konedaHuit
CJIOKHBIX CHCTEM 00J1e¢ MIHPOKO HCIONB3YIOTCA CBOHCTBA CHMMETPHU U METOJIRI
TCOPUU BO3MYINCHUNU. 3HAYUTEILHO paciuuped § 9 (0 ABMXKEHUM TBEPJIOIO Teiia).

MBI pajis1 CITy4aro BRIPA3UTE TIYOOKYH0 OIaroAapHOCTE PeaKTopy aHIITHIA-
CKOTO TepeBOfa 3aJadnuka npogeccopy /. Tep Xaapy, MHOTOUHCIIEHHBIC 3aMe-
YaHUSA KOTOPOTO COCOOCTBOBATH YCTPAHEHHIO PsiJia HETOYHOCTEH U OTIeyaToK.

Mg pusnatenbubl A. B. MuxaitioBy 3a mosie3ubie 00CyKneHNs HEKOTOPBIX
HOBBIX 3a/1a4.

N3 npeaucoBus K MePBOMY U3TAHUIO

[Ipeyraraemsiii cOOpPHUK 331449 TIPeAHA3HAYESH I CTy/[eHTOB-(u3uKkoB. 1lo
OXBATHIBAEMOMY MaTepHally OH IPUMEPHO COOTBETCTBYET KHHraM «MexaHuKa»
JI. 1. JJannay u E. M. Jludpmuna u «Kiraccuueckas mexanuka» [ [onacreiina.

Mbl HapeeMcs, 9TO UTeHHEe COOpHHKA OyneT WHTEPECHBIM HE TOIBKO AT
CTY/ICHTOB, U3YyUaOIIHX MEXaHUKy, HO U I JuIl, 3Haronmx ee. [lopsamok pac-
[IOJIOKEHHS 33/1a4 B OCHOBHOM TaKoM ke, Kak u B Kypce Jlangay u JIudruna, 3a
TE€M UCKIHOYEHUEM, YTO CUCTEMATUUCCKOE UCIIONb30BaHuE ypasHenuil Jlarpamxa
HAYHUHACTCA 371eCh ¢ § 4. 3a7a4uu e NepBhIX TpeX naparpadoB MOKHO pelaTh,
HCIIOIR3YS JIUIIb ypaBHeHus HpI0TOHA U 3aKOHBI COXPAaHEHUS YHEPTHH, HMITYTh-
ca ¥ MOMCHTA UMITY/IbCa. 38 PEJIKUMH UCKIFOUCHUAMU 0003HAYEHUS B COOPHUKE
coBnanamT ¢ oboznaucHusmu «Mexanuku» JI. JI. JlJannay u E. M. Jludpmra u
4acTO Jake CMEUHaTbHO He OToBapuBaoTcs. B 3amadax o0 aaekTpude cKuX IEmsIx
ucnoias3yercs MexaynapoHas cucteMa ejunuil, CH, a B 3az1auax o JBHIKEHUU
JACTHI B AIEKTPOMATHUTHBIX MOJIAX — rayccoBa CHCTEMA.

Ms1 rryGoko OGnaromapusl FO. M. KynakoBy 3a MOCTOSHHYIO ToMOIls. Ham
0c000 XoTenoch Obl IOAYCPKHYTh €0 POJIb B COCTABICHHUH H 00CYKje-
HUU OOJTBINTOTO UMcaa 3a7ad. MBI cuuTaeM TPUSATHBIM JIONTOM TMOONAroapuTh
N. ®. 'mu3dypra 3a neablif psaa MOAC3HBIX COBETOB H yKa3zaHuil, KOTOpbIe ObLIH
HAMU TIPUHATHI K cBeieHmto. Ml BecbMa Oimarogapusl B. J[. KpHBUCHKOBY, 3KUBOEC
YYACTUEC U COBETHI KOTOPOTO YKPEHWIU HAC B PSIIUMOCTH JJOBSCTH JI0 KOHLA 3TY

pabory,



Jamaum

§ 1. UaTerpupoBanre ypaBHeHHI IBHKEHHSI CHCTEM C OTHOM
CTeNeHbI0 CBO0OIBI

1.1. OmpenenuTsh 3aKOH ABMKEHHS TacTUIlLl B mone U (z):
a) U(z) = A(e™2%% — 2¢=%%) (notenuman Mopaa, puc. 1,a);

U
6) U(z) = — - 20(w (puc. 1, 6);

B) U(x) = Uy te? ax (puc. 1,6).

\ L
NN

Puc. 1
1.2. HaiiTi 3aK0H ABMKCHNA YaCTHIIBI B ITO-
me U(z) — —Agz?, ecomm smeprus ce papma aymo. U
1.3. Omnpenemuth IPUOTMKSHHO 3aKOH JIBH- \

JKCeHUs YacTUUbl B one U (x) BOIM3H TOUKH OCTa- £ \
J— |
HOBKHU T = @ (puc. 2). !

|
YKA3AHHE. Bocnonb3oBarses pasnoxenuem U () a
B psix Teilniopa BOM3M TOUKN & = a. Pacemorpers ciy-

yau U'(a) #0u U'(a) =0, U"(a) #£ 0. Puc. 2

1.4. OnpenenuTs, N0 KAKOMY 3aKOHY oOpamaeTcs B 0eCKOHEUHOCTh Me-
pHOA JBMKCHUS YACTHLHI B [TOJIC, H300paXeHHOM Ha puc. 3, IPU NPHOTMKEHUH
snepruu E x U,,.
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U U
e /
TN
. x ,
Puc. 3

1.5. a) Ouenurs nepuoy aBuwxenus yactunpl B nose U(x) (puc. 4), eciu
ee ameprus Ommnka k U, (r.e. £ — U, < Uy, — Upnin).

0) Oupenenurh, B TCUCHUE KAKOH YaCTH NEPHUOJIA TACTULIA HAXOJUTCH HA
yHacTKe OT & A0 X + dT.

B) Omnpeneiauth, B TeUCHHE KakoW 4YacTH MEepHOa UYACTHUA HMCET HM-
NyJabC ME B HHTEPBAE OT P A0 P + dp.

r) Ha miockoctu x, p = md u300pa3uTh Ka4eCTBCHHO Jiuauu F(x, p) =
= const g caydaeB ' < Uy, E =U,,, £ > Up,.

1.6. YacTtmia mMaccel 7 MOXKET ABUTATHCS MO OKPYXXKHOCTH pajuyca [ B
BCPTUKAILHON IUIOCKOCTH B 1OJIC THKECTH (MareMarudeckuil MastHuk). Haii-
TH 3aKOH €€ JIBIKEHUS, eCJIM KUHeTHUeCKas 3Heprusl B HIKHeH Touke [V pae-
ua 2mgl.

OreHuTh Neproy oOpameHus MasTHHKA B cydae, korga F — 2mgl << 2mgl.

1.7. Onpenenurs 3aKOH JBHXXCHUS MATEMATHYCCKOIO MasTHHUKA ITPU IIPO-
W3BOJTEHOM 3HAYCHUU YHEPTHH,

YKA3ZAHHME. 3aBUCUMOCTb YIUla OTK/IOHEHUS! MASATHMKA OT BPEMEHU BbIPAXACTC
yepes IUHNTHYeCKHe QYHKINA (cM., Hanpumep, [ 1], ctp. 150).

1.8. Oupenenutbh U3MCHCHUE 3aKOHA JBUXKCHUS YAaCTUIlbl HA YYACTKE, HE
COIePIKAIIeM TOYCK OCTaHOBKHU, BRI3BaHHOC nodarienueM K noyno U(x) Mmaroi
nobasku U ().

VccnenoBaTs MPUMEHUMOCTE OTyYEHHBIX PE3Y/I5TaTOB BOHM3H TOUKH OCTa-
HOBKH.

1.9. HaiiTi u3MeHeHHe 3aK0HA IBUKECHHS YaCTHIBI, BRI3BAHHOE 100aBIIe-
aueM K nontto U (x) manoit nobasku 6U (x):

Q) U(r) = 222 577(g) — maz’,
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6) Ulw) = M2 5 () = 202

1.10. OmnpeneauTsh U3MEHEHUE TEPHO, A HDUHUTHOTO JBMKESHUS YACTHIIHI,
BbI3BaHHOE nobarnennem K moro UV (x) mamoii nobasku 6U (x).

1.11. Haiftu u3MeHeHHe IEpHOA ABVDKEHNS YaCTHIIbI, BRI3BAHHOE J100aB-
senrieM K nosto U (x) manoit nodasxu U ().

22 4
a) U(z) = mL"ng (rapmonuueckuii ocuuarop), U (z) = migj :
2.2 3
6) U(x) = ™55, oU(z) = M5,
B) U(z) = A(e™2%% — 277} §U(z) = —Ve** (V <« A).
1.12. UYacruma asmkercs B moae U(x) = hlzjo ¢ oueprueii £ > Uj.
C axr
HaiftTu BpeMs 3aJep:KKU YaCTHUIBI IPH IBMXKEHUU OT & = —00 0 & = +00 110

CPABHCHUIO CO BPEMCHEM CBOOOIHOIO JIBUIKCHUSI ¢ TOH KE IHCPIUCH.

§ 2. /IBUKEeHHE YACTHI[ B 1OJIAX

2.1. Onwucark Ka4eCTBEHHO XapaKTep ABMKEHUS YaCTHLEI B oje U (r) =

= —% — 13 NOpH pasaIHYHbIX 3HAYCITHIX MOMCHTAa MMITYILCA H SHCPIHH.
r

2.2. Halitu TpaeKTOpUH U 3aKOHBI JIBHXKCHHS Ya-
CTHIIHI B TIOJIE U

—V mpur < R,
U= R
0 npu r > R r

(puc. 5, «chepudeckas MPAMOYTOTLHAS IOTCHIMATbHAA —V/
AMay) TIPH Pa3IMIHBIX 3HAYCHUAX MOMEHTA W JHCPTUU.

2.3. OnpeaenuTs TpacKTOPUIO YACTHIBI B TOJIE
v 3 Puc. 5
U(r) = 5 + <. Bripasuts u3MeHenue HampaBTeHus
r
€€ CKOPOCTH IIPHU PACCETHUN YePEe3 IHEPTHIO U MOMEHT.
2.4.  Onpenenuth TPACKTOPUIO wacTuipl B moxe U(r) =

BpeMS TAJEHHS YaCTHMIEI B ICHTP MOJA ¢ paccrosaus . Ckoanko 000OpOTOBR
BOKpPYT LEHTpa CAenaeT NPH 3TOM JacTula?
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2.5. OmnpeieuTs TPAEKTOPUIO YacTULEL B Toste U (1) = —% + —. Haiitu
T

YIJIOBOE paccTosare Ay MEKIy ABYMs MOCICIOBATCTHHBIMH TPOXOMXKICHUAMHI
Tmepureaus (TOUKH © = T'yip), TEPHOM paguanbHBIX Komebanwii 71, u mepuo)
oOpamenus 7. Ilpu kakoM yCTOBUH TPAEKTOPHSA OKaXeTCs 3aMKHYTOH?

o B
-

'T’2

2.6. OnpeaenuTs TpaeKTOpUIO YacTHUR B osie U(r) = —

2.7. Tlpu KakuxX 3HaUCHUAX MOMEHTA UMITyJbca M BO3MOKHO (PHHHTHOE
JIBIDKEHHE YacTuIel B mome U (r)?

a) U(r) = _ae 7.

r 2

2

6) U(r) = —Ve =,

2.8. Yacruua nanaer B uentp nossi U(r) = —ar ™ ¢ KOHEUHOIO PACCTOs-
uus. bygeT au 4rcmo 000poTOB BOKPYT LECHTPA, CACTAHHBIX MPH 3TOM YaCTHIICH,
koueaHsIM? ByaeT nu kouneunsiM BpeMst nagenud? HalTH ypaBHenne TpaeKTopuH
JUIS MAJIBIX T

2.9. Yacruina B mosie U (1) yXoauT Ha O€CKOHEUHOCTD C PACCTOSAHUS 1 7 0,
Byuet au qucio 060pOTOB, C/ICTAHHBIX €10 BOKPYT MEHTPA, KOHEUHBIM?
aAU=ar ™, 00U =—ar "

2,10. Ompenemuts BpeMs MaJieHUs YACTHIIRI ¢ PACCTOSIHUS K B LEHTD
nos U(r) — —a/r, paccMaTpuBasl TPACKTOPHIO KaK BLIPOKICHHBIN 3JLIHIIC.
HavanbHas CKOPOCTh Y4CTHIILI PABHA HYJIIO.

2.11. OmpeneyiuTh HAUMEHBIICE PACCTOSIHUC MEXKAY YaCTHIIAMH, €CITH
nepeas U3 HUX HATETAET U3 OSCKOHEIHOCTH CO CKOPOCTBHIO U M TIPHIICTHHBIM
IIApaMEeTPOM £ HA BTOPYIO, IIEPBOHAYAILHO IIOKOMBIIYIOCA. Maccel 4acTuIl 1m,
M2, 3aK0H B3aumoneiicteus U(r) = a/r™,

2.12. B cucreme nenTpa Macc ONpeAeaUTh TPACKTOPUU (HHHUTHOTO JBU-
XKEHUS JIBYyX YAaCTHI[, MACCHI KOTOPBIX 1 U Mg, 4 3aKOH B3aUMOJCHCTBUSL

U(r)=—a/r.

2.13. Omnpepenuts NomokeHHe (OKyca Mydka 4acTHL, OMH3KHX K OCH
Iy4Ka, IPH paccesiHuu B HeHTpanbaoM nome U(r), npeamosnarasi, 4To 4acTHIIA,
JACTAMAs BT OCH, TIOBOPAYHBACT HA3AI.

2.14. Haiitn o0macTh, HEIOCTHKUMYIO JJTsl MyYKa YACTHL, JETAHX W3
OeCKOHCUYHOCTH CO CKOPOCTRIO U MAPAUIETBHO OCH Z M PACCCHBACMBIX TOIEM

U(r) =a/r.
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2.15. Haiitu 00macTh, HEJOCTHIKUMYIO JUTA YACTHII, BEUIETAIOIMX CO CKO-
POCTRIO ¥ B PA3THYHBIX HATIPABIEHUIX U3 01HON Touku A B mome U(r) = —a/r.

2.16.  Haiitu tpackroputo wactuusl B none U(r) = —a/r, ucnons3ys
uHTErpan aswkeHna A = [vM] — &5,

2.17. OmpeeanTs U3MCHCHUE 3aBUCHMOCTH Mepuo;ia 1 pajHaiabHbIX KO-
mebaHuii TOUKHM B LeHTpaabHOM tome U (r) OT 3Hepruu W MOMEHTA, BHI3BAHHOE
U3MEHCHHEM MO Ha MaTyro Benmauay 0U (1),

2.18. TIokasaTb, 9TO TPaeKTOPHA YacTHUBI B Toxe U(r) = —ae /P /r
NPU YCIOBUHH .y << D TipencTaBmseT coboll MeajgeHHO TpeleCcCHpYROmUi
JIUTAIC, H HANTH YIIOBYIO CKOPOCTB €r0 MpPereCCHL.

2.19. Haiitu cxopocth npeueccun opoutel B mone U(r) = —a/r1 ¢, me
le| <« 1.

2.20a. HaiiTu ynioByl0 CKOPOCThH Tpeleccud OpOWTHI YACTHULEL B IOJIE

2.6

2.2
U= mwr? P mpu 3 < mw?a®, mw?b®, tne a u b — mapameTpnr HeBO3MY-

2 T
IIIEHHOU TPACKTOPUH:

T COS 2 rsing\2
(Far) () =

2,206. YacTuma CKOJNB3UT MO MOBEPXHOCTH TIIAJIKOTO Mapadoiou/a Bpa-
IIEeHHs, OCh KOTOPOTO HAIllpaBleHa BEpTUKaubHO BBEpX: 2z — (22 + y2)/(20).
Haiitu ynrosyto ckopocts nperieccuu opoutsl. Haubonnsinee u HaumMenslee pac-
CTOSIHUSL YACTHITHI OT OCH 2z PaBHBI ¢ U b, mpuieM a <& .

2.21. Hccnenopars apwxenue cucreMbl 3emunsd—Jlyra B mone ComHria.
Yyecth, 4T0 macca Jlynel B 81 pa3 Menbie mMaccsl 3eMilH, a PAcCTOSHHE OT
3emu 110 JIyHel ¢ = 380 TBICSY KM MHOTO MEHBIIE CPEHEr0 PacCTOSHUA OO
Comama F = 150 MUIITHOHOB KM.

a) lIpuanMast s IPOCTOTHI, YTO ILIOCKOCTh OpOuTHl JIyHbI cOBMAamacT ¢
TIOCKOCTRI0 OPOWTHI 3eMJIH, TTOKA3aTh, UTO TIOTEHI[HAILHAS SHEPTHS CHCTEMBI
3emiasa—JIyna B noine ComHIA, YCPEIHEHHAS 3a MECAI], UMEET BHJI

e R — paccroguaue or Comnna 10 nieHTpa Mace cucteMnl 3emurs —JIyna. Ompe-
JENUTH TIPOUCXOSIIEE H3-32 ITOTO CMEIEHHE TIEPUTe/ U 3a CTO JIET.



10 3aoauu [2.22

0) ILmockocTh opOUTHI JIYHBEI COCTABISIET € IUIOCKOCTHIO OPOUTHI 3EMITH
yroi 8 = 5°. OnpejieduTh CBA3AHHYIO C 3THM CPEIHIOI0 CKOPOCTH TPEeleCcCHH
IIOCKOCTU opOuThl JIyHBL.

2.22. OupenenuTs yIIOBYIO CKOPOCTH Lpereccuu opouTst B one U(r) =
= —2 + 6U(r), ecrmu skcueHTpHCHTET OPOUTHL € < 1, moaras

SU(r) = 6U(a) + (r — a)dU" (a) + %(r — a)26U" (a),

Tmax + T'min

i (= 5

— cpeauil paanyc OpOHTHI.

2.23.  OnpenenuTh YIIOBYK) CKOPOCTh MPELECCHH OPOHMTHI YACTHLbBI B
mone U(r) = —£ +6U(r) (U (r) — Mamas n06aBKa) ¢ TOTHOCTBIO J10 BIOPOTO

TOPsIIKa BKIFOUATEIHHO TI0 0L/ (7).

2.24.  Haiitu ypaBHCHUC TPACKIOPUU YACTULBI, JABIKYLICUHCS B 1I0JIC
R o ¢ i i
Ulr) = —% + 5 paccmarpusas = KaK Manylo A00aBKy K KyJOHOBCKOMY
IOJIIO.

2.25. Tloka3zaTh, 9TO 3aja9a O JBWKCHUM JBYX 3apSHKCHHBIX YaCTHI[ B
OJIHOPOIHOM ICKTPUUCCKOM TIone & CBOAMTCS K 3aJadaM O JBIKCHHH LEHTPa
Macc M O JIBI’KEHWH 4acTHURI B 3aJaHHOM MOJIE.

2.26. Ilpu kakoM YCIOBHU Pa3AeSIIOTCS 3a/1atH O JIBIKEHUHU [IeHTPa Macc
u 00 OTHOCHTCILHOM ABHKCHHUH JIS ABYX 3aPsDKCHHBIX YACTHI] B OJHOPOIHOM
MAarHuTHOM T10J1e?

BekropHEIii TOTEHITUAT MATHUTHOTO TIONS YA00HO BRIOPATh B BHJIE

1
A =z #r].
2
2.27. DBrIpasuTb KHHCTHYCCKYH IHEPIHIO, HMIYILC U MOMCHT UMIYIbCA
cucteMsl N 9acTHIl Yepe3 KOOPAUHATHI SIkoOu:

_m1r1+...—|—mnrn_ . B
&n = mi+ ...+ mn ot (n=1...,N—1)

miry +...+ mMyry
mi+...+mn

En =
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2.28. Ha nepBonadaanio NOKOWBILIYIOCS TacTHILY HAJETAST YaCTHIIA TAKOM
e MACCHI 171, IMEBLIAs HA O€CKOHETHOCTH CKOPOCTE ¥ U B3aUMOACHCTRYIOIIAS C
nepsoii no 3akony U(r) = a/r™. Ynap uenrpaibusiii. Halita TouKy OcTaHOBKH
HAJICTCBIICH YACTHIIbI.

2.29. Jlokazarb, YTO JUIS 3aPSKSHHON YaCTUIILI B OTHOPOAHOM MarHUTHOM
noste J¢ uHTErpaIoM nBibKeHus sensercs M + 2%[1‘.%”]2, e M = mirv].

2.30. HaiitH TpaeKTOpUIO W 3aKOH ABIKEHHS 3apsSXKEHHOM HacTHIBI B
MaruuTHOM TIone H — gr/r? (IoJle MArHUTHOTO MOHOTIONS).

[Tono0OuBIH BUT HUMEET MATHUTHOE TIOJIE TOHKOTO JUTMHHOTO COJIEHOW1a BHE
€ro B TOUKAX, YAAJIEHHBIX OT €r0 TOPIA HA PACCTOSHUE, OOJIBILOE 110 CPABHEHUIO
C JUAMETPOM COJICHOHA, HO Malo¢ [0 CPAaBHCHHIO C €ro JJIMHOM.

2.31. Onucarh Ka4eCTBCHHO XapaKTep JABUKCHUS W BUJI TPACKTOPHH 3a-
PAKEHHOH YaCTULBI B [0 MAarHUTHOTO JUIIOJL M, JBIJKYIICHCA B IUIOCKOCTH,
MEPICHIUKYIAPHON K BEKTOPY M. BEKTOPHBIN MOTEHIIHAT MArHUTHOTO THITOJIS

A = [mr]/r3.

2,32, a) OnmcaTh KAY€CTBEHHO JIBMIKEHUE 3aPSHKCHHOM YACTHITHI B TIOJS
U = %m)\rg, [Je r — PacCTOSHUE OT OCH Z (NOJIC PaBHOMEPHO 3apsKEHHOTO

IWINHAPA), TIPH HAMHMYHH OHOPOIHOTO MATHHTHOTO T0Js J€, MapajuIebHOTO
OCH Z.

0) HaliTu 3aK0H JBUXKCHHS U TPACKTOPUIO 3aPSKCHHON HACTHIBI, JIBUKY-
meiics B one U = o/ r? B IUIOCKOCTH, [IEPHCHIUKYIAPHONU OCTOSHHOMY OJHO-
POJHOMY MATHHUTHOMY TIOTHO FE .

2.33. 3apsoxeHHas YaCTULA JBUXKETCA B KyJAoHOBCKOM noiie U(r) = —a/r
B MJIOCKO CTH, MEPHEHTUKYIIAPHON K OTHOPOHOMY MarHuTHOMYy oo J€. Ornu-
CaTh TPACKTOPUIO YacTulbl, Mccaenosarh ciaydai, xkorna € Mand, u ciaydaid,
korya nome U(r) sBIsIeTcs MaibM BO3MYLICHHCM.

2.34. HaiitTi 3aKOHBI ABHXKCHUS JBYX OJIMHAKOBBIX 3aPSHKCHHBIX YaCTHIIL
B OJHOPOJHOM MArHUTHOM mojic € B Caydae, KOT/AA TPACKTOPHH UX JICKAT B
OAHOM TTOCKOCTH, MEPICHAUKYIAPHOH K JE, a IHEPTHIO UX B3aUMOICHCTBHS
U(r) — €2 /r MokKHO CIUTAaThL MajIoi TIOMPABKOI.

2.35. Ilokasats, uto B noge U(r) = —% — Fr coxpaHdeTcs Beinunna

F|lvM| — @ %[Fr]2 HcTonkoBaTh 3TOT WHTErPAT JBHXKEHUS NPH OYCHB

ManbeIx F.
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2.36. Hccnenosars Bausnme Matoi nobasku dU(r) = —Fr k kyronos-
CKOMY TOTI0 HA (DUHUTHOE JBIKEHUE TACTHIIHL,

a) Haiitu cpennioro (3a mepuoj) CKOPOCThH U3MEHEHUS MOMEHTA UMITYITHCA.

0) OnpenenuTs 3aBHCHMOCTE OT BpeMeHH MOMEHTA HMITYJILCA, PasMepoB U
opueHTauuu opOuThl, eciik cuma F TeKUT B IMOCKOCTH OpOUTEI,

B) ToT ke BROMpOC NPH NPOU3BOTLHON OPUECHTALWH CHITHL.

YKA3AHHWE., CoCTaBUThL U PEUIUThL YCPEAHEHHbLIE MO NEPHOAY YPABHEHUS JBHIKCHUS
anst Bekropos M = m[rv] u A = [vM] — %_

2.37. Haiitu cuctemMaTuiecKkoe U3MEHCHUE TPACKTOPUH (DUHUTHOTO JBU-
JKCHUs! 3apsbKeHHON wactuunl B moue U(r) = —a/r nom siumsuueM ciaadbix
TOCTOAHHBIX OJTHOPOAHBIX TEKTPHUIECKOTO U MarHUTHOTO Tiosieit & u H.

a) OrpaHuauTHC CIIyYaeM, KOT/id MATHUTHOE TTOJIE TICPIICH IUKYISIPHO L0 C-
KOCTH OPOUTEI, a ISKTPUUIECKOE TIOJI¢ JISKHUT B HEH.

0) PaccmoTtpets oOmmii cryqaii,

2.38a. HaiiTu cHCTEMaTHYCCKOC HM3MCHCHHC ILTHNTHYCCKOH OpOHTHI
qactuupl B moae U(r) = —a/r nom emmsgamem manoil pobapku 0U =
= 3r?(3 cos® 6—1). (TakoBo, HATIPEMED, YCPEHEHHOE 38 MECSI] TTOJIE TATOTEHHUS
JIyHBI B OKOJIO3EMHOM IPOCTPAHCTBE — I1OJIC «IIPUIMBHBIX CHIDY.) OrpaHUUUTLCH
CIlyTaeM, KOTI/id IDIOCKOCTE OPOUTEI MPOXOIUT Yepe3 OCh Z.

2.386. llpunmmasi, yto opOuta JlyHsl B ToiTe 3eMimd mpeacTaBisgeT coOoii
AIUTUTIC, JICKAIIMI B TUTOCKOCTH OPOUTHI 3eMJIH, ONPEACTNTh CHCTEMATHICCKOE
u3MeHeHHe opOuTH JIYHB Mo BIUSHUEM M00ABKH K MTOTEHIUATHLHONH IHEPTHH

_ mf)?
2

oU(r, t) = r?(3cos® x — 1),

r71e ™ — Macca Jlynor, {2 — yIioBas cKopocTh o0parnenns 3emin BOKpyT ConHIa,
X — yrom Mexnay HarnpaereHusmu ot 3emmu K Conaiy u k JIyae (Mexny R(t)
u 2z — oM, 3amady 2.21).

2.39. Haiitu cuctemMaTu4eckoe CMEMICHUE TPACKTOPUU (PUHUTHOTO IBH-

KEHHs YacCTHIpI, Apwxkyefics B moxe I/ = —a/r ¥ B TIONe MaTHATHOTO IH-
TIOJIS W1, CCTM BIHSHUEC MATHUTHOTO JHIIONIS MOXKHO PACCMATPHBATHL KaK Majoe
[mr]

BO3MyIleHHe. BeKTOpHbI MoTeHnuas BLIOPaTh B BUAE —;
T
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2.40. OnpenenuTsh CPENHIOID CKOPOCTH IPEIECCHH OPOUTHI YACTHITHI B
none U(r) = —«a/r moa peficteuem Maxoil gobasounoit cuiet F = (¥ (Takoii
2

BH,| UMCCT CHJIa TOPMOYKCHHS U3Ty9ICHUEM, B 3TOM ciaydae J = 373
C

3aps yactuipl, — cM. [2], § 75).

§ 3. Ceuenune paccessHAsI B 3aaHHOM 1oJ1e. CTOJIKHOBEHHE
YaCTHIL

3.1. Haiitu guddepenruansioe >dpdexTuBnoe ceuenue paccesuus da-
CTHII, CKOPOCTBH KOTOPBIX /10 PACCESHES NapauIeNbHa OCH 2, Ha [IaJKOH yIpyrou
HOBEPXHOCTH BpaueHus p(z):

a)p:bsing, 0<z<ma;

0) p=Az", 0<n<l;

2 2
_ a a
3.2. Haiitu moBepXHOCTHL BPAIICHUS, CEUCHHE YIIPYrorO paccestus Ha

KOTOPOH COBIAAACT ¢ pe3ephopIOBCKIM.

3.3. Haiitu auddepenumansnoe 3hPeKTHBHOE CEUEHUE PACCESTHUS HACTHUI]
cheprueCKUM KITOTEHIHATHHBIM TOPOOMY:

V opu r < a,
Utr) =4
0 mpu r > «a.

3.4. Halitu cedyenue nageHus 4acTHL B IICHTP MOJIA:

3 B~

3.5. Haiitk ceucHMe najcHUs YaCTHLL HA MApUK paauyca I, maxoasmmiics
B werTpe o U (r):

AU =—-2L n>2;

7 2 2

g
OU="2 -1,
) T’2 ?"4

3.6. Haiitu nuddepenimansuoe > hEeKTUBHOE CEUCHUE PACCCIHIS YaCTHI]
B iosre U/ (r):

npu v << K,

=3le

a)U(r) =

npu r > R;
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1 2,2 p2
6) U(r) = Qmw(r R*) npur <R,

0 npu r > R.

3.7. Haittu nuddepennuansaoe 3hPpekTuBHOE CeUECHUE paccesHUs Obl-
ctpeix yactan (£ > V) 8 none U(r):

) U(r) = Vln(l + ﬁ—j)

?“2

Vil- =
6) U(r) = ( R?
0 npu r > R.

) npu r < R,

3.8. Haiitu muddepeniuansuoe >pheKTUBHOE CEUCHUE PACCEIHUS YaCTHI],

8 a

Ha Maible yriael B mone U(r) = — — <.
r T
3.9. Haiitn audepenumansroe 3hHekTHBHOE CEUEHHUE PACCESHAS YaCTHLL
B none U — —a /72,

3.10. Haiitu auddepenimansuoe aGheKTHBHOE CCUSHHE paccesHus ObI-
crpeix wactut] (£ > V) B mone U(r). Uccnenorars monpobHee mpejiebHbIE
CJIy4au, KOIJia yroji OTKIOHCHHS 030K K CBOCMY MHUHUMAJILHOMY HJIH MaKCH-
MaJbHOMY 3HAYCHUIO:

2.2
A U(r)y=Ve ", 6)U(r)= %
1+ 27

3.11. 1IoTOK 4acTHIl, CKOPOCTH KOTOPBIX MEPBOHAYANLHO NapaUICIbHEI

OCH Z, PACCCUBACTCS HA HETIOABUKHOM JJUTUIICOU/IC

2 2 2

+ 2o

@w|é-3
%S
Cﬁw|l\2

Haiitu nuddepenrmanbioe 3¢gpheKTHBHOE CeUeHUe PACCEHUS, €CIIH AUTANCON!
a) TIafKui ynpyruid, 0) miajgkuii HeynpyTui, B) NICPOXOBATHIA yIIPYTHIA.

3.12. Haittu auddepenunansnoe 3¢hheKTUBHOE CEUEHHE paccesnud Ha

Majble yrabl B HeleHTpaasHoM noje U(r):
__ar. __ar
a)U(r) ==; 6)U(r)==.
r r

3.13. Haiiti nonpaBky K auddepeHunaTsHOMy I(PHEKTHBHOMY CEUEHHIO
paccesuus wactul] B moje U(r), BRI3BAHHYIO U3MEHCHHEM MO Ha MAJIyo Be-
mauHy SU (1):
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DU) =%, 6U(r) = 2,
6)U(r) =<, 6U(r) — L
B) U(r) = %, oU(r) = A—é

3.14. Omnpegenuts ycpeaHeHHOE O BpeMenn Auddepenianbaoe apdhek-
TUBHOEC CCUCHUC PACCEAHUA KaK (QYHKIHIO MproOpeTacMOi YaCTHIIAMH 3HCPTHH
npu paccesrim B noe U(r, t) = (Vi + Vasinwt)e * " BBICTPHIX HacTHL
(E > V1,2).

3.15. Yacrua, geTsmas co ckopocTeio 1V, pacnagaercs Ha ABE OJWHAKO-
BbI€ YacTHIBI. OnpeneauTs pacipese/ienie o yIioy pasjieTa paciaaiblX YaCTHI]
(yroa Mexxy HanpapBlIeHUSIMU BblUTeTa 00eux yactui). Pacnaz B cucteme meHTpa
MAacC HM30TPOIICH, CKOPOCTh PACIIaAHBIX YacTHII B C. I[. M. paBHA (.

3.16. Haiitu pacupenenenue pacnaqHbiX YaCTHIL IO JHEPrusiM B srabopa-

TOPHOH CHCTEME, €CITH B CHCTEME IICHTpPa Macc YIJIIOBOE PAclpeeicHue UMEeT

BH I % sin? Ay dog, Tae Gy — yros Mexay CKOpOCThI0 V NEPBUUYHON YaCTUIILE

W HAPABJIIEHHEM BBLIETA PACMAAHON YaCTHILI B C.1[. M. CKOpPOCTh pacmajaHbIx
YaCTHUIL B C. 1. M. vg.

3.17. DnexkTpoH, UMEBIIHI HA OECKOHEUHOCTU CKOPOCThH ¥, HAJICTACT HA
JAPYTOH 3ISKTPOH, IIEPBOHAYATHLHO HEIOABIDKHBIN (TIPUIIENBHBIH mapaMeTp p).
HaliTi CKOpOCTH JIEKTPOHOB ITOCJE PACCEIHUA.

3.18.  OupenenuTs UHTEPBAJ 3HAYCHHUI, KOTOPBIC MOMET UMETH YIOJI
MeX1y HamparIeHUSAMH CKOPOCTEH TMOCe CTOTKHOBEHWs JBHXKYLICHCS YacTH-
eI {Macca mj) ¢ MepBOHAYANBHO MOKOUBIICHCS (Macca ma).

3.19. Haiitn muddepenunanbaoe 3QGhEKTUBHOE CEUEHUE PACCESIHHS LA -
KUX HCYNPYTUX MAPHKOB HA TAKUX K¢ IIAPUKAX, [ICPBOHAYAILHO IOKOHBITHXCS,

3.20. Halitu 3akoH, MO0 KOTOPOMY H3MCHSICTCS HHTCHCUBHOCTD ITyUKa Ha-
CTHLI, TIPH TIPOXOKACHHHA UM 00IaCTH, 3aII0IHCHHOH MOTJIOINAIIIUMHI LHEHTPAMH.
[ImoTHOCTE pacnpenecHUs UCHTPOR 1, CEUCHHE TOTIOIICHHA 0.

3.21. HaliTm 4ucI0 aKTOB peaKiiy, TPOUCXOasuX B oObeme dV 3a
BpeMs dl TMpHU CTOJKHOBEHHH JBYX MYUYKOB YACTHI[ CO CKOPOCTIAMH Vi, Vg H
TUIOTHOCTSIMH 711, No. CeUeHue peakuuu PaBHo o.



16 3aoauu [3.22

3.22. Yactuma Maccel M jBmKeTcs B 007aCTH, 3aOJIHEHHON YaCTUIIAMI,
TIePBOHAYATRHO HETIO/IBHKHBIMH, MACCHI KOTOPBIX paBHbBI m & M . CeueHue pac-
cesinust gactun m Ha dacruue M ecrs do = f(f) do. Cronkunosenus yupyrue.
Haiitu:

a) «CHIIy TPEeHHA», MeHCTBYIONTYIO Ha "acTuity M ;

0) cpeanuii KBaapaT yria oTkjaoHeHus © vactuisl M.

§4. YpaBHeHus nBUKeHUAA. 3aKOHBI COXpaHEeHUS

4.1. Yactuma B none U(x) = —Fx 3a Bpemst T TiepeMeILacTcsi 03 TOUKH
x = 0 B TOUKY z = a. HaliTH 3aKOH ABMKEHUs YACTHITRI, TIPEANONAras, 4ro OH
umeet Bux x(t) = At? + Bl + C, v nogbupas napamerpst A, B, C' Tak, 4T06b1
NeHCTBHE UMEI0 HAMMCHBIIICE 3HAYCHHE.

4.2. YacTHua nBHKETCS B IITOCKOCTH 2Oy B MOJIC

0 1opuax <0,

[ _
(2, ) V umpuz >0,

mepeMeranch 3a BpeMsa 7 u3 Touku (—a, 0) B T0uKy (@, a). Haiitu 3akon jBu-
’KEHHS YaCTULIBI, IPENONArasi, YT0 OH UMEET BH/I

x1,2(t) = A1, 2t + By, 2,
y1,2(t) = C1,9t + D1 2.
Bmauku 1, 2 ornocaTes k aesoil (x < 0) u mpasoil (z > () HOTYIUIOCKOCTSM.

4.3. C nomMoEI0 HEMOCPEACTBEHHOTO BEIUACIIEHUS AOKA3aTh KOBapHaHT-
HOCTh ypaBHeHUH Jlarpanka OTHOCHTEIBHO MPe0OPa30BaAHUI KOOPIHHAT

qi:qi(Q].)QZ’"'ﬂQSﬂt)) i:1929---95-

4.4. KaxuMm oOpazom momxkHa TpeoOpa3oBeBaThes (yukums Jlarpamka
LIPU [IEPEXOE K HOBBIM KOOPIUHATAM U «BPCMCHU

QiZQé(QI;QQ:---:QS:T); i:]_,Q,...,S, t:t(QlaQQa"'vQSaT)a

uTOORI ypaBHeHUd Jlarpamka coxpanwmu cBoil pun?

4.5. 3amucars ¢yskmro Jlarpamka W ypaBHEHHUS ABMKEHUSA YaCTHIHI B
noyie U (), BBeast «MecTHOE BpeMsi»y T — ¢ — Ax.
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4.6. Kaxk npeoOpasyercs dynxirs Jlarpamka

dx\ >
=i (&
dt
TIpu TIepexoze K KOOPAUHATAM ¢ i «BPEMCHHY T

x =qgchA+ 7shA,
t=gshA+7chA?

4.7. HaiiTu 3aKoubI Ipeo0pa3oBaHus IHEPTUH U O0OOIIECHHBIX UMITYIHCOB
npu Npeo0pa3oBaHUN KOOPIHHAT

q@-:f@-(Ql,...,Qs,t), 7::1,...,8.

4,8. Haiitu 3akonnl peodpazoBanust YHEPTrUd U 00OOIICHHBIX HMITY/ILCOB,
CONPSHKCHHBIX MOJSIPHBIM H ACKAPTOBBIM KOOPIHHATAM, IIPH MEPEX0/E K CHCTEME
OTCYETA, BPALIAIOIICHCS BOKPYT OCH Z:

a)p — ¢ +Qt, r—1

6) x — 2’ cosQU — oy sinQ, y — x'sin QU + y' cos Q.

4.9. Haiiti 3ak0oHBI TPeoOpa3oBaHU YHEPTHH W HMITYITHCOBR TIPH TTePEX0/Ie
K CUCTEME OTCUETa, ABWKYMICHCH cO ckopocthio V. Dyukuuio Jlarpamxka [/
B JIBIDKYIICHCS CHCTEME BEIOpATEH B BHAC

a) L1 = L(r' + Vi, ©' + V,t), tne L(r, r, ) — dynxmus Jlarpamka
B HETOBIKHONH CHCTEME;

6) L, = m%ﬂ — U(r + Vi, t). 3necy L otamaaercst ot L) wa monmyro
TIPOU3BOAHYIO TIO BPEMEHU OT (ByHKIMH

Vmr' + %Vgt.

4.10. Ilycts DeckOHEUHO MaNoe Npeodpa3oBaHUE KOOPAWHAT U BPEMCHH
UMEET BU/I

qj; = g; + 8qj’i(Q7 t)v
' =t+eX(q,t), £—0,

H IyCTh MPH ITOM NPEOOPa30BAHNHN COXPAHACTCS BH| JCHCTBHA:

to t’2

/L(q, %, t) dt — L(q’, %, t") d'.
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Jlokasarh, 4TO BeIMYHUHA

OL (s x _ 0,y —
@- 5. (@X =) — LX

ABJICTCA HHTCIPAJIOM JABHKCHHA.

4.11. O000uwTh TEOpPEeMY IHPEALIAYINCH 3aja9d HA CIydaid, Korja BHI
JMEUCTBUA MIPU MPE0OPA30OBAHUN KOOPIUHAT U BPEMEHH MEHSIETCS CIIELYFOILHM
obpasoM:

to t,2

[ St a= [{o(e. 5 ) - A0 Nar

3] )

4.12. HalTH uHTErpajibl ABUKEHHUSL, €CIH BAL JEHCTBHS HE MEHACTCS TIPU:
a) MPOCTPAHCTBEHHOM C/IBHTE, O) TIOBOPOTE, B) CBUTE HAYaTa OTCIETa Bpe-
MEHH, T) BHHTOBOM CJIBHTE, 1) TIpeoOpazoBanun 3anadu 4.6.

4.13. HaiitTu uHTETpaILl ABKESHUSA IS YACTHUIIBL, JIBIKYIICIHCS:
a) B onaopoguom none U(r) = —Fr;
6) B moae U(r), rae U(r) — omHopoanas GpyHKUwS:

U(ar) = o"U(r)

(YTOYHUTE, IPU KAKOM 7. TIPEOOPAZ0OBAHUE MOAO0US HE MEHSICT BU JICHCTBUS);

B) B none Gerymeil Bomst U(r, t) = U(r — Vi), tne V — mocTosmmslii
BEKTOD;

r) B MArHUTHOM II0Ji¢, 3aJaHHOM BEKTOPHBIM moTeHiuansoM A(r),
rne A(r) — onHOpOAHAs (QYHKITHS.

) B 3JICKTPOMATHUTHOM 110J1€, BPAMIAKIIEMCS ¢ NOCTOAHHON YIIIOBOH CKO-
POCTBIO §2 BOKPYI OCH Z.

4.14. HailiTu naTerpal ABHKCHHS, OTBeUaromuil nmpeodpa3osanuto ['anu-
Jesl.

YKA3AHUE. Hcnons3oBarb pesynabrar 3agaun 4.11.

4.15. Haliti uuTerpanbl ABUKEHHUSA AT YAaCTHIBI B OJHOPOHOM MOCTO-
SHHOM MATHUTHOM 110j1¢ J€, eC/M BEKTOPHLINA TOTEHIIMA 3a7aH B BHJIE:

a) A = %[3?1‘]; 0) Az = A, =0, A, — .
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4.16. Haiitu unrerpainl ABHKEHUS IS YACTHIIGI B MTOJIE:
a) MarauTHOTO ;Emons A = [mr|/r?, m = const;
0) A, = u/r, A, = A, =0.

4.17. CocTaBuTh ypaBHCHHS ABIDKEHHSA CHCTeMBI, QyHkoms Jlarpamka
KOTOPOM:
&
. 2 =2 . a2 .2
a) L(x, &) =e @ % 4 24e™ " /e Y dy;
0

6) L(z, 4, 1) = %eat(g::? — w2z?).

4.18. a) 3anucaTb KOMIOHEHTHI BEKTOPa YCKOPEHHS YaCTHLEL B cdhepuye-
CKOHM CHCTEME KOOPJIUHAT.

0) HaifTu cocraBnsrompe yCKOpeHus B OPTOTOHANBHOH CHCTEME KOOpaU-
HAT (;, €CJIM NIEMEHT JUIMHGL 33JTAH COOTHOLICHUEM

ds® = hidq; + h3dgs + h3 dq3,
e hi(q1, g2, q3) — K03hpHIEEHTH JTaM3,

4.19. 3anucarts ypaBHEHHS JBHKECHUS YACTULLI B MIPOU3BOJILHBIX KOOP/U-
HATaX (j;, CBA3aHHBIX C JICKAPTOBBIMHU KOOPAWUHATAMH T; COOTHOMICHUSMH:

a) Lq = xi(Qlu 42, QS):' 1 =1, 27 35

0) xi = zi(q1, q2, g3, t), i=1,2,3.

4,20. Tlokaszats, uro (yukius Jlarpamka [31]
L= %(7"2 + 202 + 2% sin §) — %gb cosd

OMUCHIBAET JABMKCHHE 3apHKCHHOM YaCTULGI B MAarHUTHOM mone A — gr/r>
(cMm. 3amaqy 2.30). HaifTu uHTErpanbl JBUKCHH.

4.21. TIlporeputs, uro Qynkiun Jlarpamka

gq'Q 2
1 45
L=t ~Uq, Ly=—55+Us
MIPUBOAAT K MPABHIBHBIM «YPaBHEHHAM ABHIKEHUS» /IS ¢ H ¢ H IPABHIILHBIM
SHAYCHHAM JHCPIHUH, 31eCh 1 — I — TOK, HAYLIHH [0 HHAYKTHBHOCTH £ B Ha-
npasnenuun oT A k B (puc. 6, a), g2 — 3apsa Ha BepxHeil IulacTHHEe KOHAEHCATOpa

(puc. 6,6), a U — nHanpspkenue Mexay toukamu A u B (I = pp — p4).
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&) &)
Puc. 7
4,22, HUcnons3ys  aJi/IMTUBHOCTE

dbyukuu Jlarpanska U pe3ynbrar mpeIbiLy-
nici 3ajauun, coctaBuTh Qyukimu Jlarpanxa
u ypasmenus Jlarpamxa a1s 1ereii, u3o0pa-
KEHHBIX Ha puc. 7 (a, 6 U 8).

Puc. 6 4.23. Haiitu dpyukiuu Jlarpanxa cie-
IYIOLUX CHCTEM:

a) Memb ¢ TIePeMEHHBIM KOHJIEHCATOPOM, TTOABIKHEIE TUIACTUHEI KOTOPOTO
COCTMHEHRI C MasTHUKOM 1 (PHUC. 8, a). 3aBHCHMOCTBE EMKOCTH OT yIIa TIOBOPO-
ta C(p) W3BecTHA, MAaCCOH TNIACTHH KOHIEHCATOpa Npenedpeds;

0) cepnevHHK Ha TIPYXXHHKE KCCTKOCTH &, BTATMBACMBIH BHYTPb COMCHOH/IA,

HHAYKTUBHOCTD KOTOPOTO €CTh 3aaHHasd (HYHKIUL CMeneHus cepaednuka £ ()
(puc. 8, 6).

—1 k xt

C(p) — 1 ¥ o B \

) ;:—2 _?,—_L a ¢
—Cc 37 L
T}

| A \

I
a) 6)
Puc. & Puc. 9

4.24. KpagparHas WAcadnLHO NPOBOAAIIAA paMKa MOXKET BpaIaThCs BO-
KPyT 3aKperienHoi ctopoust AB = a (puc. 9). PaMka HaX0aUTCH B TOCTOSTHHOM
OHOPOIHOM MATHHTHOM TI0je J€, TepreHauKymsIpuoM K ocu AB. UnaykTus-
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HOCTEL paMKH %, Macca cropousl C' D paBHA 171, MACCAMH APYTHX CTOPOH MOKHO
mpeHeOpeys.
Onucarh KAUeCTBEHHO XapaKIeP ABIKCHHS PAMKH.

4.25. Tloan3yACk METOIOM HEOIPEASTICHHBIX MHOKUTENEH Jlarpamka, 1o-
JAyYHATh YPABHCHUA JBHKEHHA YaCTHIBI B 110I€ TAXKECTH, €CTH OHA MOXKCT JBHU-
raTeCA MO 3aJaHHOM KPHUBOU:

a) mapaborne, Texkaleit B BePTHKATLHOH 1TOCKOCTH;

0) OKpyX)HOCTH paauyca r = [, PacTIOIOKEHHONH B BEPTHKAILHON IIOC-
KOCTH.

BrIpa3uTs CUIBI peakIuu CBSI3H.

4.26. Yacruna ABWKETCS B IONC THKECTH BiOJbL HPAMOMA, PABHOMEPHO
Bpalaroehics B BEPTHKAIBHON MIOCKOCTH. COCTABUTE YpaBHCHHS JBHKCHUA
YACTHIHl U HAWTH MOMEHT CHUJIBI peaKLInH,

4.27. DBnusaue cBA3eil B TPEHUA Ha JABHKEHHE CHCTEMBI MOKHO ONMHCATH,
BBO/IS B YPABHCHUS JIBHNKCHUS 000OIICHHBIC CHMIbI PCAKLIMK CBA3CH U TPCHUA:

d OL 0L

— — = R;. 1

Woj oq 0
a) Kak m3MeHsIeTCSI CO BPEMEHEM JHEPIHsI CHCTEMBI?

6) Kax momiHBI TpeoOpa3oBEIBaTHCA CHITBL [2; 1IpH 1iepexoie K HOBbIM 0000-
IICHHBIM KOOPIHHATAM

G — Qi(le S QSJ t):

qTOOLI ypaBHEHHS ABMKSHUSA coxparsuia Buj (1)7

4.28. IlycTb ypaBHCHHS CBA3EH UMCIOT BHJI

Z bﬁﬂqna lea'ﬂara

n=r-+1

npuuem (ynkius Jlarpamka L(¢ri1, -+, sy 41y -+ sy t) B KOODHHCH-
TBI bg,, HE 3aBUCAT OT KOOPAMHAT (3.

HOK&B&TB, qTO ypaBHeHH}I ABHYKCHH L MOFYT 6BITB Hpe,Z[CTaB.T[eHBI B BHIC
o~ S s &
d oL (C)bﬁm C)bﬁn) .
a o — 0,
dt 9qy, dqn Z < 04s Z Oqn  Ogm /)™

e L(gra1, -y Gsy Grats - -+, §s, t) — (DYHKIES, MOTyYaeMast HCKITFOUCHHCM
ckopocreH ¢y, ..., ¢r U3 L ¢ noMOoIplo ypaBHeHUH CBAZCH.
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4.29. CrpyHy MOXKHO TIPE/CTABHTL KaK MPeAeNbHbIN CIydail CHCTeMBI [V
gactul] (puc. 10), coeAnMHEHHBIX YHpyroil Hurthio, mpu N — o0, a — 0,
Na = const. @ynxkuus Jlarpanxa JHCKPETHONH CUCTEMBbI HMEET BU/|

N+1
L(Q17 42, ..., 4N, q-la q.27 sy q-Na t) - Z Ln(Qna n — Gn—1, Qna t)v

n=1

TJIE (;, — OTKJIIOHEHHWE 711-U 9aCTHIBI OT MOJIOMKE-
q HHST PAaBHOBECHS.
a) [Tonyautk ypaBHeHHE BIKEHUA HEMPE-
PBIBHOM CHCTEMBI KaK [MPEJEABHBIH caydai
ypaBHeHUH Jlarpanxa qUCKpETHON CHCTCMBI.

Ly « 0) [lonyunTs BRIpaKeHHE DHEPTHH HETpe-
ala fa PBIBHOMH CHCTEMBI KaK MPEICI BRIPAKCHHUS JHEP-
Puc. 10 THH AUCKPETHOH CHCTEMBIL.

YKA3AHUE. BBeCTH KOOp/IHHATY TOYKH CTPYHBI &, @ TAKKE BEJIMYHHBI, 11Oy YacMble
TIPH TIpeAeTbHOM nepexone ¢ — 0, n = z/a — o0:

= L t n— t

q(x, t) = lim g, (t), _ﬁg — lim n(t) aq 1( )’

& 6(] 6(] T Ln(@n; Gn — 4n—1, (_in, t)
(33; QJ 9 y at, t) el 1][]] = -

4.30. 3apspkeHHas! 4aCTHIIA JIBFKETCS B MOTeHIMAMBHOM moie U(r) u B
MOCTOSIHHOM MarauTHOM nojie J€, nupuuem U(r) u J€(r) sBiastorcs oxHOPO/I-
HBIMH (DYHKIHAME KOOPMHAT CTEICHH &k M 7 COOTBETCTBEHHO, T.¢. U{ar) =
— o*U(r), #(ar) — "I (r). BoiBecTn AN NAHAOH CHCTEeMbI MPUHIIAI TTO-
no0usi, yTOYHUB, NPH KaKOM 3HAYCHUH 7. OH HMEET MECTO.

4.31. OO0OOIWKTH TEOPEMY BUPHAJIA IS CUCTECMBI 3aPSKCHHBIX YACTHIL B
oaHopomgHoM MarHuTHOM Mone J. [loTeHnmanpHas sueprus cucteMsl {J sBd-
ercs ogHOpOxHOit pynkimeit koopauHar U (ary, ..., ary) — oFU(r1, ..., rs),
a JBHKCHHE CHCTEMBI IIPOHCXOIUT B OrpaHHYCHHOH 00IacTH IpOCTpancTBa 1 ¢
OIPaHHYCHHBIME CKOPOCTIMH.

4.32. Tpw OXMHAKORBIX YACTHUII ABHKYTCS MO OJHOH MPIMOi W TTOTapHO
B3AUMOJEHCTBYIOT ApYT ¢ apyrom no 3akony U, — U(x; — ), Tne x; — koop-
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autara ¢-i 9acTuiml. [IpoBepuTn, uTo KpoMe OUeBHAHLIX HHTETPAIOB JBMHKESHHS

P =m(d) + &2 + &3),

E = %(¢%+¢§+$§)+U12+U23+U31

CYILIECTBYET JOMOTHUTEHHBINH MHTeTpal JIBIDKeHU [28]
A =ma1Tady — 21Us3 — @2U3z1 — 23001

B CiIy4ae, ecau ¢yHkuua (&) umeer BUA:
2 2 2
aU(x) =L, 6)U@) = L2

— 2 )
x? sh? azx

4.33. PaccMoTpeTh CTOJIKHOBEHHE TpeX YacTHIl, OIMHMCAHHBIX B MPEeIbI-
aymen 3agage. [lyets @1 > a9 > @3 W upu ¢ — —0O0 PACCTOSHHUA MEKTy
yacTUIIaMu OSCKOHEUHO BEIIMKH, a MX CKOPOCTH ¥; — & ({ = —00) TaKOBBI, UTO
v3 > v9 > v1. Haliti ’U; = @y (t — +o0).

§ 5. Maable KoJ1e0aHUA CUCTEM € OJHOM CTEeNEeHbI CBOOOABI

5.1. Haiiti wactory w mansix kosebannii wactuust B8 nosie U(x):
a) U(x) = Vcosaxr — Fz; 6) U(x) = V(a?2? —sin” o).

Puc. 11 Puc. 12

5.2. Haittm wacToTy Manbix KoncOaHWui CUCTeMbI, H300paKeHHON Ha
puc. 11. Cuctema Bpamaercs B MO TIKECTH BOKPYT BEPTHKATBHOU OCH C YT-
JTOBOH CKOpOCTBIO {1
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5.3. UactwHia Maccnl m, HeCyInas 3apsajl ¢, MOJKET JBATAaTLCS B MOJIE TshKe-
CTH TI0 BEPTHKATEHOH OKPYKHOCTH paanyca K. B HIMKHEH 4acTh OKpYXKHOCTH
3aKpernieH 3apsia . HaliTh monokeHnre paBHOBECHS H 9aCTOTY MAJIBIX KOJICOaHHIA
qacTulbl (puc. 12).

5.4.  HaiiTi 3aKOH JBWXKCHHS 4YacTHIR B TEHTpaitbHOM mome U(r) =
= —a/r" (0 < n < 2) 00 TpacKropuu, OIH3KOA K OKPYKHOCTH.

5.5. Haiiti wactoTy Mamsix konebanuii chepHIeCcKOT0 MasITHHKA (dIaCcTHIA
MACCHI #7 TIOJBEIICHA HA HUTH JUTHHBL (), [IPU KOTOPBIX YI'0J OTKJIOHCHHS HUTH
OT BepTHKAIU ¢ octmmupyeT BOMM3U 3HaucHus Oy.

5.6. Haiitu nonpasky K 4acTore MalbiX KOJcOAHHHA /MBYXaTOMHON MOJIC-
KYJIbI, BRI3BAHHYK) HAJIMYMEM Y HEC MOMCHTA MMITyJkca M.

k m k
A%J\/\/\/\/\/-\/v\/\/\rB

Puc. 13
0 5.7. Haiitu cBoOoaubIe KOTeOaHUS CUCTEMEL
- (puc. 13), eciii gacTHIA MOXKET ABUTATHCS:
b a) BIomb mipsMoil AB;
0) mepneHIuKyspuo AB.
97 XM Kak 3aBHCHT 4aCcTOTa OT HATSKEHUS [IPYIKHHOK
. { B TIOJIOKCHHUH PABHOBECHS?
5.8. Haiitu cBOOO THRIE KOTEOAHUS CHCTEMBI
B\

(puc. 14), ecam oHa HAXOAMTCS B OHOPO/HOM TIOJNEC
TKECTH M 9aCTHLA MOKET JIBHTAaTbCA TOJIBKO Bep-

Puc. 14 Puc. 15 THKAJIbHO.

5.9. Haiitu ycTaHOBHBIITHECS MANbIC KOMeOAHHS ITOCKOTO
MaATHHUKA, TOYKA MOJBECA KOTOPOr0 PaBHOMEDPHO JIBUXKETCA IO
OKPYKHOCTH paguyca ¢ ¢ uactoroil {2 (puc. 15). Inwuna MasTHU-
kKa { (Il > a).

5.10.  Haiitm ycraHOBHBLIFECS KOACOAHUS HAIMPSDKCHESI

Puc. 16 HA KOHJIEHCATOPE U TOK B KOHTYypE C HCTOYHHKOM HAIPsDKEHHS
U(t) = Ugsinwt (puc. 16).

5.11. HaiiT 3aKOH JBMKEHHA OCUMILIATOpAa C TPEHHEM, MEPBOHAYAIBHO
TOKOMBIIIETOCH, 1o AeHcTBHeM cunel F'(t) = F cos +t.
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5.12. Omnpenenuts 2HEepru0 F, MpHOOPETEHHYIO OCIFILISATOPOM IO Jeki-
cterem cusl F(1) = Fe~(/7)" 3a Bee Bpems ee sieiicTsis, ecnm npr | = —oc:

a) OCLUILISATOP IIOKOWIICS;

0) aMmIutHTy1a KoneOaHmii OBIIA paBHA G.

5.13. Haiitn nemkenue noj aeiictereM cwst F'(1):
a) HCYCTOUYNBOU CHCTEMBI, OTTNCHLIBACMON YPABHCHHEM

&l — %F(t);

0) ocHHUIATOPa C TPCHHUEM
#4200+ wie = = (1),

5.14. Haiitm nuddepennmanpaoe 3pdeKTHBHOE ceueHHe BO3OYXKICHUA
M30TPOITHOIO OCHEJLISITOPA 10 3HEPruu £ ObIicTpoi uactuueil (/£ > V), Biau-
MOJICHCTBYIOIIEH ¢ HUM IO 3aKOHY

Hagannuag sHeprua ocuumiaTopa paBHa HYJIO.

5.15. Ocuwmasrop MOXKeT KOedaTsCsi TONLKO BAOdL ocu 2. Hafitu nudde-
penmuaneioe d3GPeKTUBHOE CeyeHne BO30YKACHHS OCLIILUIATOpa JI0 3HEPIUU £
OBICTPOIi uacTHreH, B3anMOACHCTBYoMIEH ¢ HUM II0 3aKkoHy U(r) = Ve =
CKOpOCTb HaCTHLBl Vo, MapaiicibHad OCH Z, ¢ dHeprud £ > V. Hauanwnas
AHEPTUs OCLUILISTOPA £¢.

5.16. Ha rapmouuueckuil ocrmasgTop ackctyer cuna F'(t), mprdem
F(—x) =0, F(4+o) = Fy. Haiitn suepruro F(+oc), nmpuobperennyo oc-
MAJUISITOPOM 34 BCE BPEMs JICHCTBUA CHIIBI, M aMILIUTY/ly KOoJieOaHWH ero mpH
t — 400, eClii IpH { — — OO OCIHJUIATOP ITOKOHIICS.

5.17. Haiitk >Hepruto, IpuOOPETCHHYIO OCHHIUIATOPOM 101 ACHCTBHEM
CHJIBI
Fy
L0 e

5 pu ¢ < 0,

F(t) =
22— uput>0.

DHeprys ocuuasTopa npu ¢ — —o pasHa Ej.



26 3aoauu [5.18

5.18. OrmenuTts H3MEHEHHe AMIUTHTYALI KOJIeOAHMil OCIHIIATOPA, eCiIn
cuma F'(1) BKIFOYAETCsT MEUTEHHO W TIIABHO 3a OOJBIIONH MPOMEKYTOK BpeMe-
HH T, TaKOH uro wT > 1. Mlpu ¢ < 0 cuna F'(¢) = 0, uput > 7 cuna F'(t) = Fy,
mpu 0 < ¢t < 7 cnpapewmmBa onenka FF) ~ Fy/78 (k=0,1,...,n+ 1)
mpraem F)(0) = F) (1) =0(s =1, 2, ..., n— 1), a n-1 IPOM3BOTHAS CHITHI
mpi & = 0 U { — T NCIILITBIBAET CKAYOK.

F F

T 27 T 27

Puc. 17 Puc. 18

5.19. Haiitu ycranoBusmdecs KojeOaHus OCHHLISTOPA 110 JCHCTBHEM
MepHONICCKOM cbl F'(t):

Q) F(t)=F - (t/t—n)upunt <t < (n+ 1)7 (puc. 17);

0) F(t)=F-(1 — e_)‘t’), ' =t—n7Topu nt <t <(n-+1)7 (puc. 18).

OneHuTs BpeMs YCTAHOBICHUA KOIeOaHUH, €CIIH NCKPEMCHT 3aTyXaHHs pa-
BEH 0.

B) Halitn ycraHoBHBUIMUCS TOK B KOHTYpe (CM. puc. 16) ¢ HCTOUHHKOM
nunoodpasuoro Hanpsokenus U(t) = (¢/7 —n)V mpunt <t < (n + 1)7.

5.20. Ha ocrmutsiTop ¢ TpeHueM (COOCTBCHHAS ©acTOTa Wy, CHITa TPSHUA
frp = —2Am) meiicTByet BHEyXaomas cuta I(1).

a) Haiitu cpenuioro padory A 3TOH CWIIbI IIPH YCTAHOBHBIIUXCS KOICOaHH-
ax, ecnm F'(t) = ficoswt -+ fa cos2uwi.

oo
0) To e i F'(t) = Z ane™, a_, = a,
n=——0oo
B) Haiite cpesamo0 3a OONBIION MPOMEKYTOK BpPEMEHH padoTy CHIIBI
F(t) = fi coswit + fo coswat NpH yCTAHOBUBIIUXCS KOMEOAHHSIX,

1) Haiitn monuyro paboty cumet F(i) = /w(w)e“"t dw, P(—w)=y*(w),
€CIIH OCHHIUIATOD PH T — —0OC TIOKOHIICS. o

5.21. T'apMoHwUeCKHii OCIHIUTSITOP HAXOAWTCS B TOjie OeryIieii BOTHEI,
KoTOpas aekcrByer na nero ¢ cunoit F(x, t) = f(t —x/V), toe x — orknonenue
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OCIIIULIATOpA OT MOTOKEHHs paBHOBecHA, V — ckopocTh BoHEL [Ipennonaras x
JIOCTATOUYHO MAJTbIM, HAUTH CBSI3h MEXKAY TNEPETaHHBIMH OCLFJUIATOPY IHEPTH-
eii AE u uMIyjIbcoM

oo

Ap = /F(x(t),t)dt,

— 00

OTPaHUIHBLINCEH IPHOIIDKEHHEM, KBaApaTHuHeM 10 F, u cunras f({+oc)=0.

§ 6. Majble KoJ1e0aHUA CUCTEM ¢ HECKOJIbKHUMMU CTEMEeHIMU
¢B00O/BI

B 3agauax 6.1 -6.21 ¢ nomoiupio 00LIKX METOMOB PAacCMaTPURAIOTCA CBODOMHbIC H
BbIHYIK/ICHHbIE KOJIEOaHUs OTHOCHUTE/IbHO HECIOKHbBIX CUCTEM (C JIBYMA-TPEMS CTEISHIAMU
cBo0OB). B 331auax 6.18—6.21 npuBeieHBI CHCTEMBI C BRIPOKIEHHBIMH COOCTREHHBIMH
YaCTOTAMHU.

s uccnemoranus 0O0JIEE CIOKHBIX CHCTEM MMOJIC3HO HCIOJIB30BATh QOPTOrOHAJIb-
HOCTb COOCTBCHHBIX KOJICOaHMI M CBOMCTBA CHMMETPHH CHCTCMBL. COOTBCTCTBYIOIIHC
TEOPEMBI IIPHBEIEHHI B 3a7a4ax 6.22 1 6.39, a HImocTpalliy HX IPUMEHEHHA, HAalIpHMED,
B 3a1auax 6.26 —6.33 u 6.40-6.45, 6.47, a Taxke B 3a/1a4ax O KoneOaHHIX MOJEKyT 6.46,
6.48 - 6.52.

Bimanue Maaoro H3MCHEHHA CHCTEMBI Ha €€ ABHKCHHE MOKHO HCCICAOBATH ¢ TIOMO-
IBI0 METOJA TOCIEA0BATENBHBIX IPHOMIKEHHH — TeopuH Bo3myineHui. Qbmie dhopme
TCOPUM BO3MYIICHMIA B 3a7auaXx O Manblx koncbaHuax nocesuieHa 3agada 6.34, koH-
KpeTHBIM TIpuMepaM — 3agauu 6.35, 6.37, 6.41, 6.42, 6.50 6. Tlonme3sno orMeTHTDH, UTO
MoIOOHBIM KE 00PA3OM CTPOUTCS TCOPUA BO3MYLICHHUHA B KBAHTOBOM MEXaHHKE.

B 3anadax 6.36 —6.38 H3y4ar0TCA KoNebaHHA CHCTEM, B KOTOPBIX NEHCTBYIOT «THPO-
CKOIIMUYECKUE» CUJIbl {CM. Takxe 3ajaun 9.24—9.27).

6.1. Haiitu cBoGoaubie komebanua CUCTEMBI, H300pakeHHOH Ha pHuc. 19,
[P KOTOPBIX YaCTHIIBI ABWKYTCS BepTHKanbHO. HalTu HOpMAJIbHBIC KOOP;HHA-
TRl ¥ BBIPA3HTE uepe3 HuX yakuuio Jlarpamxka.

6.2. Haiitn ycranoBusmrecs KoneOanus CHCTEMBI, ONHCAHHON B IPEbI-
AyLUEH 3agade, €CIOH TOYKA TMOBECA ABMKETCA B BEPTUKANRHOM HAIMPABICHNH MO
3aKoHy a(t), Tae

a) a(t) = acost,

0) a(t) = a(% —n) npu nt <t < (n+ 1)7.

6.3a. Haiitu cRoOOaHBIC MaJIBIE KOTEOAHUS TIOCKOTO IBOMHOTO MASITHHKA
(puc. 20a).
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m

Puc. 19 Puc. 20 a Puc. 206

6.30. Haiitw HOpManbHBIC KONEOAHMS [T ABOHHOrO MasTHHKA {puc. 200),
y KOTOpPOTO YTOT MEXKAY IIOCKOCTSMH KoleOanuil BepXHEeH 4JacTHLBI C Mac-
COH 31 ¥ HWXKHEH vacTuIBl ¢ Maccol 1 paseH 60°. JMHA Kax/ 1010 CTePHHS
paBHa [, ©X MaccaMu MpeHeopedD.

6.4. Haitru cBoOoqueie konedauus cucremsl, pyukiws Jlarpamka koTopoit

RS R
2 2 '

Kak BEITVISA/TUT TPAEKTOPUA TOUKH € IEKAPTOBEIMH KOOpHHaTam (T, i) ?

6.5. Haiita nopMainubie Konedanus cuctembl, pyukums Jlarpamka KoTo-
poM:

L2 .2 2 2 2 2
4y wiE” + way

a) L. = 5 — 5 + axy;
) .2 2 2

omE” - mey .. Tty

6) L — 5 + By —

6.6. Haittu Hopmandbuble KomeOaHHsl B CHCTEMAaX CBA3AHHBIX KOHTYPOR:
a) puc. 21,a; 0) puc. 21,6.

6.7. Haiitn HOpMaTbHBIC KONCOAHHS CHCTCMBI TaCTUIl, COCAUHCHHBIX MPY-
wuHKaMe (puc. 22). HacTHIIBI MOT'YT JIBHTATHCS TOJIBKO BJ1OJIb 1psimoii A B. Haii-
TH CBOOOJIHBIE KONEeOAHUs CHCTEMEI.

6.8. Haiitu cBoOoaHbBIE KOTeOanust CHCTEMH (pHUC. 23), €CIH B HA4aTbHBIH
MOMEHT:

a) OgHA M3 YACTHI[ UMCET CKOPOCTH ¥, CKOPOCTb APYTOH W OTKIOHEHUA
00eUX YacTHIl OT IMOJIOKEHHsI PABHOBECHS PaBHBI HYIFO;
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ATV AMNNEB AFAWNNAAAAANE B
Ry k

By, my ky m, m kR m k

Puc. 22 Puc. 23

©) oJiHa M3 YaCTHI] OTKIIOHCHA OT IOJIOMKCHHS PABHOBECHS Ha PACCTOSIHHEE (I,
OTKJIOHCHHE JPYTOil H CKOPOCTH 00CHX PaBHLI HYITIO.
YacTHIIBI MOTYT JIBHTATHCS TOTBKO BIOIE psiMoit AB.

6.9. OnpeaennTk MOTOK IHEPIUA OT OJHOMN YACTHLBL K APYTOH, UCTIONL3YS
YCIIOBHA HPEABIAYIIICH 3a1a4m.

6.10. Haiitn cBoGognblc KoneOaHUA CHCTEMBL (CM. puc. 23), ecnam Ha
KaKAYI W3 YaCTHL ICHCTBYET CUIIA TPEHKs, IPOIOPLUUOHANIBHASA €€ CKOPOCTH.

6.11. Haiitn cBOOOAHBIC MaNbIe KOJICOAHNs JIBOHHOIO MasiTHHKA (puc. 24),
CCJIM B HAYAJBbHBIM MOMCHT BCPXHHWH MASITHUK BCPTHKAJICH, HUKHHH OTKJIOHCH
Ha yron 3 < 1, a ckOpoCTH WX pPaBHHI HyJ0. Maccel MastHukoB M u m,
upuuem M > m.

6.12. Haiiti ycTramoBuBIIHecsa KomeOaHus CHCTEMBI (CM. puc. 23), ecmu
Touka A, B KOTOpOH 3aKperuicH JICBBIH KOHEL[ TMPY>KWHBI, JBHIKETCA 110 3aKO-
HY @ CcOS~t B HanpaBaeHUH TipsiMoii A B.

6.13. Haiitu ycranoBUBIIKECA KOMEOAHUA CHCTEMBI JIBYX YaCTHL HA KOIb-
ue! (puc. 25,a), ecim Touka A JBUKETCs IO KO TI0 3aKOHy a cos vt. Hccne-
JIOBATh 3aBHCHMOCTEH aMIUTHTY/T KOJEOAHMM OT YACTOTHI BEIHYKAAFOTIICH CHITHI.

6.14. Tpu wacTullbl, Ka’kKaas MacChl 1M, CBS3AHHBIE TIPY:KUHKAMM, MOTYT
JIBUTATHCS TIO KONBIY (puc. 25, 6). HaliTn ycTaHOBUBITINECS KOJCOAHHS CHCTEMBI,
ecyi Touka A JABIIKETCS MO KOJbBILY IO 3aKOHY ¢ COS Yi.

1B 910i ¥ noaoGHBIX 3371a4aX KOJIbIO MpeAnonaraeTcs IMaJKMM U HelMOABUKHbIM,
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Puc. 24 Puc. 25

6.15. Haiitu ycranosuBIIHecs komebaHus CHCTEMbI, H300paKeHHOH Ha
puc. 23, ecnu Touka A JBIOKETCS MO 3aKOHY ¢ cosyt. Ha gacTwisl neiicTByeT
CUJa TPEHMs, IIPONOPLHAOHAIBLHAS CKOPOCTH.

6.16. Haiitn jBmkenwe cHCTEMBI pUC. 22, €CTHW B HAYAIIBHBIH MOMEHT
YACTHUIBI [IOKOUIINCH B TIOIOKEHHUSIX PABHOBCCHSL, a TOUKA A JBHUKETCS 110 3aKOHY
@ cos yt. Maccel 9acThL paBHBL (111 — Mg — M).

6.17. Haiftu ycranosusinuecs konedanus dacTullsl (puc. 26) mom me-
CTBHEM OjHOpOjHOrO Tepementoro most UU(r) = —F(t)r, rne sexrop F(¢)
JIE’KUT B IUIOCKOCTH PUCYHKA, B CITydasiX:

a) F(t) = Fycosnt,

0) F(?) Bpamaercst ¢ 4acTOTOM , OCTABAACH IOCTOSHHEIM I10 BETHYNHE.

6.18. Haiitu HopMaJibHEIC KONCOAHUS TPEX O/[MHAKOBBIX YACTHL, CBSI3aH-
HBIX OAMHAKOBLIMH IIPYKHHKAMH H MOTYIINX JBHUrATLCS IO KOIbIY (puc. 27).

m

Puc. 27



6.23] § 6. Manvie xonebanus cucmem ¢ HECKOTLKUMU CHIEREHAMU C80600bl 31

m
2k 3k
2m 3m
bk
Puc. 28 Puc. 29

Onpeaesats HOpMaIbHbIe KOOPAUHATEL, NPHUBO e QyHnkiuio Jlarpamka
K JIMArOHAJIEHOMY BHJLY.

6.19. Haiitn cBoGonHbIC KOneOaHHS CHCTEMbI, PACCMOTPEHHOH B mpe-
JBIYINEN 3a/ade, €ClIM B HAYAIRHBIM MOMEHT OJHA M3 YACTHI[ OTKIOHEHA H3
moNokeHus papHosecHs. HauansHble CKOPOCTH paBHBI HYITHO.

6.20. Haiitu HopmanbHbIe KOTeOaHUA CHCTEMBI TPEX YaCTHI[, KOTOPHIE
MOTYT ABHUTATHCS IO KOIBITY (puc. 28).

6.21. Haiitn HOpMaJibHBIC KOOPJMHATBI CUCTECMbI YCTBIPEX YACTHILL HA
KoanLe {puc. 29).

6.22. Ilyctk HOpMaNbHBIE KOTEOAHMS CHCTEMBI, ONMHCHIBAEMOT (hyHKIHEH

Jlarpamka
1 Z .
L = § (mija:@-a:j — k‘ij$@'1}j),
2y
UMEKT BUJT " "
l l
x; () = A} cos(wit + ¢r).

Jlokazarh, 9T0 aMITATY/IBI, COOTBETCTRYIONINE KOMEOAHHMAM C PA3THUHBIME

YaCTOTAMH W W Wg, YAOBIETBOPSIOT COOTHOLICHUAM

S AT mgAY =3 APk AP = 0.
(2] i, J
6.23. Ha cucrtemy, onnceiBaeMyro dyuknuei Jlarpamka

1 ..
L= 5 Z(mmx%xj — k@'j$@'£€j),
(I)
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HAJIOKEeHa TUHerHasg CBI3h

5 a;z; =0, a; = const.
i

[Tycts Bce COOCTBEHHBIC YACTOTHI CHCTEMBI 0e3 ¢Bsizn pasyimuibl {1y < {dy <
< ... < Q. JokazaTk, 4TO BCE COOCTBEHHEIE YACTOTHI CHCTEMBI CO CBSI3HIO Wy
JIEIKAT B TIPOMEKYTKAX MEkK,Ty 1

 <w <P <wr <. Swyog < Oy

6.24. YcraHOBHBHOIMECS KONEGOAHWSI CHCTEMBI, OMACHIBACMOUW (PYHKITUCH
Jlarpamxka

1 ..
L = § Z(mijﬁ%l‘j — k‘ijiE@‘ZEj) + szf% cos vt,

i, g i

MOKHO MPEACTABHTH B BHAC X, () = > /\(I)AEE) cos~t. (Ilouemy?) (OGo3HauC-
Hus 3a1a4m 6.22.) !

Bripasuts koaddimentsr A uepes f; n Ag).

Hccnenosars 3asucumocts AP or .

[Tokazatk, 4TO ecam I $-TO HOPMAIBHOTO KOJdeOaHus » f@-A,gs) — 0, 10
AL) — 0. @

6.25. Cucrema 9acTull, CBSI3AHHBIX NPYAKHUHKAMHM, MOKET COBEPIIATh Ma-
avie komedanud. [lycrs K oHOH U3 HUX — uactulle A — BaOIb HAIPABICHUS &
npunoxena cuna F' = Fycos~yt, a gpyras — gactuna B — npu 5TOM coBep-
IMTAET YCTAHOBHBILUECS KOJEOAHUS, TTPH KOTOPBIX MPOEKIHS e¢ OTKIOHSHHS Ha
Hanpasiienne x’ nmeer sux 'y = C cos .

[Tokazark, 410 IpH ACHCTBHU CHILl F' Ha wacTHIy B BAOIL OCH &' BO3HH-
KAIOT Takue Komedanwms yactuipl A, uto z4 = C cos~yt (TeopeMa B3aUMHOCTH).

6.26. Haiitu HOpMaTbHBEIE KONEOAHUST CHCTEMBI YaCTHII, KOTOPHIC MOTYT
JBHUTATLCS M0 Koybly (puc. 30).

6.27. Haiiti HOpManbHBIE KONEOAHHUS CHCTEMBI YETBIPEX YACTHUIT HA KONBIIE
(puc. 31).

6.28. a) Haiitu #opmanbHbIC KOMEOAHUS CHCTEMBI, H300paKEHHOM Ha
puc. 32. Bee 4acTHIB! B NPy KUHKH OjJMHAKOBEL. HaTskeHwe npyWHOK B MMOJIO-
*enwH pauoBecus [ = kl, rae | — paBHOBECHOE PACCTOSHHE MEXKIY YaCTHLIAMU.
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Puc. 32 Puc. 33

VYKA3AHME. Hekxotopeie W3 HOpMalibHbIX KoNeOaHui oueBwIHbl. OnpejieneHue
OCTAJIBHBIX MOYKHO YIPOCTHTB, UCIIONB3YS COOTHOLIEHHS 3ajaun 6.22.

6) Hailitn nopmansabie komeOaHus CHCTEMBI YeTRIPEX OJHMHAKOBBIX TACTHIL,
M300paKEHHBIX Ha PHC. 32 (msTas 9acTHIlA OTCYTCTBYET, 4 MPYKHHKH B DTOM
MecTe coequHeHbl). KoodhUIMUEeHTRl JKeCTKOCTH B HATAXKEHUSA BCEX TPYKHHOK
OJTUHAKOBHL.

6.29. Tpwu "acTHIEI, IMEFOIINE PA3THUYHBIE MACCHL M, (¢ = 1, 2, 3), mo-
I'yT ABHTAThesi Mo Koablyy (puc. 33). Ilpm kakux 3HadeHHAX KOIPHIIHCHTOB
XKECTKOCTU NMPYRUHOK k; B TaHHOH CHCTEME HACTYIIUT BBIPOXKACHUC YACTOT?

6.30. Kaxkwe n3 HOpMAaIBHBIX KOJIeOAHME CHCTEMBI pHC. 27 MaI0 M3MEHS-
FOTCST IPU MAJIOM W3MEHEHWH CHCTEMBI, COCTOSITEM B CJIE/TYFOILIEM:

a) JKECTKOCTh MPYKWHBI |2 M3MeHeHa HA MATYIO BEIIMUHHY 0k,

0) k yacTure 3 mobaBneH MalbIil meperpy3ox dm;

B) K wactune | godapnen meperpy3ok 0mq, a K yactuie 2 — dmo?
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6.31. [lna cnoyuaeB a) W ©) mpeapIaylied 3agavud OMHCATH CBOOOIHEBIE
KoJaeOaHusI, €CIIM B HAYANBHBIH MOMEHT YacTHIBI | W 3 CMeIeHRl HABCTPEUY
APYT APYrYy Ha OJIMHAKOBBIC paccrosiHdd. HadambHble CKOPOCTH YACTHI] PaBHBI

HYIO.

6.32. Cucrtema puc. 29 uMeeT BRIPOKIACHHBIE YaCTOTH, TOAITOMY €€ HOp-
MaJIbHBIC KOIEOAHUS HE ONPeJICTICHBI 0,IHO3HAYHO. Jlae Maioe H3MEHEHHE MacC
TACTHL, FUIH JKECTKOCTEH MPY>KHHOK MOXET IPUBECTH K CHAMUIO 8bIPOINCOEHUH.

Haiitn HopmanbHbIe KONeOaHUS CUCTEMEI prC. 29, ONU3KHE K HOPMAalbHbIM
KOJTEOaHKsIM CHCTEMBI, KOTOPast OTYUHTCS, ECIIH:

a) K IePBOi B BTOPOI YacTHIIaM J100aBHTEL OJIMHAKOBLIC IIEPErPy3KH;

0) U3MCHUTE OJIMHAKOBO KCCTKOCTD IPYKHHOK 1-2 1 3-4;

B) 100aBUTH NIEPETPy30K K MEPBOI HacTuIIE.

6.33. UYactunnl 1 1 3 cucTeMBI, onpcanHoH B 3agade 6.32 0, B Ha4aJILIBIH
MOMEHT OTKJIOHEHEI OT IOJIOKCHKS PABHOBECHS Ha OJMHAKOBOE PACCTOSHHEC Ha-
BCTpEUy APYT JIPYTY; HauaIbHBIE CKOPOCTH BCEX TACTHI[ PaBHEI HYNMI0. OnHcarh
cBOOOAHDBIE KOTEOAHMSI CHCTEMBI.

6.34. OnpegenuTh, HACKOIBKO H3MCHSIOTCST COOCTBEHHBIC YACTOTRI CUCTE-
MBI, OTTACHIBAeMOl yHKIHed Jlarpamka

1 Z ..
Lo — § (m@-j:c@-:cj — kijxixj)
i J
Tp¥ HEOOJTHLIOM €€ W3MEHEHHH

1 Z ..
0L = 5 ((5m@-ja:@-3:j — (Sk@'jﬁl’irgl’j).
4,7
Bce coOcTBEHHBIE HACTOTH HCXOJHOM CUCTEMBI HEBBIPOKICHEIL.

6.35. Haiitu m3smeneHHe COOCTBEHHBIX YaCTOT CHCTEMBI pHC. 31, ecum K
HepBoii wactuue A00aBiIeH Manblil TIEPerpy3oK 41, Tak uto £ = dm/m < 1.

6.36. OmpeaenuTh CBOOOAHBIC KONCOAHUS AHHU3OTPOITHOTO 3aPSKCHHOTO
OCLIJUIATOpA ¢ LOTCHUUATIBHON 3HEpTHUen
_my 2.2 2,2 2.2
U(r) = D (wla® + wdy® + wi2?)
B OZHOPOIHOM MATHUTHOM MoJie &, MapaiebHOM OCH z. PaccMOTpeTh, B 4acT-
HOCTH, MTOAPOOHEe MpeAeTbHRIE CyUan:
a) [wor| < |wi — wal,
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6) |we| > w1, 2,
B) W) = wa ¥ Wl
(3aech wye = e /mc).

6.37. OnpeaenuTh CBOOOAHBIC KOTCOAHNA aHU3OTPOITHOIO rAPMOHHICCKO-
r0 OCIWIIATOpPA C MOTCHIIUATBLHON 3HEPTHUEH

_my, 2.2 2 9 2 2
Ur) = ?(Wlx + wyy” + w3z”)
B cilabom MarauTHOM Tone S = (A, 0, H, ), paccMarprBas BIHSHAC MATHAT-

HOTO IMOJIA KaK MaaoC BOSMYIICHIC.

6.38. MareMarnueckuii MasTHHK sSBISIETCA
yacThio Anekrpudeckoit nemu (puc. 34). [lepnen-
JHKYJAPHO K INIOCKOCTH PUCYHKA MPHIOKEHO MO~
CTOSIHHOE OAHOPOIHOE MaruuTHoe Ttone . Halitn
HOPMAJTEHBIC KOTeOaAHHS CHCTEMBI.

6.39. Ilycrp cucrema, copepiiaromas Ma-
Jibie KoneGaHuA (@ CNenoBaATeIIBHO, U e (PYHKIIHs Puc. 34
Jarpamka L(x, 1)) He W3MEHACT CBOCTO BHA TIPU
3aMeHe

£X; — E S@'j$j; T; — E S@'jj}j, i,jil, 2,...,N,
J J

1

IpHYEM TIOCTOSIHHBIE KOI(PDUIHMEHTHI S;; = Sj; YAOBIETBOPSIOT YCIOBHIO
E ngSjk = (53','.;.
7

HoKkazarp, 4rto:

a) ecu HOpMATbHOE Komedanue x; = A; cos(wt + ) HEBBIPOKICHHOE, TO
AMIUTUTYABl A; CHMMETPHYHBI WIH AHTUCHMMCTPHYHEI OTHOCHTCIBHO JAHHOTO
npeobpasosanmst, T.€. WK »_ S;;A; = + A, nam Y S;;A; = —Aj;

J J

0) eclIM 4acToTa BBRIPOKJICHA, TO MOXHO BRIOPATH HOPMAJILHEIC KOJICOAHUS
CHMMETPHYHBIMH WJIH AHTHCHMMETPHIHBIMH,

1910 yenosue osmanaer, uTo npu AByKpaTHOM NpeoOpa3oBaHHs CHCTEMa BO3BpAllaeTca B Hc-
XoAHOe cocToaHue, TakuM cBOHCTBOM 00718 al0T, HAIIPHMED, OTPAKEHHS OTHOCHTEIBHO TUIOCKOCTH
CUMMETPHH CUCTEMbl UIIH MOBOPOTHI HA 180° OTHOCUTENLHO OCH CUMMETPHH.
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B) €CJIH Ha CHCTEMY ACHCTBYeT BHELIHAS CHIIa, CHMMETpHIHAS (aHTHCHM-
METPHYHAS) OTHOCHTENHHO JAHHOTO MpeoOpa3oBaHUsA, TO AHTHCHMMETPHUHEIC
(CHMMETPHUYHBIC) HOPMAJILHEIC KoJIeOaHus He BO3OY KA TCs. (DTO OJIMH K3 IIPH-
MEpOB TaK HA3bIBACMBIX IMpaBui oTdopa.)

6.40. Hcmone3yss COOOpayKeHHA CHMMCTPUH,
HaifTh HOpMalbHBIC KOMCOaHNA CHCTEMBI puc. 35.

6.41. Onwucats cBoOOJHBIE KOMEOAHHA CHCTE-
MBL (CM. puc. 32), eciy B HaYaJdbHBIA MOMCHT 4acTH-
el 1 1 4 cmemensl HaBCTpedy Apyr ApYyry Ha OIHHA-
KOBBIC PACCTOSIHHS B TOPHM3OHTAIIEHOM HAIIPABIICHUH, a4
HAYaJIFHBIE CKOPOCTH BCEX YACTHIL PaBHBI HYr0, Hars-
xeuwe npyxunok f — kly; [ — 1) < [, tme | — paB-
HOBECHOE PACCTOAHUE MEXKAY YacTUIIaMM (Cp. C 3aja-
Puc. 35 ueit 6.31).

6.42. Haiity nonpaBku K 9acToTaM HOPMAJIbHBIX KOJACOAHWH CHCTECMBI
YeTRIPEX YACTHI[ HA KONBIE (puC. 29), BOSHUKAIOIINE MPU MATBIX H3MECHEHUIX
Macc — Ha 01y JUISL HEPBOM KW HA 1o JUISL BTOPOH YaCTHIIBL.

6.43a. Vcrmoms3yst COOOpaKeHHS CHMMETPUH, OTIPEACITUTE BEKTOPHI HOP-
MaJdBHBIX KomeOanuii cucremsl dacTull (puc. 36a). Bce macchl wacTun U npy-
WHHKH O/IMHAKOBHI.

B
ll [
BYm 3 mD
2 »
31 31
4 3
Aem me E
B

Puc. 36a Puc. 36 6
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6.436. Haiitin cobGcTBennLIe Komedannsa «BecoB» puc. 36 6. [loasec xect-
kol pamkm B3C'I) ocymiecTBICH ¢ MOMOMIHI0 KOPOTKOH THOKOH HHTH, MOMYyC-
Karouiei jrodbie MOBOPOTHL paMKu BOKPYr Touku C'. JlmuHel crepxkueid BC =
— CL =1, BD = I/3, nnvupt vureit AB = DE = 30 B touxax A, B, D, E

34KpEeIUICHBl OJWHAKOBEIC IPY3HKH. MacCChl CTEpKHEU W HUTEH HE YUYUTHIBATE.

6.44. Haittn mopmanbrbic KochHa-
HUA CUCTEMBI BOCBMHM MAacCC, NPUKPEILICH-
HBIX HPYKHHKAMH K HEIOJBWKHON paMKe
(puec. 37). Kectkoctu k, HaTsDKEHWA [ W
JTAHBI [ BCEX TIPYKUHOK OJMHAKORBHI,

6.45. Pamka, w3oOpakenHass Ha
puc. 37, xomedmercs BAOJL HaIpapie-
uua AA no 3akony acos~t. Ilpu ka-
KX 3HAYCHUAX 4ACTOTHI “y BO3MOMKHA De-
30HAHCHAST paCKauKa KOJeOaHwii?

6.46. Haiity HopMannpHBIe KOMeOaHHS TMHEHHOM
CUMMETPHUUYHON Monekyisl aueruacHa CoHa (puc. 38), @ ® .
NPEAoNarasi, 9T0 MOTEHIHAIBHAS SHSPTHA MOJEKYIIbI
3aBHMCHT KaK OT PACCTOSHHS MEXKY COCCIHMMH aTOMa- Puc. 38
MH, TaK 1 o1 yrmos HCC.

' C
B | D
Puc. 39 Puc. 40

6.47. JlBe 0aMHAKOBBIEC YACTULILI IPUKPEILICHEI HIPYKUHKAMH K HEIIOIBHIK-
HOM pamke (puc. 39). Cucrema cumMeTpuiHa oTHOcHTEeTRHO ocn C'F. Kakwme
CBEJCHUA O HOPMAITFHBIX KOMCOAHUSIX MOXHO TOTY4HTh, HE 3HAS KECTKOCTEH W
HATSKEHUH [PYIKHUHOK?
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6.48. Knaccmbunmposath COOCTBEHIBIE KOMEOANHA MOJEKYJILI ITHIIC-
uHa CoHy mo wx ¢RolicTRaM CHMMETPHH OTHOCHTEIRHO oceit AR u C'D (puc. 40).
B nonoxxenun paBHOBECHS BCE aTOMbI MONEKYJIBI PACIIOJIOKEHBI B OjIHOM ILIOC-
KOCTH.

6.49. Haiitin nopmanbHbIe KOIEOaHUS MOJICKYIIbI, UMEIONICH QopMy pas-
HOCTOPOHHEI0 TpeyrodbHHKa. CHHUTaTh, YTO NOTCHIHATLHASL JHEPIHsS 3aBHCHT
TOJIBKO OT PacCTOAHMI MEXAY aTOMaMH (BCE aTOMBI OJIMHAKOBBI). MOMEHT ¢ TOU-
HOCTLIO 10 MAJBIX MEPBOrO MOPAKA BKIUUTEIBHO O aMILTUTYME KoaeOanui
PaBCH HYJIIO.

6.50. Monexyna AB3 umeer ¢opMy paBHUIBHOTO TPEyTOIbHHKA, B LIEHTPE
KOTOpPOTO HaXOJUTCA aToOM A, a B BepmnaHax — aromel B (TakoBa, mampumep,
Monekyna xaopuzaa oopa BCls).

a) Mcionn3yst cooOpaskenrst CHMMETPHH, ONpeAeTnTh KPATHOCTE BEIPOKIe-
HUA COOCTBEHHBIX YaCTOT MOJICKYIDIL.

©) OnpenenuTh, HACKOTBKO H3MEHATCS YACTOTHI KOJEOAHHH, OCTARISIONTHX
MOJIEKYJTy PaBHOCTOPOHHHM TPEYI'OJBHHKOM, W KOJI¢OAHMI, BHIBOISIIMX ATOMBI
13 TIIOCKOCTH, €CIIM O/IMH U3 aToMOB B (ero Macca m) 3aMeHHTEL €TI0 M30TOIOM,
Omm3kuM 110 Macce (m + 0m). Macca atoma A paBHA 1mA.

6.51. Vcrmonp3ys cooOpaKeHua CAMMETPHUH, OIPEACINTh KPATHOCTE BEIPO-
KICHHUS Pa3IHMIHBIX COOCTBEHHBIX HACTOT «MOJICKYIRI», COCTOSIICH U3 YeTBIpEX
OJUHAKOBEIX «aTOMOBY» W UMEIOIIEH B MONOKEHNH paBHOBECHs (OPMY TIPaBHITh-
HOTO TeTpa3upa.

6.52. Monexyna merana CHy wmeer dopMmy NpaBHUIRHOTO TETpa3apa,
B BEpIIMHAX KOTOPOIr0 paclOIOKeHbl aTOMEI BOAOPOIA, @ B LEHTPE — aTOM yI-
aepona.

a) OnpeneauTs KpaTHOCTH BLIPOKACHUSA COOCTBEHHBIX YaCTOT MOIEKYIIBL

6) Ha cKoMBKUX pa3nutiHBIX YaCcTOTaX [POUCXOIUT PE3OHAHCHOE BO30Y Mk 1e-
HHE COOCTBEHHBIX KomeOanuii Modekynel CH4, ecnmu Ha Hee meMCTBYET OHO-
poxHOe mepeMenHoe amekTprdcckoe mone? (Peus maer dakrmdecknm 06 amek-
TPOMArHUTHBIX BOTHAX WH(MPAKPACHOTO AHANA30HA, JJIMHA BOIHBI KOTOPHIX HA
HECKOJIBKO MOPSJIKOB OOJIBIIE PA3MEPOB MOJICKY/bL.) YUeCTh, 4TO aTOMBI BOJIO-
poJia ¥ yriepoja UMEKT 3apsyibl MPOTHBOMOIOKHBIX 3HAKOB.

Kak 3aBucuT aMrmuTya Konebanmii aroMa yriepoja OT OpHEHTALMH MOJie-
KYJIBI IO OTHOIEHHUIO K 3MEKTPUYECKOMY TOITH0?
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§ 7. KoseGaHus JUHEHHBIX HEMOYEK

PaccmarpuBaeMbie B 3a/1adax dTOro naparpada HenouKH 4acTHLl, COSAMHEHHDIX NIPy-
YKHHKaMU, PEICTaBIAIT CO0O0M IpOCTEeHITNE MOISTH, HCIIOIB3yEeMbIE B TCOPHH TBEPAOTO
Tena (CM., HanipuMep, [18]). DnekTpruieckHe aHajJOTH TAKHUX I[ETIOYEK — UCKYCCTBEHHBIC
THHUH, HAXOIIHE TPHMEHEHHE B PaIHOTEXHUKE (CM., Harmpumep, [ 16]).

m k A <o \NeANNe

Puc. 41 Puc. 42a

7.1. Onpenenutk HopMaibHbie Konedanus cucremnl N O/d-
HAKOBBIX YACTHI] MACCHI 777, CBS3AHHBIX OJMHAKOBLIMHE IIPYKUHKAMH
HKECTKOCTH k M MOTYLIHX JBHUTATHCS MO TpsMoil (puc. 41). NI

VKA3AHMUE. V100HO HCKaTh HOpPMalbHbIE KoeOaHMa B BHAE CYIEPIIO-
3UITHA OeryImux BOJH. me

N-1)i
7.2a. To xe nnsg cuctemsbl (prc. 42 a), OIWH U3 KOHLIOB KOTO- ( )

poit ceoboeH. e

7.2 6. Onpencnauth HOpMAIbHBIC KOMeOaHHs cucTeMbl N TLTOC-
KHX MasTHHKOB, NOJBCHICHHBIX APYT K Apyry (puc. 420). Macchl

BCEX MASTHUKOB OJMHAKOBBI, THHBI pasHel N/, (N—1)I, ..., 2{, [, mu?l
me
cuuras CBepXxy. mel
7.3. Haiitu cBoGonHBIe KomeOaHms N 9acTHI], COETMHEHHBIX Puc. 426

MPY)KHHKAMH W MOTYIIHX JABHTATHCS MO KOmbly (puc. 43).
Maccehl BCeX 9acTHI] M KECTKOCTH IPYKHHOK OJIHHAKOBEI,
Ilycth aBIDKEHHE TIPEACTABIACT COOO0H OCryIIyIO IO KOIbILY
BoJmy. [IpoBepuTh, YTO OTOK IHEPTHH PABECH [POU3BEICHHIO
JIAHEWHOW [JIOTHOCTH 3HEPTHHU HA TPYIIOBYI0 CKOPOCTh.

7.4. Onpenenuth CBOOOAHBIC KOTCOAHUA CUCTEMBI Ya-
CTHII, MOTYIIMX JIBUTATHCS IO TIPSIMOI:

a) 2N wacrtul ¢ Maccamu m u M, coeJIMHCHHBIX OJH- Pic. 43
HAKOBBIMH MPYXUHKAMH KeCTKOCTH k (puc. 44);

6) 2N wacThn ¢ MaccaMmu 1m, COCAHHCHHBIX TPYKUHKA-
mu skectkocTd k u K (puc. 45);
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B) 2N + 1 wacTui ¢ MaccaMu 11, COSAMHEHHBIX TIPYKHUHKAMHE JKeCTKOCTH &
n K (puc. 46). CMm. ykazauue K 3ajaue 7.1,

A
ANV AR AN kKkK"'W

Puc. 44 Puc. 45

7.5. a) Haiitu ycranoBuBminecs: konedanys CHCTEMBI, ONMCAHHON B 3a1a-
ue 7.1, ecnm TOuKa A BHOKETCS 110 3aKOHY « cos i (puc. 41).

6) To e jyis cucTeMbl, H300paKCHHON Ha puc. 42.
7.6. 'To ke gma cucteMsl puc. 44.

7.7. Haiitu HopMmanbHBIC KONEOaHUS CHCTEMBI YACTHL], MOTYIIMX JIBUTATh-
Csl I10 IIPAMOM M COETUHEHHBIX MPYKUHKAMU, €CIIN

aym; =m+mn,i=1,2, ..., N—1, KCCTKOCTH MPYy>KAHOK OUHAKOBEI
(puc. 47); vccmenoBath Coydan mpy > m u my << m;

0) ki =k #kny1,1=1,2, ..., N, Bce yacTulpbl OJHHAKOBLI (puC. 48);
MCCIENOBATh Cloyuan ky-1 > ku kyiy < k.

Puc. 46
JANANR -+ AN M Y.
Puc. 47 Puc. 48

7.8. a) N MadTHUKOB CBs3aHbI LIPYKMHKAMH W MOI'YT JBHIATLCS JIHIIb
B BEPTHKAJBHOH ITOCKOCTH, IIPOXOSIIEil uepes TOpH3IOHTANBHYO JINHHIO IIOJI-
Beca (puc. 49). Haiitn HopMaTsHBEIE KOIEOaHUS CHCTEMBI, €CITH BCE MaATHHUKH
W MPYKAHKW OJTHHAKOBHL H B MOIOKEHHH PAaBHOBECHS JUTHHA NPYKUHKH paBHA
PACCTOSIHMIO MEXKAY TOUKAMH [10/IBECA COCEMHIX MASTHUKOB.

©) Haiirn BelHY ) aenunle konedanus cucTeMnl prc. 49, eclii Ha MOCIeTHIOK
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R
VLS, LA

LA R R

Puc. 49 Puc. 50

YaCcTHIy ACHCTBYET BhIHYXKaawoman cuna I(¢) = I sin vyt mapaniensHo TMHAKR
IoaBeca.

B) 2N 0INHAKOBBIX MaATHHKOB CBA3aHBI ONMHAKOBBIMH MIPY>KHHKAMH H MO-
I'yT ABHIAThCA JHIIE B BEPTHKANBHBIX ILIOCKOCTAX, NEPICHAUKYIAPHBIX KPYro-
BOI nmuHuM nojseca (puc. 50). Pacctodanue Mexay cocemHHMH TOYKaMH IojiBeca
pasHO a. JlmiHA KaXkoH U3 TPYKUHOK B HEPACTAHYTOM COCTOAHUH paBHa b.
Hccnenosarh, Kak 3aBHCUT YCTOHUMBOCTD MaJibIX KojdcOaHUi BOMU3M BEpPTHKAIM
OT 3Ha4cHUs LapaMeTpa b — a. Pamuyc okpyxHocTH IMHHM noaseca K cuuTarh
JOCTaTO4HO OOMBIIHM, TaK Y4T00bI ManbiMu BemuuuHaMmu [/ R, a/ R, b/ R MoxHO
ObuTO TIpeHeOpEb.

i 1

Puc. 52

7.9. a) K ogHOMY KOHL[y MCKYCCTBEHHOHM IuHWHM pHC. 51 TOAKITIOUEH
HCTOUHUK nepeMeHHoro HanpskeHus U cos v¢. Kakyro Lenouky Z U3 conpoTus-
neunst R v uHgyktuBHOCTH £ (MUITH €MKOCTH? ) CIEAYET MOOKTHOUNTD K IPYTOMY
KOHIY JIWHUHM, ITOOBI KoJIeOaHHs B THHAH TIPEICTABISLTH OO0 OeTryIIyIo BOTHY,
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T. €. UYTOOBI HATIPSUKEHHE HA KadjO0M M3 KOHIEHCATOPOB OTIHYAJIOCH OT Harps-
AKEHHUSI Ha COCETHEM TOJTBKO OTIPE/ISIICHHBIM CBUTOM (hasbl?
©) To ke nmg HCKYCCTBEHHOH JMuHHU pHC. 52.

7.10.  VYopyruii cTep:KeHb MOKHO LIPEACTABUTE KAK LIPEACIIBHBIA CIlydai
cucteMbl N uyactur {(cM. puc. 41) npu ycaoBun N — oo, a — 0, npudem
Nm = const u Na = const, tne m — Macca 4acTHIBI, 0 — PacCTOAHHE
MEXKY COCETHUMH YaCTHLAMU B IIOJIOYKEHUH paBHOBeCHUs. lloyunTe ypaBHEHHS
KoJcOaHUN CTEPIKHA KaK Ipeaea YPaBHCHUN ABUKCHHSI NUCKPETHOU CHCTEMEL.

VKA3AHHUE. BBecTH KOOpAMHATY TOUKHM CTEPXKHA £ = 7@, a TaKkKe BEIHYIHHEI,
IIO1YyYaEMble IIPU IpeaeasHoM nepexone a — (

7.11. llonyuuts ypaBHeHue KomeOanuil CTEPKHs HpeapIAylleid 3ajadu
C YUETOM NEPROU HEMCUE3AKOIIEH NONPABKH, CBA3aHHOW ¢ KOHEYHOCTBIO PacCTO-
SIHAS ¢ MEXKIY COCEIHHMH TaCTHLAMU.

§ 8. HequHelHbIE KOJIEOAHUSA

8.1. OnpenenuTh WCKaXeHUE TAPMOHMYECKOro Koje0aHusl OCIUILISTOPA,
BBI3BAHHOE HATMYUEM AHTAPMOHHYECKHUX IOMPABOK K MOTCHUNAIBHON YHEPIUHU:

4
a) U (z) = mim ; 0)oU(z) = %333

8.2. OnpenenuTe HCKaKeHHE TAPMOHHUYECKOTO KOJIeOaHUS OCITUILISITOPA,
BBI3BAHHOE aHIAPMOHUYIECKOH MTONPABKOM K KHHETHYECKOH SHEPIrUH

.2
myxx

07 = 5

8.3. HaiiTi aHrapMOHMYCCKHE MTOMPABKH K KOMcOaHHAM MasTHHKA, TOUKA
Io/ABECa KOTOPOIo BHIKETCS IO OKPYKHOCTH (puc. 15).

8.4. Haiftn xomebaHus oCIUIIATOpa IO AeHCTBUEM CHITBI f1 cOSwil +
mOéCES

+ fo coswat ¢ yIeTOM aHrapMOHHYECKOit monpaBku ¢/ () — 3
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8.5. Madarmuk npezncraBngeT coOoil TPY3HK Macchl 1, MOABEMICHHBINH Ha
TPY)KUHKE KECTKOCTH k. JlUHA HeHampshsKeHHOH mpykubku [o. Halitu anrap-
MOHHYCCKUE TTONPABKH K KomeOaHusM MasTHUKA.

Bocnonab3oBaTecs JeKapTOBBIMH KOOPAHHATAMY OTKJIOHEHHA I'Py3HKa OT I10-
JIO’KEHHsI paBHOBECHSI.

8.6. HaliTn aMnmuTyny ycTaHOBHBIIHXCS KoaeOaHui aHrapMOHHUIECKOTO
OCLMILIITOPA

&+ 20k + whx 4 B3 = feoswt

a) B 00macTH pe3oHaHca |w — wo| € wo;
0) B 00MacTH pe3oHAHCA HA YTPOCHHOH YACTOTE BBIHYXKAAIOLICH CHIIBI
13w — wp| <€ wo.

8.7. a) OnpenenuTh aMIUIATYAY W a3y YCTAHOBUBLIECTOCH KoixeOaHUs
OCLUUIATOPA IPH NapaMETPHUIECKOM PE30HAHCE:

&+ 2X& + wi(1 + hcos2wt)z + Bz =0
(h<1, |w—w<Kwy Pr*<wy)

0) Onpeaenurs aMIUTUTYAY TPETheid rapMOHUKH YCTaHOBUBIIETOCA KoyteOa-
HHA.

Puc. 53

8.8. Omnpenenuth komebaHNe OCUUILIATOPA
4+ wi(l+ heos2wt)r =0 (h<1, |w—wol < wp)

a) B 00MacTH HEYCTOMYUBOCTH OTHOCHUTEIBHO MAPAMETPUYCCKOTO PE30-
HaHCa;
0) BOMM3M 00MACTH HEYCTOHTHUBOCTH.,
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8.9. UYacroTa rapMOHHYECKOTO OCIIIIIATOPA w(t) MEHAETCS IO 3aKOHY,
m3o0paxkeHHOMY Ha puc. 53. Haiitu o0macTi HeyCTOHYHBOCTH OTHOCHTEIBHO
IMapaMeTPUUICCKOIo pe3oHaHCA.

8.10. Onpcuenurh, Kak U3MCHSIOTCS CO BpeMEHEM aMILTATYABI claabo
CBA3AHHBIX OCHUIATOPORB, PYHKITUA JlarpaHxka KOTOPBIX

L= %(372 + 92 —wx? —dw?y? o+ 2a2%y).

8.11. Haiitm yacToTy MambIXx CBOOONHBIX KoJleOaHMIl MasTHHUKA, TOYKa
MIOJIBECA KOTOPOTO COBEPIIAET BepTUKATbHBIE KoTeOaHus ¢ 000 TacToTolt v

(v > /g/D.

8.12. OnpenenuTh 3QPEKTUBHYIO MOTCHIHAIBHYIO SHEPIHIO!
a) YaCTHIIBI MACCHI 172, HAXOMAMEHCs B TIOJIE

U(r) = @ — a T oa);
(x) v —acoswt| |r+ acoswi| ( )

6) OCOUIITATOPA, HAXOOAIIETOCA B TTOJIE

. ar coswi
8.13. Omnpenenurs nBMKeHUE OBICTPOH YaCTHIIHI, BITETAFOMICH B TToyie U =
= A(z? — y?) sin kz mox MambIM yIIoM K ocu z (K2 E > A).

8.14. Onpeneauth CKOPOCTh CMEMICHUA IICHTPa OPOUTHI 3aPsHKCHHON da-
CTHITHI B €100 HEOTHOPOAHOM MATHUTHOM Tone 5, = 76, = 0, 5, = 5 (x),

TIPUIEM

f

£ = = (:E)fr L1, r= _mue

H(x) e (z)’
Tae © — paanyc OpOUTEL.
8.15. 3agaua mpeacTaBmsgeT cOO0OH MCXaHHYCCKYIO MOACTL (PAa30BbIX IICc-
PExXo0B BTOPOIO poaa.

KermesHrsiii mapuK MacChl 7 MOXKET KoneOaThCs BAOIb OCH Y Ha MPYKHUHKE,
TMOTeHIHAIbHas 3Heprus Kotopoii umeer ua U (y) = —Cy*+By*.! C momompo

'TaxoBa, HarTpuMep, MOTeHUHATLHAS DHEPTHA CHCTEME!, H3o0paxeHHoif Ha puc. 13, ecan Ima-
PUK MOXKET ABHTATLCS JIHIIb B HATPABICHHH OCH Y, MEPICHIHKYIAPHON & muHHH AB, W ITHHA
HEepacTAHYTOMH HpyxkuHKH [g Oonbiie [. B atom ciyuae npu |y| <€ [ umeem

C=k({o—0/l, B=klo/45.
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AIEKTPOMArHHTA BO30YKAaf0T KoaeOaHus ITapuKa 1o 3aKOHY {jg COS YT, IpuaeM ~
MHOTO O0JIhIIIE YACTOTHI €r0 COOCTREHHBIX KoeOanmii' .

Hafitt wacToTy Mamaeix cOOCTBEHHBIX KoieOaHuUii Mapuka B 3aBUCUMOCTH
ot mapametpa T — /3.

§9. JBMikeHHue TBepaoro reja. HeMHepuuaabHbie CHCTEMBbI
oTcuera

9.1. B BepmmHax KBaapaTa co CTOPOHOM 2a pacnonoKeHbl Macchl m U M
(puc. 54, a). Haiitu KOMIIOHEHTBI TCH30PA UHEPIIMU OTHOCUTEIILHO:

a) ocei x, y, 2;
0) oceit 7, 3y, coBMamAOINX ¢ QHATOHATAMH KBajpara, u Z.

m ya M yf yr
m
M mex!
, @) da
Ym M
2b
M ! m r
Q' 2q¢ M X 2a 2m X
6) )
Puc. 54

9.2. Haiitu rmaBHble OCH UHEPIUH U TJaBHBIC MOMCHTBI MHEPIIUH CIICTY-
IOII[HX CHCTEM:

a) Maccel m U M pacmonoKeHBl B BEpPIIHHAX MPAMOYTOIbHUKA CO CTOPO-
HaMu 2a u 20 (puc. 54, 0).

0) Maccel m # 2m PACHONIONKEHBI B BEPIIMHAX MPAMOYTOIBHOTO TPEYTOJib-
HHUKa ¢ KatetaMu 2a u 4a (puc. 54, 8).

Tpu neficreun BeIcokouacToTHol el f(t) — —(yoy?/m) cos~yt B upemene v — oo am-

TUIUTYdd BEIHYXKACHHBIX KOJTeOanuit CTPEVIUTCA K Yo, NMOIIPABKH K aMIIMTYAC H BEICIIHC TApMOHHKH

HMEIOT MaloCTh ~ 7_2.
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9.3. DBoipa3uTh MOMEHT HHEPITHH [, OTHOCHUTEIb-
HO OCH, NMapajieTbHONH eTMHHIHOMY BEKTOPY 1 H MPOX0-

AIIEeH Yepe3 LUEHTP UHEPLUU Tena, Yepe3 KOMIIOHEHTHL
e TEH30pa UHCPITHH.

9.4. HaiiTu 11aBHBIE MOMEHTBI HHEPLMH IIapa
paguyca R, mMerolero BHyTpH NIOIOCTh B popme mapa

Puc. 55 paguyca r (puc. 55).

9.5. BoIpazuTh KOMIIOHEHTH TEH30Pa KBAJAPYIIOILHOIO MOMCHTA MAacc
2
D = f(3a:imk —r2d;)pdV

(p — MNOTHOCTB) Yepe3 KOMIOHEHThI TEH30pa HHEpUHUH [y

9.6. HaiiTu 9acToTy Masbix KoyicGaHHU OJHOPOIHOIO TOTYMIapa, Haxoas-
IIIETOCs Ha TVIAZIKOK TOPU3OHTAIBHON MOBEPXHOCTH B MOJIE TSDKECTH.

9.7. Ha mokoMBIIYIOCS T'aHTEIBKY, COCTOAMIYIO U3 NAphl KACAIOIIMXCS
OJUHAKOBBIX IIAPUKOB, HaJeTaeT TpeTuil Taxkoi ke. CkopocTe ero V Ieples-
JUKYISpPHA JIHHUHM LEHTPOB TAHTEIBKH W HANpPABICHAa K MEHTPY OJHOIO U3 €¢
mapukoB. HalTu CKOPOCTH mapuka U TaHTEIBKU MOCHE CTOIKHOBEHUA. YOap

YIPYTHH.

9.8. Kaxkosa craner nmpoaomKHTEILHOCTL CYTOK, KOTJa OHU CPABHSIIOTCS
(3a cuer melCTBUS MPUIMBHBIX CHIT) ¢ MecaueM (T. e. mepuo/ oOpareHus: 3eMiTu
BOKPYI OCH CTaHET paBHBIM Iiepuoay oOpamenus JIyae! Bokpyr 3eMnn). I lpunsars
1Tl TIPOCTOTHI, YTO OCh BpaIeHHs 3eMITH NepreHUKYIIpHa MI0CKOCTH OpOUT
3emuu U JIyHBL. JINs 9UCIEHHBIX OLEHOK CUMTATH 3€MITI0 OJHOPOIHBIM [MIAPOM
paguycoM a = 6,4 Teic. kM u Maccod M, B 81 pa3 Ooapmiel maccel JIyHBI m;
paccrosHue or 3emiu 1o Jlyust B = 380 ThIC. KM.

9.9. JIBa OOWHAKOBBIX ONHOPOAHBIX IIapa, BPAIIAOIIUXCA € OOUHAKO-
BBIMH 110 BEJIHYHHE YITIOBBIMH CKOPOCTSMH , MEAJICHHO COMU3UBIIUCE, KECTKO
COCTHIKOBBIBAIOTCA JpYT ¢ ApyroM. OIpeaenuTs IBIDKEHHe 00pa3oBaBIIerocs Te-
na. Haiitu, kakad 9acTh Ha9albHOM KMHETHUYICCKOM YHEPTHH MEPEXOIUT B TEILIO.
J10 COCTBIKOBKH YITIOBBIE CKOPOCTH iapoB OBLTH HAIllpaBICHHL:

a) IEPIEHIUKYAAPHO JTHHUU LEHTPOB U MapaiieabHO IpYyT APYTY;

0) ogHa — BIAONE JTUHHUH LEHTPOB, APYTas — NEPIEHIUKYISPHO.
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9.10a. OganopoaHbIii map pagnyca 7 U Mac- v ’,/“‘\\I
CBl 1M KaTUTCA, HE TPOCKaIb3bIBad, MO TOPHU30H- -- SRR EEEEED ro--
A"
TAIBLHON TIOCKOCTH CO CKOPOCTBIO V. B MoMenr, S

KOTAAa OH KacaeTcsa APYTroro Takoro e Iapa, Je-
JKaBIIETO HEMOABHUKHO, MIAPHl JKECTKO CKPEIUIA-
toresa (puc. 56 a). TImockocTs abCOMOTHO TaaKas
(mmocae CKpemIeHHsT maphbl CBOOOIHO CKOIB3AT II0 Puc. 56a
HEel).

C KaKHMH CHJIAMH AeHCTBYIOT Ha IUIOCKOCTE Mapel? YCKOpeHHe CBOOO0 HOTO
MaICHUST JIOCTATOYHO BEJIMKO, TAK YTO MIAPhI BCE BPEMS KacarTCs IIOCKOCTH.

9.106. B aBYX IpOTHBOMONOKHBIX BepimuHax A u C' ogHOPOIHOTO TIpsA-
MOYTOJTBHOTO TTapaJIeNenuIie/ia HaXoaaTca apoBbie APHUPHI, TaK 9TO OH MO-
KeT CBOOOJAHO Bpamiarbest BOKpyr muaroHamu AC’ (puc. 56 6). Haiitu cumbl,
NEUCTBYIOIIME HAa MIAPHHUPBI NMPH BPAICHUU Ia-
pannenenunena ¢ yrioBoi ckopocTeio 2.

9.11. Ha ogHOpoAHBIN 3ILTUIICOM Bpaliie-
HUS (ITOyocH ¢ — b, ¢) HaleTaeT YacTHIIA, JBH-
Kymaacsa mapanieabHo ocu Oy CO CKOPOCThIO V
W NPHLEIBHBIMU NapaMeTpaMu p1, po (puc. 57),
W TpUIMnaeT K HeMy. Onucarh ABMKEHHE BILTHII-
CoMJia, MPEATIONAras, 4To €ro Macca MHOTo 00Jh-
I11¢ MacChl HAJICTAIOICH YaCTHIIHL.

9.12.  Twupoxomnac mnpeacrasisier coboi
OBICTPO BpalAIONIMICT TUCK, OCh KOTOPOTO MO-
XKeT CBROOOIHO TOROPAYMBATHCSA B TOPU3OHTAIIB-
HOit TmockocTH (puc. 58). MccaenoBaTh ABHKE-
HUE TUPOKOMIIACAa Ha IUPOTE ¢x. YIoBad CKo-
pOCTh BpareHust 3emmu §2.

Puc. 560

9.13. Boa4ok ¢ HeMOABMXKHOMN TO4KOMH onmopbt (J, BpallaBLUUHCA € YIJIO-
BOIl cKopocThiO {) BOKpPYT CBOEH OCH (CKOPOCTH IPEIeCcCHH CYUTacM MaJoii),
KacaeTcsl TOPU30HTAITBHOM NIITIOCKOCTH KpaeM mucka (puc. 59).

Haiitu yIioBylo ckopocTh BOMUKa, Korja IpocKalabi3blBAHUE AUCKA LIPEKpa-
TUTCA. B MOMEHT KacaHua HyTaruii He ObLIo.

9.14. B none TATroTeHHA HENOABWXKHOM ToueyHOH Maccel M nBukeTcs
OJHOPOIHOEC TEJIO MACCHI 171, UMCIOImEe (hOpMy 3UTHIICOnAa BpamcHus., Hakitu
¢yaxmuro Jlarpamka cHCTeMBI, BHIOpaB B KadeCTRE IEPEMEHHBIX ChepHIecKue
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2z

\ v

- ————— —-i—l

VO
O L y
j : /’llp?
X
Puc. 57 Puc. 58

O

Puc. 59

KOOPJIMHATHI I[EHTPa TAKECTH U YINBI Ditnepa. PazMeprr Tema Majel 0o cpaBHe-
HHUIO ¢ PACCTOAHUEM 0 LCHTPA MHOJA.

VKA3AHUE. IloTeHnmuanbHas DHCPIHA CHCTCMEI HpHﬁHH)I{eHHO paBHa

3 2
B 1 ~ 07p(R)
U(R) = mp(R) + 6 i Elemm,

e R = (X1, X2, X3) — paguyc-BeKTOp UeHTpa »uUtHIIcOuna, [);x — TEH30p KBaj-

pynoabHOro Momenta mace (em. sapady 9.5), @(R) = —vM/R — norednman nons
TaroreHus (cp. [2], §42).

9.15. OmnpenenuTh YINIOBYIO CKOPOCTh MPELECCUU 3EMHOM OCH MOJ BIIH-
aaueM npuTsokeHus ComHua u JIyrel. HakmoH 3eMHOM ocu K MIIOCKOCTH OpOUT
3emu u JIyHbl paBeH 67°. JI11 mpocTOTEl 3eMJIF0 CUHMTATh OTHOPOAHBIM 37-

JIMIICOUAOM BpaMIiCHHUA, IOAPHAA IMMOJIYOCh KOTOPOI0 ¢ MCHBIIIC BKBaTopHaHBHoﬁ
a—c 1
ITOJIVOCH a, ITpHUYCM = .
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9.16. CocTaBuTh ypaBHEHHS IBWKEHUS JUIA MMPOCKIMI MOMEHTa Ha I0-
JBIDKHBIC OCH KOOP/IMHAT, BEIOpAHHEIE MO OCsIM wHepHud. [IpoumHTerpupoBaTh
3TH YPABHECHUS JUIS CBOOOMHOIO ABHIKCHHA CUMMETPHYCCKOIO BOIYKA.

9.17. MHccnemoBaTh yCTOMYHBOCTh BpAIlEHHA ACCHUMETPUYECKOTO BOTYKA
OTHOCHUTENBHO [NIABHBIX OCEH MHEPLHH C IIOMOIIBIO YPABHEHHI JHiepa.

9.18. OjyiHopoaHBIH Tap paguyca a ABWKETCS MO BHYTPEHHEH MoBepX-
HOCTH BEPTHKAARHOTO IWIWHpa pamuyca b, He mpockaibsnBad. Halith 3akoH
JIBHKEHHUS 11apa.

9.19. a) Ilmockuii CHMMETPHUYHBIA OTHOCHTEIIFHO CBOCH OCH JTUCK KaTHT-
¢4 TI0 TIaJKO TOPH30HTANBHOM ITOCKOCTH (TpeHHE OTCYTCTBYET). ONpeaenuTh
3aKOH JBMIKCHHUA JAUCKA (B KBaaparypax).

Hccaenosates mogpoOHee 3aKOH ABHIKEHHUS B CIEAVIOMIHX CIyJasX.

OupeaeinTh, MPU KAKUX VCIOBUIX Y0/ HAKI0HA JUCKA K INIOCKOCTH OCTa-
eTCs MMOCTOSTHHBIM,

JIUCK KaTHUTCs TaK, YTO €r0 OChb COXPAHACT ONPEACACHHOE (TOPU30HTAIBHOC)
HanpasiacHue. OnpeneauTh, NMPH KaKOH YINIOBOM CKOPOCTH BpAlLlCHHS BOKPYT
3TOH OCH TAKOE IBHKEHHE YCTOMYMBO.

0) Juck Karurcsa 0e3 MpoCKanb3bIBAHHSA IO NOPHIOHTANBHOH TUIOCKOCTH.
HaitTu ypaBHCHMA ABMXKCHUA U OTBCTUThH HA TC JKE BOIPOCHI, YTO M B MYHKTE a).

B) To ke nns jiucka, KOTOPHIA KaTUTCA 110 TOPU3OHTAIBHON TJIOCKOCTH, HE
IIPOCKANb3bIBAS M HE LIPOBOPAYUBAICH BOKPYI' BEPTHKATLHON OCH ' .

r) Haxogsmiicst Ha HAaKJIOHHOM TIJTOCKOCTH JUCK BparnaeTcs 0e3 MpoCKallb-
3BIBAHHS BOKPYT CBOETO JUAMETpa, MEPIICHAUKYISIPHOTO 3TOoi MaockocTu. Haittu
CMEITeHHe AHcKa 3a Oombmmoe BpeMs. HakIOHHAs IIOCKOCTh COCTABIACT MalbIid
yIod ¢ ¢ TOPU30HTANBHOM.

9.20. a) Haiitu B KBazparypax 3aKOH ABUXEHHWA HEOOHOPOIHOIO IIapa,
KOTOPBIH ABMKETCsT O3 TPEHUA MO TOPU3OHTANBHOM TTockocTH. PacnpeneneHue
IUIOTHOCTH CUMMETPUYHO OTHOCUTEIBHO OCH, IPOXoAsAIIel Yepes eHTp Macc U
TEOMETPUICCKUI LICHTP 1iapa.

HccnenoBare BIUAHUE ManblX CUA TPCHHS HA ABWKCHUC LIapa B Cay4ac,
KOTZla B OTCYTCTBHE TPEHHsI MIap JBUTAICS ObI Tak, YTO YTOI MEXIY OChIO CHM-
METpUH H BEPTHKATBIO OBLT OBI TIOCTOSHHBIM.

1310 osnauaer, aro cuenenune QUCKA ¢ TUIOCKOCTBIO B «TOHKE» CONPUKOCHOBEHHA TAKOBO, HTO
IJIOINAAKA B MECTE KOHTAKTA HE CKOJIB3HT 110 TUIOCKOCTH M He NpoBopadueaercs. [lorepsamu sHeprun
Ha TpeHHE KaueHHus mpeHeOpeys.
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0) Halitu ypaBHeHus JBWKEHHUA ONHUCAHHOTO IMIApa, €CIH OH KaTHTCA 0e3
MIPOCKAJIL3BIBAHHUS [0 TOPU3OHTAIBHOH IIJIOCKOCTH.

9.21. HalTH OTKIOHCHHSI K BOCTOKY H K IOTY OT BePTHKAIIH CBOOOIHO
MAJArOMIero ¢ BRICOTHI A Tena. IayadpHas CKOpOCTh Teda paBHA HYJIIO.

9.22.' Co Cy/l, YACTHYHO 3alI0JTHEHHBIN IMOCTEIIEHHO 3aTBEP/ICBAIONICH AII0K-
CUIHOW CMOIIOH, NMPUBOAAT BO BpAIICHUEC C YINIOBOH CKOPOCTBIO W2 BOKPYL
ocu AB, koTOpas B CBOK 0YCpPEab BpAIIACTCS BOKPYT HemoApwxHOH ocu CD
C YIMOBO# cKopocThio wy (puc. 60). Kakyio ¢opMy puMeT, 3aTBEPAEB, ITOBEPX-
HOCTb CMOJIBI?

Puc. 60 Puc. 61

9.23. YacTtuna aBmkercsa B LeHTpanbHoM mone U (r). Haiitu ypaBHeHue
TPACKTOPUH ¥ 3aKOH ABIDKCHHS B CHCTEME KOOPAMHAT, PABHOMEPHO BPAIAK)-
mekca ¢ YIIOBOM CKOPOCThIO {2, MapaTieTbHOH MOMEHTY HMITyIbca M.

9.24. Haiitn Manble KoaeOaHHA YACTHIIH 171, IPUKPEILICHHO MIPYKHHKA-
MH KECTKOCTH k1 M ko K paMKe, BpalaloICHCa B CBOCH ITOCKOCTH € YITIOBOH
ckopocTbio £ (puc. 61). UacTHia MOKET IBHTATbCS B IUIOCKOCTH PAMKH.

2 2
o _ T Y
9.25. Tnajxuii mapabonoun 2z = o + ~ BPAIACTCS BOKPYI BEPTHKAIL-
HOH OCH 2 € YIJIOBOU CKOPOCTBIO w. 11pyu KakoM 3Ha9C¢HUU w HWKHEE [LOJIOKEHUE
HEYCTONUYHUBO JJTT YaCTHIIBI, HAXOAMICHCST BHYTpH mapadonouna? YCKOpeHHe CH-

ael Taxkecta g — (0, 0, —g).

"Bamaua B. C. Kyspmuna u M. I1. [epenkpoiizena.
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9.26. PaMxa ¢ gacTuieil Maccel 1m, 3aKpeIUICHHOM I
Ha TPYKUHKAX (JUTHHBI KOTOPBIX [, KO3(PQUIMEHTR KecT- “.3 Y
KOCTH &k U HATSDKCHUS [IPH HCTIOABMXKHOR paMKe f) Bparma-
eTCd € YIIIOBOH CKOPOCTBIO < BOKPYT OCH Z, CMELUCHHOMH
Ha PacCTOSIHHE @ OT IIEHTpa paMKHu (puc. 62).

OnpeneTuTh PaBHOBECHOE PACCTOSHHUC YaCTHIBI OT |‘|
OCH H MCCIIEIOBATh €r0 YCTOMUYHUBOCT.

PaccmoTpeTh crenyromme cuyJan:

a) YaCTHUIIa MOXKET ABUTATHCA TOIBKO BIIOJb IIPYKUH;

0) BO3MOKHBI JTFOOIC CMEIIEHUS TaCTHUIIHL,

Puc. 62

9.27. JIBe 3Be31bI ABIKYTCA IO OKPYKHOCTIAM BOKPYT HX IIEHTpa Macc.
B cucreme orcuera, B KOTOPOW 3B€31bI HEIIOABHIKHBI, HANTH TAKHUE TOYKU, B KO-
TOPBIX TIOMEIICHHOE TaM JICTKOE TEI0 TAKKEC 0CTACTCA HCIOABHIKHBIM. Mccneno-
BAaTh YCTOMYHMBOCTb 3THX «IMOJOKCHHIM paBHOBECHA». (OTpaHUYMTLCA TOUKAMM,
HE JexamMuMu Ha UpsIMOi, COeTUHSIONMICH 3BE3IHI. )

9.28. OmpeneauTs HOpMaIbHbBIE KOTeOaHHs TPpeXaTOMHOH MOJICKYJIBI, OITH-
caHHOH B 3aaaue 6.49, ec1u ee MOMeHT umnyibca M He paBeH Hymr0. YriaoBas
CKOPOCTh BpameHus Monekyansl ) < v/ k/m; 3aeck k — Ko3(hHHLHEHT 5KeCTKO-
CTH cBA3U. MoMeHT UMITy/IbCa HEPHEHAUKYIAPEH K INIOCKOCTH MOJICKYIIbL.

§10. YpaBuenusa amuabroHa. CkoOku Ilyaccona

10.1. Ilycts ¢yakmus NamuasTona H cHCTEeMBl 9acTHIl HE U3MEHSIETCS
mpu OCCKOHEUHO MAlloM niepeHoce (nosopore). BeisecTu oTciofa 3aKoH coxpa-
HEHUA UMITYJIbCa (MOMEHTA UMITYIIbCA).

10.2. Haiiti ¢dysaKmo I'aMUnEToOHa CBOOOAHO JBIKYIICTOCI CHMMETPH-
YeCKOro BOJYKa, BEIOpaB B KaUeCTBE KOOPAMHAT 3MIICPOBEI VINEL &, o, 1.

10.3. Onpegenuth GYHKIWO |'aMUITETOHa aHTAPMOHHYECKOTO OCITHILISA-
Topa, ¢pyHKuuA JlarpaHxa xoToporo

-2 2,.2
€T W r
L:

2 2

— ax® + Bai’.

10.4a. HaiiTi 3aKOH IBWXCHUA YacCTHULBI, (YHKIHA [ aMHIBTOHA KOTOPOM

2 252 2 22\ 2
Hiz,p) =5+ =5 +A(5 + =)
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10.46. Toxe nma H(x, p) = A/p — zF.

10.5. Haiitn ypaBHeHHs IBWKCHUS 4acTUIRl, QyHKIHS [aMuIbsTOHA KO-

Topoit H(p, r) = “pl (Iyu cBeTa).

n(r)

Haiitu TpaekTtoputo, ecinu n(r) = az.

10.6. Haiitu ¢ysxmuro Jlarpanxka, ecou Qyakiua [ aMuIsTOHa paBHa
2

P c/p|

a) H r)—— —pa (a—-const); 0 H r) = .

)H(p,r) = 5— —pa ( o 8 Hp,r) =

10.7. HaiiTh 3aKOH OBUKECHHSA 3apAKEHHOH YaCTHLIBI B OJHOPOAHOM II0-

CTOSIHHOM MarHutHoM nosic J&, pemast ypasaeHust ['aMusibrona. BekTopHBiii
MOTEHIHAI BEIOPATh B BHIE

Ay, =Hz, A, =A,=0.

10.8. HccrmenosaTh Ka4eCTBEHHO ABUKEHUE 3apPAKECHHON YACTHIBI B HEO-
HOPOJHOM MArHHTHOM TI0JI€, OTTHCBIBACMOM BCKTOPHBIM TMOTCHUHAIoM A —
= (0, hz?, 0). CpaBHHUTE ¢ APEH(GOBEIM TPUOITHKEHIEM.

10.9. llokaszarh, 4To 3aJada O JABHKEHWHM MABYX YaCTHWI[ C TPOTHBOIO-
JIOXHBIMH 3apsjaMu (¢ U —e) B ONHOPOJHOM MArHWTHOM IION€ LIPUBOAUTCS K
3a744¢ O ABIDKCHHH OOHOH YAaCTHIBI B 3aJaHHBIX IIOTCHIIMAIbHOM M MAarHUTHOM
nomax [30].

B 3zapauax 10.9-10.13 upet peub O JBMIKEHHUU DIACKTPOHOB B METAJUIE MU IONY-
TIPOBO/THHKE, BHCKTPOHBI B TBCPJIOM TCITC TIPC/TICTARITAIOT CO60ﬁ CHCTCMy HacCcTHII, B3aH-
MOACHCTBYIONINX KaK IPYT ¢ APYTOM, TaK U ¢ HOHAMH, 0OPA3YIONIIMH KPHCTATIINICCKYIO
pemeTKy. Hx OBHAKCHHE OIIHCLIBACTCH KBAHTOBOW MeXaHukoi. B TCOPHH TBEPAOTIO TEJIa
HacTo y,[laeTCH le/lBeCTl/l jagady O ABMMKCHMH MHOI'MX BB&HMOI[GIZCTB)/[OLLLHX JacTHl, CO-
CTaBIIAOIIIHUX TCIIO, K 3aa4vaM O IBHAKCHHH OTOCIIBEHBIX CBOﬁOI[HBIX HacCTHIL (HaBBIBaeMBIX
KBasH4YaCTHIIAMH — SHGKTI)OHaMI’I HJIH OAbIPKaMH B 3aBHCHMOCTH OT 3HAKa 3ap;1;1a), HMCHO-
LLIMX, O/IHAKO, CIIOKHY K0 3aBUCMMOCTh SHEPrUM OT UMIyJbca &(P) («3aKoH jcepeun»)’ .

IHanpnmep, T ABIPOK B KPHCTAIUIAaxX IrepMdiHid H KPpCMHHA

1
e(p) = o [ = /B2 + C2 (0202 + 0202 +p302) |,

7€ OCU KOOPIMHAT BHIOpAHBL B COOTBETCTRUU ¢ CUMMETpUEH KpUCTAILIOB, 111 — Macca MEKTPoHa, a
kOHCTAHTE A, B, ' AMEIOT CICTyTONIHe 3HATCHHA:

A B | C
Ge | —13,1 | 83| 12,5
Si | —4,0 | 1,1 ] 41
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Bo mHorux ¢iy4asx oKa3blBacTCs BO3MOMKHbBIM PaCCMATPUBATh ABMKCHHE KBa3M4acTUl] C
HOMOLLbIO KJIaCCHUYECCKON MeXxaHWKku, PyHKumMs &(p) ABIACTCA NePUOAMUCCKON (yHKIM-
el ¢ MepHoaOM, PaBHBIM TIEPHOLY TAaK HA3BIBAEMOH 0OpaTHON perueTkn’. B ocTambHOM
PaccMaTPUBAGMbIE 21a/16€ 3aBUCUMOCTY £(P) MOXKHO CUMTATh HPOM3BOILHBIMY.

10.10. W3BecTHO, 4TO £(p) ABIACTCS NEPHOANIECKOH DYHKIHEH P ¢ mepH-
0J0M, PABHBIM TMEPUOAY OOPATHOM peneTKH, YMHOKCHHBIM Ha 27/ (HanpuMep,
I1sl KyOUIecKoil pereTk ¢ nepuoaoM a nepuon £(p) paseH 274/ a).

OnpejieTh 3aKOH ABHIKCHUS 3JCKTPOHA B OJHOPOJHOM 3ICKTPUICCKOM
noiae &.

VKA3AHUE K 3AJ1AUAM 10.11 -10.13. B s1HX 3apauax yno0OHO, KpoMe 00001meHHO-

v € v
IO UMITYJlbCa P, BBCCTHU KHMHCMATHUYCCKUHK HMIIYIIBC P = P — EA’ riae A — BCKTOPHLIN
[HOTECHITHA MAaT'HUTHOTI'O I1OJIA.

10.11. Tlomaras ¢gyHxuuto I'amMunbToOHA
_ e
H(P,r)=¢(P - ZA) +ep,

NOJYYUTh YPAaBHEHUS IBHWIKEHUS (3apsia anekTpoHa e < ().

10.12. a) Haiitu uHTCIpaibl ABMKCHUA JICKTPOHA B TBEPAOM TeJE B O-
HOPOTHOM MarHUTHOM moje. Kak BBITTIAAUT «TPaeKTOpUA» B UMIYJIbCHOM TIPO-
CTpaHcTBe?

©) Jlokasatp, 4TO MPOCKIHA TPACKTOPHH MCKTPOHA B OAHOPOIHOM MAarHHUT-
HOM TIOTIC HA TUTOCKOCTh, MEPICHAUKYAAPHYIO K S, B 0OBIYHOM MPOCTPAHCTRE
MONIYYACTCS U3 TPACKTOPUH B UMITYIHCHOM MPOCTPAHCTRE TTOROPOTOM U H3MCHE-
HueM MacmTada.

10.13. BsipasuTh nepuoa oOpaliieHus Y IeKTPOHA B OTHOPOIHOM MarHMT-
HOM mosic depes wiomanb S(E, pu) cedenus noBepxHoctd B £(p) = F B

HMIIVIIBCHOM IIPOCTPAHCTBC ILIOCKOCTBIO Py — p% = const.

10.14. Beruucouth ckodku Ilyaccona:

a) { M, z;}, {M;, p;}, {M;, M;};

0) {ap, br}, {aM, br}, {aM, bM};

8) {M, rp}, {p, 7"}, {p, (ar)*}.

3aech x;, p;, M; — NeKapTOBbI KOMIIOHEHTHI BEKTOPOB, a, b — NOCTOAHHEIC
BEKTOPBI.

2I‘IEI].'[[)I/IMep,, I KPUCTaIIIa, PCINCTKA KOTOPOTO 06JIEl,Z[EleT B HAmpaBICHHH OCH X HaUMCHBITHM

TIEPHOIIOM @, HMEeM £(Dy, Py, Pz) = 8(p$ + @, Pys pz) , Tne A — nocroannas [Inauxa.
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10.15. Beramcnurs {4;, A;}, roe

A= 2@ +p -y —p)), As=z(zy+ papy),

b=

Az = 5(zpy — ypa), Ay =2+ % +p2 +pl.

DI — |

10.16. Beramcmute {M;, Ajp b, {Aje, Aat, toe Ay = zixk + paps.

10.17. Tloxasars, aro {M,, ¢} = 0, 1i1e ¢ — mobas ckanapHas GyHKIHA
KOOPJHHAT ¥ UMITYJIHCOB YaCTHIIEL.

TTokasare, ato { M, f} = [nf], rme n — eaHHUTIHEIH BeKTOp B HaITpaBICHAN
ocu z, a f — BexTOpHas QyHKIHS KOOPAMHAT M UMIYIbCOB YacTHImI, T.€. f =

=11+ P2+ [rplesue = @i(r? PP (rp)).

10.18.  Bouuciurk ckodku Ilyaccona {f, aM}, {fM, IM}, e a =
= const, a f u 1 — BekTOpHBIC PyHKIMH T U P.

10.19. Haiitu { M, M¢}, tne My, Mg — npoeKiuu MOMEHTa HMITYIIbCA Ha
ocH (, £ ACKaPTOBBIX KOOPIMHAT, JKECTKO CBA3AHHBIX C BPAMAIONIUMCS TBEPABIM
TETIOM.

10.20. CocTaBuTh YpaBHCHHSA ABWXKCHHUA Npoekuuu M, MOMEHTa uM-
NyTbCca HAa OCH, CBA3AHHBLIE CO CBOOOHO Bpamniatomumcs tenoM. dynkmus [a-
MHUJIETOHA

1 - by
H -3 Zﬁ(_f YopMoMs.

10.21. B »toi#i 3aaaue paccMaTpuBaeTcsa MOAETE 3JEKTPOHHOIO U AIEPHOTO
napaMarHuTHoro pesoHanca (cm. [18], m. [X). dyHkuua ['aMuneToHa HAMArHy-
TEHHOTO 1Iapa B ONHOPOIHOM MATHUTHOM Iolne J€ MMeeT BH

72
H=M — YM3E,

rae ] — MOMEHT HHEPLIHH 11apa, Y — THPOMATHUTHOE OTHOIIEHHE,

COCTaBHUTh YPABHEHHS JBWDKCHHS BEKTOpPa MOMEHTA MMIyiabca M u HailTn
3aKOH €r0 JBIKCHHA B CIIyUadx:

a) # = (0, 0, ),

0) # = (4 coswt, #sinwt, #y) 1 B Havanpueii MomeHT M =
— (0, 0, My).

10.22. Haiitu {vi, fvj} T YacTHIIBI B MATHUTHOM TIOJTE.
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10.23. Jlokazathb, yTo 3HaYeHue 000 (YHKIHU KOOPAUHAT U HMITYJTbCOB
cucteMbr f(p(t), q(t)) BbIpakaercs uyepe3 3Ha4eHWs p U ¢ B MoMeHT [ = 0

hopmynoi

Fplt), () = £+ LAF, £y + SO

Tac
f=£®0), ¢(0)), a H=H(p0),q0))

— ¢yakmusa [amMuneToHa. (Psaa mpeanonaraeTcs cXoaaIuMcA. )
Boraucnuts ¢ noMombro 31oil hopMynst p(t), ¢(t), p*(t), ¢>(t) ans:
a) 4YaCTULBI B OJHOPOIHOM TOJIE;
0) ocmmmIATOpA.

10.24. Jloka3aTe paBeHCTBa

a) {f(pl: QI)a (I)(%‘Q(plv QI)a b2, 42, .. )} — g_(;){fa Q‘Q}a

0) {f(p1, q1, p2, q2), ®(p(p1, q1, P2, @2), 03, G3, .. .)} = g—;{;{f, v}

D) {f(p: a), B(01(0: ) 22(p. 0)-- )} = X 5 S o

10.25. a) Ilycte ¢yHKIUA ['aMUNBTOHA 3aBUCHT OT MEPEMEHHBIX 1, 1
TH0Ib Yepes mocpenctso GvHKIMU f(q1, p1)

H = H(f(q1, p1), g2, P25 ---» AN, DN)-

Hoxazats, uTo f(g1, p1) €cTb UHTETpan ABHKCHHUSL.
0) Halitu mHTerpanbl ABMKEHUA YacTHIBI B moye U = a_g (MCITONTBb30BATH
r
ceputeckue KOOPAUHATHI).

10.26.  Kak m3BectHo, mmsa wacTHOb B nome U = —a/r cymecTByer
HHTETPaJl IBVKEHUS

A=[v,M - 2%

a) Beraucoute ckoOku ITyaccona {A;, A}, {A;, M;}.
6) B caywae duHHTHOTO mBkeHus (F < 0) jmua Bektopo Ji o =

— %(M T, /—LQH A) BBIMHCIUTE CKoOKu IlyaccoHa

{H, Ji,2}, s Joi by s Jiihs {2, Jog)

U CPAaBHUTHL WX cO ckoOkamu llyaccoHa a7 KOMIIOHEHT MOMeHTa uMIyJbca M.
Beipazute Qyukmuio NamunsTona H gepes Jy u Jo.
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§ 11. Kanonuuyeckue npeodpasoBaHus

11.1. Haiitu xaHoHHYecKoe peoOpazoBaHue, 3aaBaeMoe TIPOH3BO/IALIEH
pynxueit:

a) Fq, Q, t) = %mw(?ﬁ)q2 ctg Q).

3anucarh ypaBHCHHS ABHXKCHUS B IEPEMEHHBIX () ¥ P 17151 TapMOHHYECKOTO
OCIHITATOPA ¢ YacTOTOH w(l).
2
mw
3anucarh YpaBHCHHS ABHKCHUS B IEPEMEHHBIX () ¥ P 17151 TapMOHHYECKOTO
OCIMU/ITATOPA, HA KOTOPBIH AeHCTBYET BHeTHsIs cuma F'(1).

11.2. Haiitu npoussonsuyio GyHKuo suaa V(p, (), UpUBOAAIIYIO K TO-
My ke KaHOHWYeCkoMy TipeobpasoBaruio, uto u £(q, P) = ¢%e’’.

11.3. Kakomy ycrnoBur A0mKHA yAOBICTBOPATE pyHKuus (g, P), utodst
ee MOKHO OBIIO HCIIONB30BaTh B KauecTBe TIpou3BoaAmeit PyHKIMu KaHOHUIe-
cKoro nipeodpaszoBaHus?

PaccMOTpeTh, B YaCTHOCTH, [IPUMEDP

®(q, P) = ¢° + P?,

11.4. Tloka3arh, 9TO A7 CHMCTEMBI C OHOH CTEMEeHBIO CBOOOMIBI TTOBOPOT
B (ha30BOM npoCTpaHCcTBE (g, p) ABISICTCA KAHOHHYCCKAM ITPCoOpa3oBaAHHEM.

11.5. PaccMaTpuBaroTcs Mamble KoieOaHUs aHTapMOHHYECKOTO OCIHILTS-
Topa, PyHKIHA ['aMUIIETOHA KOTOPOTO

P wia? 3 2
H=—7—+=—"7"+az’+ PBxp
2 2

u |ax| < w?, |z < 1. B kaHonuueckoM npeoGpazoBaHHu, 3a1aBaeMOM 1po-
msponameil pysxuuein ® = xP + qx?P + bP3, nogoBpark mapaMeTpsl a M b
TakK, YT00Bl HOBasA (hYHKIUA ['AMHIIBTOHA C TOYHOCTBE) A0 YWJICHOB TIEPBOTO TO-
pAzKa Mo aw ™ 2@, (@ BKIOUNTETRHO HEe COIEPKaTa AHTapPMOHIYECKUX YITeHOB,
u Hailtu z(t).

11.6. B kaHOHMYecKOM IpeoOpazoBaHUH, 3aJaBAEMOM IIPOMU3BOIAIICH
dyaxumeii ® = 2P + a2 P + bxP3, nonobpaTe mapaMeTpsl a U b Tak, uTo-

2 2 2
Wod
ObI MaJble KoJdeOaHus aHTapMOHHYECKOTO OCITWLIATOpa H — % + 02 + Bat
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B HOBBIX NepeMeHHbIX (), P CBOMWINCH K rapMoOHHYECKHM. UmeHaMH BTOPOTo
nopsaaka o Sw ™ 2Q* B HoBoil GyHKIEH [aMuUIBTOHA TPEHEOpEUb,

11.7. Tlokazare, 1T0 TIpeoOpa3oBaHHE

— X cos )\ P A Y cos A+ % sin \
Tr — X COS —|—msm , Yy = Y COS +msm \
Py — —mwX sin A + P, cos A, Py — —mwY sin A + P, cos A

ABIIsieTCsT KaHOHH4ecKuM. Hailitu HoByro (yukimro lamunsrona, H' (P, Q)), ecnu

2 2
Py TP 2
H(p, ) = —5— + 75— (2" +97)

(cp. ¢ 3amadeii 11.17). Onucare gBMKEHUE JBYMEPHOrO OCLUUILIATOPA NMPpH Y =
_p
y .

11.8. lcnonesya npeoOpazoBaHue NpeabAyICH 3a1a91, IPUBCCTH (YHK-
U0 ['aMUITBTOHA W30TPOMHOTO TAPMOHUIECKOTO OCHWIIATOPA B MArHUTHOM ITO-
e, 3aJaHHOM BEKTOPHBIM ToTeHmHamtoM A = (0, #x, 0), K cymMMe KBaIpaToR
A HAUTH 3aKOH €TI0 ABMKCHHA.

11.9. C noMousi0 KaHOHHYECKOTO TIPeoOpa3oBaHUs IPHBECTH K JTHATO-
HAJIbHOMY Bujy (QyHKuuio ['aMuibToHa aHH30TPONHOIO 3apsDKEHHOIO OCLWII-
TATOpa ¢ MOTCHUWANbHOM 3Hepruei U(r) = %(w%ﬁ 1 wiy? + wiz?), Haxo-
AAIMIETOCA B OMHOPOJHOM ITOCTOSHHOM MAarHHUTHOM TTOJE, 3aJaHHOE BEKTOPHBIM

noteHiuaioMm A = (0, #'x, 0).

11.10. TIpumenssi KaHOHHTEeCKoe TMpeodpazosanue 3axadu | 1.7 k mapam
HOPMAaJIBHBIX KOOPIHUHAT, COOTBETCTBYIOIIMX CTOSIMUM BOJHAM CHUCTEMBI YACTHIL
Ha KOJbLE (CM. 33,19y 7.3), HOJIYIUTH KOOPAUHATEL, COOTBETCTBYIOIMINX 0T yIIIUM
BOJTHAM.

11.11. Iloxasark, 9To npeodpazoBaHUE

1 .
r=——(\/2PsinQ + P),
W(\/ 1 8in Qg 5 )

Pe = %h/ 2P; sin Q1 — @2),

y = \/%(\/2& cos Q1 + Q2),

Jmw )
Py = T(—\/QPl sin @1 + P)
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ABIAeTCS KaHoHmdeckuM. Haliti ypaBHeHus | 'aMUIbTOHA YACTHIIBI B MATHUTHOM
ToJIe, 3aIAHHOM BCKTOPHBIM IOTCHIHANOM A = (—%y%ﬂ ) %az&‘cg ) O) B HOBBIX
et

MIEPEMCHHBIX. 31CCh W = ~2 =
11.12. KaxoB CMBICT KaHOHHIECKOTO IIpeoOpa30oBaHUsA, 321aBAEMOTO TIPo-

w3Boaauei gpyukuueit O(q, P) = aqgP?

11.13. Tloxa3zaTk, 4YTO rpagMCHTHOE MPeOOpPa30BAHUE TOTCHIIHATOB 3JICK-
TPOMAarHUTHOTO MOJIS ABIsIETCA KaHOHUYECKUM TpeoOpa3oBaHUEM TS KOOPAH-
HAaT U UMITYJbCOB 3apsOKEHHBIX YaCTHL, U HAUTH COOTBETCTBYIOIYIO IPOU3BOIS-

Iy (yHKIHIO.

11.14. Kak usBectHo, 3aMeHa GyHkuuu Jlarpamka L(q, ¢, t) na

v . df (g, t
L (Q7 {q, t) :L(Q: q, t) + %:

rne f(q, t) — npousBodbHas GYHKIMA, He W3MeHseT ypaBHeHu# Jlarpamka. Ilo-
Ka3aTh, UTO 3TO MpeoOpa3zoBaHue ABMACTCA KAHOHUYCCKUM, U HAWTH €0 MPOH3-
BOAAIIYIO (DYHKITHIO.

11.15.  Haiitu npousBosAIy0 QyHKIMIO KaHOHUYECKOTO npeodpaszona-
HHA, COCTOSIIIETO B Iepexore ot ¢(t), p(t) k Q(t) = q(t + 1), P(t) = p(t + 7),
7 = const mis:

a) CBOOOIHOTO IBHIKCHHUS,

0) apwxeHUs B ogHOponHoM none, U(q) = — Fg;

B) OCLUWJLIATOPA.

11.16. BbBIACHUTb CMBICT KAHOHHYCCKUX MpeoOpazoBaHUM, 3a1aBACMBIX
MPOU3BOASIIUMH (QYHKIIHSAMHU:

a) ®(r, P) =rP + jaP;

0) ©(r, P) =rP + §p[rP];

B) ®(q, P, t)=qP+67H(q, P, 1);

1) &(r, P) =rP + ja(r? + P?),
rae r — JIeKapToBBl KOOPAWHATEL, a da, 4, 67, dav — OECKOHEYHO Mallble mapa-
METpHI.

11.17. IlokasaTh, YTO KaHOHHYCCKOEC IMpeodpazoBaHue, 3a1aBacMoe Mmpo-
u3BomALECH (QyHKUNCH

rae ¢ — 0, mpeacrasnsgeT coboif MOBOPOT B (pa3oBOM MPOCTPAHCTBE.
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11.18. Vkazarb mpousBomAmue (GYHKIUH A7 OeCKOHEYHO MAIbIX KaHO-
HUYECKUX MpeoOpa3oBaHuii, IPEICTaBITIONTX COOOI:

a) BUHTOBOC JIBUKCHUC,

0) npeoOpazoBanue "amuies;

B) MEpPeXo/I K BpalIaloMIeicsT CUCTEME OTCYeTa.

11.19. KanoHudeckoe mpeoOpa3zoBaHue 3aaH0 TPOU3BOATICH (PYHKITHEH
®(q, P)=qP +\W(q, P),tmie A — 0.

st mpomsBonbHoi Gyukuuu f(g, p) HAUTH ¢ TOYHOCTEHIO 10 MEPBOTO MO-
pAIKa MadOCTH U3MCHCHUE €€ BETMYHHBI, CBA3AHHOE C U3MECHCHHUEM ApTYMEHTOB

0f(¢; p) = f(Q, P) — f(g p).
11.20. Haiitu {H, rp}, roe dynxkoua Famunsrona H(r, p) =

ar
H
T3

p2

I +
N 2m
H TOIYYHTb, UCXOAAd H3 PE3YyIbTaTa, MHTErPaJ YPaBHEHHH JIBHXKCHMA,

Jlna BbIaMCcIeHUs YIOOHO BOCTIONB30BATLCA PEIYIbTATAMHE TIPEAbIAYIICH 3aaa49u
u3amauum 11.12.

11.21. Haiftu usMeHeHue BHaa 3asacumocta M, p2, pr, H(r,p,t)orr
U p Tpu npeodpasoBaHuax 3axaqau 11.16.

11.22. llokazaTh, 4TO pe3yiIbTAT MOCJICAOBATEIBHOTO BBIIOTHEHUA JBYX
DECKOHEYHO MalbIX KaHOHHYCCKHX TIpeoOpa3oBaHWi, 3adaHHBIX MPONU3BOAALIH-
MH (DYHKIHAMHA

(Di(Q7 P)ZQP—F)\@W@(Q, P)7 )\i_>07 ?;:1727

HC 34BHCHT OT NOPANKA MX BBIMOIHCHUSA (C TOYHOCTBIO 0 BTOPOTO MOPAIKA
MaJIOCTH BKIIOUHUTEIIHHO), CCIIH

{Wi(q, p), Wa(q, p)} =0.

11.23. Haiftn kaHOHHWYECKOE TIpeoOpa3zoBaHHUE, MPEACTARIAOICE COOOM
PE3VIBTAT MOCEeNOBATeIFHOTO BBIMOTHEHHUA OecKOHeuHo Oombmioro guciaa N
OeCKOHEYHO MajIbIX KAHOHUUICCKUX NPeodpazoBaHuii, 3a1aHHBIX (PYHKIMCIH

®(q, P) = qP + %W(q, P), A=const, N — ox;

a) W(r, P) = [rP]a, a = const; ©) W(z, y, Py, Py) = Ai,
rae A; onpenenensl B 3agaqde 10.15.

YKA3AHHUE. COCTaBUTb U PELUMTH 115l KOHKPeTHbiX W nuddeperimanbabie ypas-
nenust i Q(A), P().
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11.24. a) Kak usMmensaorca co BpeMeHeM 00beM, 00beM B HMITYILCHOM
TTPOCTPAHCTBE U (ha30BbIi 00HEM, 3aHUMaeMBbIe TPYIITOi CBOOOTHO JIBIKYIIHXCST
B/OJIb OCU = 4YacTull? B HaYaJbHBIA MOMEHT KOOP/IMHATHl YaCTUL] 3aKTOUCHBL
B MHTEpBAIC xg < & < Xg + Az, a HAMIYIBCH — B UHTEPBAIC pg < p < pg +
+ Ap.

0) ToT e BoOMpoC AMA YACTHI, ABMKYIOUXCA BIOTb OCH T MCXKIY ABY-
M cTeHKamMHu. CoymapeHHs CO CTeHKaMH aOCOMOTHO YIIpyTHe. /[pyr ¢ Apyrom
YaCTHLBI HE B3aUMOACHCTRYIOT.

B) TOT ke BompocC AJid TPYMIEI TAPMOHHYECKUX OCIUIIIATOPOB.

r) Tor e Boupoc ajs rpyIibl TAPMOHUYECKUX OCHUILUIITOPOB ¢ TPEHHEM.

1) Tor ke Boupoc ajis rpyIibl AHTAPMOHUYECKUX OCITHIUISTOPOB.

¢) byaem omuceiBaTh pacnpeaeneHue dacTur B (pazoBoM mpoCTpaHCTBE B
MoMeHT { (yHKImell pacupenenenus w(x, p, t) TakoH, YTO YHCIO YACTHUI] C
KOOPAWHATAMHU B WHTEPBAIIC OT & 00 T + dx W UMITYJIbCAMH B MUHTCpPBAIC OT P
1o p+ dp ects w(x, p, t)dx dp. OnpeneruTs GYHKIHN pacTipeneTIeHns TPYIIIIEL
cBOOOIHBIX YACTHUIL W TPYINBI TAPMOHHYCCKHX OCHMIUTATOPOR, €CITH B HAYATbHBIH
MOMEHT

Wiz, p. 0) 1 {(3: — X2 (p-Py)? }

27 Apo At 2072 N
11.25. DBgeneMm nepeMeHHYIO

mwr + ip
q = ——— LWt
2mw

a) Haiitn ckobku Tlyaccona {a*, a}. Beipasuts uepes a u a* QyHKIUHIO
['aMunbTOHA rapMOHUYECKOIO OCLUILIATOPA

2 2,.2
H0:§m+mw2$

6) Ilokazars, uro () = a u P = ia* — xaHonudeckue nepeMennnie. Halitu
HOBYIO (pyukumio lammnstona Hy(Q, P).
B) /st octiiATOpa ¢ aHTapMOHUYECKOH T00aBKO K MOTEHITHATBHOMH 3HEp-

rmu OU = imﬁx‘l yepenauth ¢GyaKIH0 FamuneTona H'(Q, P) mo nepuony

OBICTPBIX OCITALNI 27 /w.
HNcenonwiyst yepeTHEHHYEO (DYHKIUEO | aMUTbTOHA, HAUTH MEIJICHHBIC U3ME-
HEHUS MepeMeHHBIX () u P.
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r) MccaenoBarh 3aKOH H3MEHEHHS aMILTHTYABI KOJIeOAHHH OCITHLIATOPA IO

JIEUCTBMEM HEJIMHEHHONW PE30HAHCHOH CHIIBI
2
P mw3z?
H = +
2m 2

11.26. Hccaenosare H3MEHEHHE aMIUTATYARI KOjeOaHWH CHCTEMBI TpeX
OCITFUUIBITOPOB €O CJIab0i HETMHEHHON CBA3BIO:

1

+ m2wlaz?t cosdwt.

H =5 —(p; + 1y +p2) + 5 (wis® +wiy® +wiz® — amyz),

ecan |wy — we — w3| K w1, |ax| K wi. Pacemorpers noapobuee ciydan, Koraa
B HAYATBHEIA MOMEHT |y| < |z], 2 =0,y =2 =0,
Bocnonp3oBarses TeM ke METOIOM, YTO U B IIpEALIayIIeH 3aaue.

11.27. ODysxuus ['aMaIpTOHA AHTAPMOHHYECKOTO OCLIMITTSITOPA, HCTIBITHI-
BAIOIIETO MTAPAMETPHYICCKOE BO3ACHCTBUE, UMCET BH/I

mﬁ:c
4

P2
H= 2— + —(1+h0052fyt):1: +

Bs €ICM KaHOHUYICCKUC IICPECMCHHEBIC

mwr +ip :
a= ———2e P =g
2mw
a) Haiite woeyto ¢yukuuro Famunsrona H'(a, P, t) u ycpeanuTs ee 1o
TePHO/Y OBICTPHIX OCIFLISALNE 27 /7.
0) HccnemoBars n3MeHCHHE aMITUTYIBL KoiicOanuil B oOnacTu pe3oHaHca
|v — w| < hw, h < 1, ecd B HAYAIBHBIH MOMEHT BEJAHYHHA (@ OJIM3KA K HYJIFO.

11.28. a) [Iposepurn, T 1pecodpasoBaHue

z = cosyt+ L o P sinyt,

p = —mw() sin fyt + P cosvt
sBisieTes: KaHoHm4ecknM. [loayunts HOBYIO QyHkunio 'ammisrona H'(Q, P, 1)
JUISL OCIIMILISITOPA ¢ MAPAMETPHYECKIM BO30YIK/IEHHEM:

2 2.2
P mw<a B
H = o T 5 (1 — hcos2vt).
0) Yepenunte H'(Q), P, t) mo nepuony 27/~ v mcciaenoBath KadeCTBEH-
HO IBWKeHWE TOUKHM HA (azoroi mmockoctu (), P. llpwHars h < 1, ¢ =

=1—~/w<l,
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11.29. a) PaccmarpuBaeTcs ABIKEHHE JBYX CIA00 CBSI3AHHBIX OCITHILTA-
TOPOB

o 1 0 2 my 2. 2 2,2
H=Hy+V, Ho=g5-(p;+p,)+ 5 wie® +wiy’),

. 2 2
V =mprysinfw —wo)t, [ wi~ w,.

B mwiockoctH z, p, /mwy niepeiiieM kK cucteMe koopauHar X, P, /mwi, Bpama-
IOIICHCS C YIVIOBOK CKOPOCTBIO Wi 110 YACOBOK CTPEIIKE; aHAJIOIMYHOE peodpa-
30BaHHE CAETAEM H I MePEMEHHBIX Y, Dy, /Mwe. Ilokasars, uto X, Y, P, P,
— KAaHOHHYIECKHE TepeMeHHbIE.

Haiiru nosyio ¢ynxmuto Nammierona H'(X, Y, Py, Py, t), ycpenuurs ee
II0 BPEMEHH tycp, TAKOMY, ITO

1 " wl,?
m L lyep K 7,

U HCCIIC0BATh M3MCHEHNE aMIUTHTY KOmeOaHHil 110 & ¥ iy CO BPCMCHEM 33 BPEMSI
t S w2/
6) To e ama V = mpBxy sin{w; + ws)t.

§12. YpasHenne I'amunbroHa - SIko0OH

12.1. Haiite TpaekTOpHIO U 3aKOH JIBIKCHAS JacTHI B 1oie U (r) ¢ 1mo-
MoLIBI0 ypasHenus | 'amminTona — SIkoon:

a) U(r) = —Fu;
2.2 2,2
6) U(r) = 5 22

12.2. Oupenennuts TPACKTOPHIO W 33KOH JIBMIKCHUA YACTUIbI, PACCCHBA-
emoii B mone U(r) = ar/r®. TpaekToprio BEIPA3UTH Yepe3 KBAIpaTyphl, a MpH
Ep? > a — n amayurmaeckn. CKOPOCTh 94CTUII OO0 PACCESHUS HAIpaBJICHA
MPOTHBOIIOIOKHO BEKTOPY a.

12.3. Haiitu ceyenue paccesHud HA MAJBIC YIIIBL YaCTHI], CKOPOCTh KOTO-
PBIX JI0 PACCESHHA HANPABJICHA MPOTHBOIIOIOKHO OCH z, B tiosie U (r):

a) U(r) = 2959 &) U(r) — beos* 8, B) U(r) = 2o).

2 2 2
r r r
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12.4. Haiit ceuenre majenus 4acTuil B uentp moiast U(r):

_ ar, _ar A,

a) U(I‘) - r33 6) U(r) TS —I_ o
b(0)
B) U(r):%—%; nUr) =5

VYepenuuTk cedeHue, MPEAIONarasi BCC HAMPABICHUS a PABHOBEPOSTHHIMU.

12.5. Haiiti ceuenne maIeHNs YaCTHIT HA MAPWK pasinyca K, SRISIOMHANCS
uenrpom nonst U(r) = ar/r3,

12.6. OnpeneanTb TPACKTOPUH U 3aKOHBI ABHKEHWs YACTHII, pacCeHBac-
MbIX B naarompx B reatp oot U (r). Tpackroprio BRIPa3HTh Yepe3 KBAAPaTy-
pol, a pu Ep? > a — B aHaInTHIecKH.

JI1s nepBOro 1o HAWTH AHATHTHYE CKOE BEIPAKEHHE TPACKIOPUHN YaCTHILLL
maaromeii B uertp npu Fp? < a. CKOpOCTb 9aCTHII 10 PacCesHUs HapauIeTbHa
oCH Z.

D U(r) = 490, 6) p(r) = 20150,

2
e

12.7. HaiiTi TpacKTOPHIO M 3aKOH ABIDKCHUA YACTHITLI, MAAAIONICH B IICHTP
mons U(r) = ar/r®. Ha GecKOHEYHOCTH 4aCTHIA JETHT BiONb MPSMON y =
= p, x = —ztga, TOe p — NPHNCIBHBIH Tapamerp (BEKTOp a mapajuieiacH

OCH Z, HauaJbHBIE ChepUICCKHe KOOPIMHATHI YACTHIH T = 00, # = 7 — a,
2

p = 0). Tpaekropuio BbIpa3HTh Uepe3 KBajpaTypHl aHHQ2<2E—p<<1—
w="u)1p P Y p JIPATYPBL, a 1Ip a
U AaHATUTHYCCKH.

12.8. a) Onpe/ie/inTh TPASKTOPHIO (BRIPA3UTH YEPE3 KBAAPATYPHI) GUHHUT-

HOTO JBHXKCHHS YacTHLbl B iojie [ (r) = @ — 2 mpu M, = 0.
r
0) To sxe s monst U(r) = @ + 14.
r r

12.9. Ilpu kaxoM ycI0BHH TPaCKTOPHS, HAl/ICHHAA B IPEABIAYIICH 3a1ate,
OKAKEeTCA 3aMKHYTOM?

12.10. Omnmucarh Ka4eCTBCHHO XapaKTep ABWYKEHUA YaCTULIBl U BUJ TPACK-
TOPHUH B 110JIC

Ulr) — & _
(x) -

=Ie
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12.11. [IIpu xakmx 3HAUEHHAX MOMEHTA UMITyIbca A, 4acTHIILI BO3ZMOMKHO

¢uaETHOE SBIKeHNe B ode U (r)?
e beos® @ . _ beos?8 o
) U(r)= 5 —-=—=—=0)U(r)= ——— .
r r r

Kak BRITTISIAMT TTPH 3TOM TpaeKkTOpHs?

12.12. Haittu ypaBHeHHE TPACKTOPHUM KU 3aKOH JBUKCHUS YACTHITEL B 110-
e U(r) B mapaboingeckux KOOPIHHATAX

a) U(r) = —-%5,6) U(r) = —% — Fr.

r
B ciyuae 6) orpaHHUHTRCS pacCMOTPEHHEM (PHHHTHOTO JIBMKEHHMS, TPaeK-

TOPHUED W 3dKOH JABIKCHHA BbIPA3WTE B KBaApATYpax.

12.13. Buyrpu miaakoro yupyroro 3JUIMIICOH/A BpameHus

3:2 2

2
Y A
5 5t = 1
a a c

JIBIDKETCA YaCTULA, BBUICTEBIIAA W3 HAYAIA KOOPAUHAT IO YIIOM (¢ K OCH Z.

Haiitu obmacTu smauncona, HEAOCTYITHRIC AJ1 YACTHIBL.

12.14. Ha#lTu TpacKTOpHIO YaCTHULI { BEI-
pa3uThk depes3 KBajpaTypsl) B IOJE ABYX KYJIO-
X 87

HOBCKHX neHtpos U(r) = = — = (pnc. 63),
T

€CJIH CKOPOCTh YaCTUIILI HA OSCKOHEYHOCTH I1a-
pamnensHa ocu Jo(Jq z. OnucaTh ABUXKCHHC Ya-

€ CTHIBI, «Iafaromei» Ha «JHI0IL», 00pa3oBan-
HBIM JIAHHBIMH [CHTPAMM.
Puc. 63 12.15. Kopotkas MarautHas nanH3a 00-
pa3oBaHa HOJEM, ONpE/EeISIeMBIM BEKTOPHBIM IOTeHImanmom A, = %r%ﬂz(z),

A, = A, =0 (H.(2) otmruno ot vyns B obnactu |z| < a). V3 touxu (0, 0, zg)
Ha JINH3Y Ta4eT My4O0K dIeKTPOHOB, Omu3kux K ocu 2. Haiitn Touky (0, 0, z1),
e my4ok Oyzaer chokycuposan. [Ipexmonaraerces, uto 2g, 21 3> a.

YKA3AHUE. Wuterpai ypapuenus I amMmuiibrona — SIkoOH HCKATh B BIIE Pa3JIOKEH Hs
TIO CTENICHAM 7

S(r, @, z,t) = =Et + po + f(2) +rp(z) + go(z) +...

12.16. Maruurnas iuaza 00pa3zoBaHa MOJIeM, OIPEACIISICMBIM BEKTOPHBIM
noteHnuasioM A, = lrﬁ”z(z), A = A, =0, e H.(z) = % M3
2 1+ 2
touku (0, 0, z9) HA JMH3Y TATACT MyUOK HICKTPOHOB, OHM3KHX K ocH z. Halith
TOUKH, B KOTOPHIX OoH OyAeT c(hOKyCHPOBAH.
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VKA3AHHUE. Ilonubiii unrerpan ypapaenus I'amunsTona — SkoOu McKaTh B BUJC pas-
JIO’KEHMSA 110 T

12.17. KakuM 00pazoM MOKHO HAWTH JACHCTBUC KaK (PYHKLIMIO KOOPIUHAT
U BpPEMCHH, 3Has MOTHBIH HHTETpan ypaBuenus [ amunbrona— Skoou?

12.18. Cdopmynmuposars u JIOKA3aTh TEOPEMY 00 HHTEIPUPOBAHHE yPaB-
HCHHH JBHKCHHUA € TOMONIBIO MTOJTHOTO HHTCTPATA YPABHCHHS

e H(q, p, t) — Gyuxkuus Tammisrona. (Vpasuenue I'aMmisrona-— Skobu B
P-TIPEICTABICHUU. )

12.19. C momompto ypaBHeHus ['aMunsTOHa — SIKOOU B p-mipeacTaBIeHHN
HAWTH TPACKTOPHIO W 3aKOH JBWKEHHA YaCTHIIBI B OIHOPOIHOM IIOJIC.

§ 13. AxuadaTuyecKHe HHBAPHAHTLI

13.1. Ha uaurTn, npomymieHHo# depe3 koiaeuko A (puc. 64), nompernena
yactuia Macesl 1. Oupese/nTh CPSNHION CIULY, ACHCTBYIOIIYI0 HA Kojieuko A
CO CTOPOHEBI HUTH TPH MATBIX KoJeOaHUAX MmasTHuka. Halthn w3-

MCHCHHEC BHCPIHH MAidTHUKA 1IPH MC/JICHHOM BEPTHKAJILHOM I[1€-
peMEIEHrH KOJIEUKa.

13.2. YacTuna ABHKETCS B IPAMOYTOILHOM MOTCHI[HATBIOH
aMe mupunbl [, Haiita, Kak u3MeHseTcs: 3Heprud YacTHILL IIPH A
MEJICHHOM U3MEHCHUHU [, pacCMATPHUBAA CTOJIKHOBCHHS YACTULEI
CO «CTCHKON» SIMEL

13.3. [lapuk, maxomsuumiics B judre, MOICKAKUBACT Ha
yapyroi miTold. Kak m3MenseTcss MakCHMahHas BBICOTA, HA KO-
TOPYIO MOJHUMAETCS IIAPHK, KOrja YCKOpeHHe anu(Ta MeUIeHHO
m3McHsierca? Kak MeHseTcs: BRICOTA, CCIIM IUIHTA MEIICHHO MOI- B
HUMaETCs? Puc. 64

13.4. Kak usmensercs »Heprua dactunsl B mome UV mpu
MEJICHHOM M3MEHCHHUH IIAPaMeTpPOB 11017

_Uo
ch? ax

B) U — Uy tg? ax; r) U = Alx|".

) U =A(e™?*" —2¢7%%); U =—

1
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B YKA3AHHE. MoeT 0Ka3aTbCsl yIO0OHbIM UCIONb30-
Barh (popmyay ([1], §49),

o1

o T = 2r—.

oOF
13.5. Hactuia ABMIKETCS 10 HAKIOHHOU
mwiockocte AB (puc. 65), ynpyro orpaxasch OT
creukd B Touke A. HaliTh, kak M3MeHAETCS MaKCHMATLHAS BBICOTA TOJBEMA

YACTHUITHL [IPH MEIJICHHOM HU3MEHEHHH YIIIA (k.

Puc. 65

13.6. Kak u3MeHseTcs aMIDTHTY1a KOJIeOaHuil MasiT-
uuka O A (puc. 66), HaXOAMIETOCA B HAKIOHHOH IUIOCKOCTH,
O [IPY MEJUICHHOM M3MEHCHWH yIIIa

13.7. Haifrn ajuadarnyeckuil HHBAPHAHT IUI1 MaTe-
MAaTHYCCKOTO MASTHUKA, HC NPCAIOIaras KojaecOaHusi Majibi-
MH.

13.8. Baoan mpsmoit O A (puc. 67) MmoryT JABHraTh-
‘ Cs IBC YACTHIBI, TPESACTABIAONINC COOOU YIIPYTHE IIapHKH
MajIoro paguyca, MacChl KOTOPBIX COOTBETCTREHHO m U M,
npuueM m << M. B Touke O 4actHia m oTpaxkaercs OT
yupyroi crenku. Ilpenmonaras, 4ro B HAYIGHBIH MOMEHT CKOPOCTH JICTKOM
YACTHUI[BI TOPA3I0 OOMBIIE CKOPOCTH THKEIOH, ONPEeISTNTh 3aKOH ABHKCHUA TS-
JKEITON YaCTHULRI, YCPEIHEHHBIA N0 «ICPUOAY» ABUKCHUS JTETKOH.

Puc. 66

O A M m M

Puc. 67 Puc. 68

13.9. B »roii 3anaue pacemarpusaercs Moziesb Hona H . J[Be uacThIfsl
Macchl A ¥ HAXOAMIAACH MEHTY HUMH 4acTula mMaccel m << M Moryr aBu-
rarbCsl TOJMBKO BAONL mpamMoii AB (puc. 68). Jlerkas 4acTuig mpUTITHBAETCS
K KOKJIOH M3 TSHKETBIX C MOCTOSHHBIMHA CHIAMH f, 4 TIPH CTOJIKHOBEHHAX OT-
paxaercst yupyro. OnpeneadTs JacTOTY MAIBIX KOJCOaHHE pacCTOSHHS MEXIY
TSIKEJIGIMHA YaCTHUITAMH { YCPE/IHUB 110 ABWKEHHIO JIETKOH ).

13.10. Pemmth METOJOM TIOCHE/IOBATCABHBIX TPHOTKCHHE YPaBHECHHUS
samaun 11.1a i P w () B cioydae, KOIyia 9acTOTa H3MEHACTCS MEICHHO
(Jo] < w?, |&] < |w|w), ¢ TouHOCTBIO 10 TIEpBOrO MopsiAKa mo w/w? BKIIO-
YUTENBHO.

B ueM npeumymecTso nepeMenunx P, () nepea p, ¢ B 31oM ciaydae?
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13.11. Véemnurses, uto ¢ = w2 exp (i [wdt) ynosirersopser ypasie-
HHIO (4 w?(t)q = 0 ¢ TOYHOCTBIO /10 MEPBOTO TIOPSI/IKA 10 & /w? BKIFOIATEHHO.

13.12. Ha ocnmmmstop aeiictyer cuiaa F'(t). Halltu 3aBrcuMocTs ajma-

darnaeckoro uHBapuanTa I — % $ pdq or BpeMenu.

13.13. Hailiti ¢BA3b MOy 00LEMOM H JABICHHCM «Ta3a», COCTOSIIIC-
IO W3 YACTHI, KOTOpPHIC ABMKYTCA Hapaic/ibHO pedpaM BHyTpH KyOa, paszmep
KOTOPOTO MEJICHHO M3MEHSACTCS.

13.14. Yacruua ABWKETCA BHYTPH yupyroro mnapauienenunesa. Kak nz-
MCHSACTCS SHEPTUA YaCTHII, CCIIH:

a) pazMepnl NAPAIUICIICIUIIC/IA MEUICHHO U3MEHSIIOTCS,

0) napauICCIuIC| MC/UICHHO TOBOPAINBACTCS?

13.15. UYactura aBmxkercs B ¢depe ¢ YIPYIHMU CTCHKAMU, Paauyc KO-
TOpOH MeayieHHO u3MeHsieTcs. Kak M3MEHAETCA [Py 3TOM 3HEPTUA HACTHLRI 1
yTOJ, 1101 KOTOPBIM OHA HAJIETAET HA CTEHKY?

13.16. Kak usMeHsaercs 3HEPTUS U TPAEKTOPHs YaCTULLI, COBEPILAIOICH
¢unuTHOE ABWKeHHE B mone U(r) mpw MeajacHHOM wW3MEHCHHH KO3 duimeH-
Ta 7

A U=—r"0<n<?2); 0OU= 14

"'Bw|QJ

13.17. Haiitu w3MeHEHHE >HEPTUM YACTULHI B LEHTPAJTHLHOM IOJE TPH
MEJITTEHHOM «BKJTEOUSHHI» MaToH nobaskw k momo dU (r).

13.18. Haiitu 3aBHCUMOCTE OT BPEMEHW 3HEPTHU CUCTEMBI JIBYX CBS3AH-
HBIX OCITHUTATOPOB, PyHkuMa Jlarpamka KOTOpOil umeet BHA

L:%(m + 97 —wiz® —wiy® + 2axy)

[IPU MEUICHHOM H3MEHEeHUH 1. Kak n3Mensiercs: TpaeKTopus TOUKu (&, y)?

13.19. IIycth CBA3bL OCHIUUTATOPOB B MPEABIAYINCH 3a7adue Maa:
o K wig. [TokazaTh, 9To asmadarHyeckWe WHBAPHAHTHI, BRIUHMCICHHBIE B TIpe-
HeOpeKEHHH CBSI3bI0, COXPAHSIOTCSA BN OT 00ACTH BRIPOKACHHUS (W) — Wo)
U PE3KO M3MCHSIOTCS TIPH MEIJICHHOM TIPOXOXKACHUH »TOk oOmactu.

13.20. B kakoii obmactr wy(t) OyayT CHIIEHO MEHATRCS annadaTHuccKue
HHBAPHAHTHI OCIILISTOPOB, €CIIH CBs3h uMeeT Bua 6U = [Bz2y?
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13.21. Omnpenernts MEHIMATLHOE PACCTOSANHE, Ha KOTOPOS MPHOTH3NTCA
K pedpy ABYTPAaHHOTO yIia (v YaCTHIA, YIPYTO OTPAXKAIOIIASICS OT €ro TpaHeH.
Ha paccrostaum [ oT pedpa yron najeHus 9acTUIBI HA TPaHb PABCH L.

3asa4y peHIMTL OBYMST CIIOCOOAMH: METOIOM OTPaKCHUH (TOYHO) W C IO-
MOIMIBI0 aMHA0ATHYSCKOTO HHBAPHAHTA B CITydae MaTBIX (v H (.

13.22. Oupenenurts rpaHALBl 001aCTH, B KOTOPOH ABHKETCSI MEXIY IBYMSI
ach ax
ch 2aur
HAYaIa KOOP/IFHAT IIO]] YIIOM (0 K OCH Y B INTOCKOCTH XY (v, ¢ <& 1), v mepuos

Ko1e0anuit BjoJL OCH .

VIUPYIUMH HOBEPXHOCTSIMH ¢ = 0 H y = JacTrna, BBUICTEBLIAS M3

13.23. Kaxk U3MeHsTCsl pagnuycC | MOJIOKEHHE LIEHTPA OPOHUTHI 3apsKEeHHON
YACTHITBL 1IPY IBUKCHHN B OAHOPOAHOM MArHHTHOM II0JIE€, MEIJIEHHO U3MEHSIO-
1eMcs 110 BennuuHe? BeKTopHbIA oTeHIrall BRIOpars B BUIC

a) A — (0, #2,0);6) A, — A, =0, 4, — %%r.

OOBSICHUTE, TIOYEMY PE3VILTAT 3aBHCHT OT BRIOOpa A.

13.24. Brrumcanrs aanalarndecKHe HHBAPHAHTHI I 3apKEHHOTO OC-
nuuATopa B OAHOPOJHOM MAal'HUTHOM 110JIC.

13.25. a) Onpengenuth aguadaTHUCCKHEC WHBAPWAHTHL TS 3apSHKCHHO-
IO dHH30TPOIHOIO FAPMOHUYECKOTO OCLIJLIATOPA ¢ IMOTEHIHAILHOH 3HEPIHEH
Ur) = %(w%xg + wiy? + w32?) B 0AHOPOAHOM MArHHTHOM HoNe J, napai-

JICJIHOM OcH z. BekropHbiii morennman Beiopars B suje A = (0, #x, 0).

6) Ilycte BHavwame ' = 0 u TPAEKTOPHS OCHHJUTATOPA 3AMOTHSIET TPS-
MoyronbauK |z| < a, |y| < b. KakuMm craner ero OBWKEHHE, €ClIH MarHUT-
HOC MOJIC MC/UICHHO BO3PACTACT JI0 OOJMBIION BEJIWUWHBI (TAKOH, UTO Wy =
= eJ/mc > wi,2)?

B) IlycTs MarauTHOE TONE crmadoe (W < w1 — we) W BHAYAE OCITHILIA-
TOp KOJICOIETCS HOYTH BIOAL OCH &. KakuM CTaHeT ero ABIDKEHHE, €CIIH BEJIH-
YHHA (W1, MEUICHHO YMEHBINASCH, JOCTUTHET 3HAYCHUS W) < Wy TAKOTO, YTO
Wy € wy — wi?

13.26. UYactuma copepriaeT (HHUTHOE ABHMKEHHE B ILTIOCKOCTH, TIEPIICH-
JTVKYIISIPHOM MarHUTHOMY om0 m. Kak MeHAeTcss sHeprus 4acTHIll TpH
MEJIJICHHOM HM3MCHCHHHE BEJIHYHHBLI M7

13.27. Haiitn mepuoy koneGannii 5IeKTPOHA BAOTHh OCH B MATHUTHOIA JTO-
ByIIKe. MarHUTHOE MOJIe JTOBYIIKH CHMMETPHYHO OTHOCHTEIRHO OCH 2, IpHYEM

H, =0, 5, = H.(2), K = —%%z’(z)
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a) 7, (z) = %o(l + Ath? %);
2
6) H.(2) = Ao (1 + é)

13.28. Kax w3MEHSIIOTCS 3HEpPrUsl »ICKTPOHA W MePHO ero KomeOaHwd
BIOJIE OCH Z B MATHWTHOH JIOBYIIKE, ONHCAHHOW B LpeABlAyIIEH 3aJade 1pu
MEIJICHHOM HW3MEHCHHH TapaMeTpoB mons 7y, A, a?

13.29. HaiiTe u3mMeHenHe SHEPTHH YACTHNBI B meHTpajibHoMm moje U (r)
HIPU MEUIEHHOM BKTIOUEHHU CTa00ro OAHOPOAHOIO MArHHTHOIO o JE.

13.30. Kax usBecTHO, lIPH HAJTWYHU BHEIPOKJICHHS ABWKEHHS YBEJIMUHBA-
€TCsl YUCJIO OJHO3HAYHBIX HHTETPAJIOB JIBMKCHHUsI. YKa3aTh HHTCTPAJIbI JIBUKCHHUSI
B 110]1€

2
U= e (52 4 g2,

13.31. Haiitu nepeMeHHbIe ACHCTBUE—YTOJI ISl CIICAYIOIHAX CHCTEM:
a) OCIJLISITOP;
o0 mpu & <0,

0) wactuua B moe U(x) = 7 -~ 0
x mpu x> 0.

13.32. Jlyist 9acTULEI B IEPUOANUECCKOM I10JIC

0 npu na <z < (n+ %)a,
U(x) = ) n=0,+1, £2, ...
V opu (TH— E)a<:1: < (n+ l)a,
B ciydae E > V nposectn KaHOHHTIECKOE npeodpa3zoBanne ¢ NPOU3BOAALIEH

byHKIHEH

S(z, P) = / V2m|E — U(x)| dz,
0

rae F(P) BeipakacTcsi U3 paBeHCTBA

P — / V2m|E — U(x)| dz.
0



OTBeThI M peleHus

§ 1. Harerpuposanne ypaBHeHU ABHKEHUS ¢ O{HOM
CTEeNEeHLI0 CBOOOIBI

U
\__ £
,;CIVx2 | Xy ’
B /
\/
A
Puc. 69

1.1.  a) [lo mavansHeM 3HadenuaM z(0)
u £(0) onpenensgercst IHepTUs HacTHIBI F. Jlah-
Heliee ee ABIKCHUE HAXOIMTCA U3 3aKOHA CO-
XPAHCHHS SHCPIUH

ma2

2

+U(x)=F. (1)

[Mpu & > 0 gacTuia MOXKET JIBUTATHCS B 001aCTH
x = x1 — Ipwkenue wnduonrHo (F = E' ua
puc. 69). Ilpu £ < 0 (E = E") yactuna ABHKCT-

cst B oOnacT o < 2 < 3, ABWKenue GuauTHO. TOUKH TOBOPOTA ONpeestoTCs
u3 dopmyssl (1) U(z;) = E:

’

\

N3 (1) moayuaem

- \/%wf) VE %EU(:(;)'

VAA+E) - A
-Tlié ( E ) npu FE > 0,
3 :1:1:—M npr E =0, (2)
AFJAA - |E))
To 3= é \/ | | upn  E <O,
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Otcrona
o(f) — %lnA_ VA(A - |E|)|c](;s‘(at\/2\E/m—|-C) i E <0, (&)
x(t)él [2+£(t+0)2} npu E =0, (5)
o(f) — %ln VAA+ E) ch(mtE\/QE/m +C) — wpn E>0. (6)

[Moctosuusie C onpeAenstOTesI HAYATLHBIME 3Ha4eHUAMH z(0), HapuMmep, B (4)
npu £(0) > 0

L ‘E|€a$ (0)
\/A A—E])

(' = arccos

Touku moBopoTa (2) Takke Jaerko HauThH 13 (4)—(6).

)j[BH}KeHHe npu E < 0, commacuo (4), mepuoandeckoe ¢ mepuogoM 1 =

= ng Ecoiu E Omu3ko K MuHHMATsHOMY 3Hadenwto U(x), paBHOMY
Unpin =U(0) = —A (1.e e = A—IEl < 1), To me T ~ To(l — £

min — - L. = A ) pruog ~ 40 §9
Ty = a 2M c1a6o sapucnt ot . B 31oM ciayudae (4) MOXKHO 3aIIHCcaTh B BHJIE

A

0= 1= b1 e 251 o e (2

Z t—I—C’) (7)

YacTuria mpu 3TOM COBEPINAET rapMOHHUYECKHE KoteOanus ROIM3H TOUkH T = ()
C aMILIATYION \/E/af, onpeaesieMoir pazunoctoio £ — Upjy, U C 4ACTOTOU, HE
3aBHCSINCH OT »Heprum. Takoi Xapakrep aBmwkeHus npu F, Omm3koM K Upin,
uMeer mMecto 11oduTH B sitodoM mone U (). (ITogpobuee 06 31oM cM. B §5.)

IIpu E = 0 yacTHi@, aBMKymascs Crpard, JOXOIAT A0 TOYKH TMTOBOPOTA 11
(cm. (2)), noBopaunBaeT HA3aI W YXOOUT HA OeCKOHETHOCTE. [IpH 3TOM CKOpOCTH
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ee CO BpeMeHeM cTpeMutrcs K /2F /m. cBepxy.

FE
0) z(t) = éArsh | “; sin(fat/2|F|/m+ C)| opn FE <0,
x(t) = iéArsh \/ %Sh(at\/ZE/m—l—C) npu  E >0,
2(t) — =1 Arsh(at\/20p/m + C) mpu E =0;!

B) x(t) — éarcsin{\/EfU sin(at Q(UOTJFE)) +C’].
0

[TodyeMy B HEKOTOPBIX (POPMYJIaxX MPHBENCHHBIX OTBETOB 3HAKH JBOMHBIC?

1.2, z(t) = L0 , g = 2(0). 3HaK B 3HAMEHATENC MPOTHBO-
1+ twor/24]m
nonoxken 3uaky 7(0). [lycere ans onpenemennoctu x(0) > 0. Ipu £(0) > 0
9ACTHIA YXOAUT HA BECKOHEIHOCTS 3a Bpemst v/ m/2Ax3. PazyMeercs, peaibHo
pedb MOXET H/ITH TOJBKO O OONBINOM, HO KOHEYHOM PACCTOSHHH, JI0 KOTOPOTO
npocrupaercs 3amanuoe noie U (x).

IMpu #(0) < (0 4acTHIIA ACHMIITOTHIECKH IPHOIIKaeTes K Touke & = (.

1.3. BOmu3u toukm ocranosku U(z) =

U =F—(z—a)F,me F = -U'(a), 1.c. MOXHO

CUHMTATh, YTO JABMKCHHUC YACTULIBI TIPOHCXOAUT

& 104 NCHCTBHEM MOCTOSAHHOM CHIBL F'. Cunras,
uto z(0) = a, monydaem

|
|
I
|
I
I
I
I
I
I
a

Ft?
z(t) = a + S
Puc. 70 TouHocts 310l QopMylibl yORIBACT LIPH yialic-

HHUHU OT TOYKH & = @.
ManeHbKuiA OTPE30K IYTH § BJAJIM OT TOYKHA OCTAHOBKHM YACTHLIA IPOXOIAUT
3a BpeMs T o< s. EciM JKe OTPEe30K [y TH HPUMBIKAET K TOUKE OCTAHOBKH, TO JIIA

ero MPOXOKAEHHS HeoOxoamMo Bpems T = +/2ms/|F|, T.e. 7 x /.

"Arshz = In{z + Vz2 + 1),
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Ecin U'(a) = 0 (puc. 70), To paznoxenue U () HeoOXOAMMO POIOLKHTE

0 CIIE/IYFOLLETO YIIeHA:
Ulx)=FE+ %U”(a)(m —a)?.
U’ (a

B stoM caydae z(t) = a + set™, e s = 2(0) — a, \2 = — ng ), a 3HaK
B MOKA3ATEJIE OPEICIHACTCS HANPABICHAEM CKOPOCTH B HAYAILHBIH MOMEHT.
JIns mpOXoXeHnsl yYacTKa MyTH M0 TOYKH OCTAHOBKM YACTUIEC HEOOXOAUMO
OeckoHEYHO 0OIBILIOE BpEMSL.

14. Ecm U'(a) # 0, 0 T x lne, tne ¢ = Uy, — E. Ecmm U (a) =
n—2

=...=U"a)=0,UM(a) £0,10 T x& 2,

A

1.5. a) Ilpu mamom ¢ = E — U, 4acTina ABHKETCA MC/UICHHEE BCETO
BOMIA3M TOUKH = = @. [losaToMy 1 Bech nepuos ABIKeHns I MOXKHO OLICHHTE 110
BpeMeHH 11 TIPOXOXKeHHA (Ty/a M 0OpaTHO) MaJioil OKPECTHOCTH 3TOIH TOYKH
a—0<x<a+?d:

B okpecraoctun x=a upencrasum U(z) B Buge U(x)=U, —lk(w—a)g,

e k = —U"(a). Ilpu pocrarouHo MaioM € MOKHO BLIOpaTh § TAKHM, UTO-
OBl CKOPOCTh ¥ H4 TPAaHHMLEX HHTEpBala ObLIa MHOIO OOJbIIEe MHHHMAILHOMN
(npu = = a)
mv?  kb?
[
2 2
W B TO K€ BpEeMst IT00BI ObLT0 0 € L — 29 — 11, T. C.

\/%<<5<<L:a:2x1.
2
T2,/ 2ko”. (1)

Bpemst 75 JBWKCHMS 4YacTHIBI HA yYacTKax 1 < & < a — 0 W
@+ 0 < & < To YIOBICTBOPSECT YCIOBUIO

> €

Torna

L m L
< = A LA
T2NU ké"
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C yMeHbIIEHHEM & BeIWYHMHA ] BO3pacTaeT, MOATOMY IIPH JOCTATOYHO Ma-
JBIX & OKasbIBaeTCS 1o < 7 W A OLCHKH NEPHOad JBIKEHHSA MOKHO BOC-
moJib30Barhest GopMynoit (1). Dra dopmyna obiiajgaer aCHMITOTHYCCKOH TOY-
HOCTRIO. Ee oTHOCHTERHAS OntrOKa CTpeMHUTCA K Hymo, Kak 1/ Ine, pu ¢ — 0.
Ho ¢ Toii ke morapmpmMudeckoii TOYHOCTEI0O MOXKHO 3aMeHHTh B (1) 0 Ha L n
OIYCTUTh MHOKHTEJIL 2 T10]] 3HAKOM Jiorapudma:

2
T—2,/%n nfL”, (2)

Ecn U (0) =0, % = —K #£ 0, 10

. 1/4 v 1/4
:4 — 11,6 ) ,
0/\/1+3; ( K

TIPFMEM OTHOCHTEILHAS OMIOKA CTPEMATCS K HY/TO, Kak £/4, mpir £ — 0.

0) Ecnu HaOmonars 3a ABWKEHHEM Ha-
w CTHIBI B TCUCHHE BPCMCHH, OONBIIOIO IO
CPABHEHHIO C HEPHOJAOM 1, TO BEPOSTHOCTD
OOHAPYKUTH YACTHITY HA YY4CTKEe OT X JIO
T +dx

w(x) dx = odt _ _© m de
x °T T«/E Ulx

Puc. 71 rjae 2 dt — BpeMs HAXOXKJICHHUS YaCTHIIB HA
y4acTKe dx 3a mepuoia. 3aBHCHMOCTE IUIOT-
HOCTH BEPOSITHOCTH W OT ¥ TIpEACTaBiIcHA Ha puc. 71.

Paccmarpusaemoii BepositHOCTH w () dr COOTBETCTBYET 3aIITPUXOBAHHAS
mIomaab (BCA MIOIAAL MO KPHBOM paBHa eauuuie). [Ipy A0CTATOUHO MATBIX £
OCHOBHOH BKJ1aA B MJ0OLIAAb MOA KPUBOH JAeT MOWAAL MOA UCHTPaJbHbIM
MakcumymoM, paBHas 17 /T. Xorst w(x) — 00 UpH & — 1,2 BKIAX yIACTKOB
BOTH3M TOUEK OCTAHOBKH OTHOCHTEITHLHO MAJ,

B) wie) dp_TZ‘dtk TZ‘dUa:k)

2

e & — Tx(p) — pa3IuuHbIe KOPHH YPABHECHHSA g—m +U(z)=FE.
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@

Sk

LN

"‘Cj R
3]

|
&

Puc. 72

I'padux w(p) msobpaxken ua puc. 72, p1 = /2m(E — Up,),

P2~ V2m[E—U©), ps—/2mlE—Ub).

r) Jluuen FE(x, p) = const (daszossie
TPACKTOPHUU YACTHIIBl ) TPUBE/CHBL HA puC. 73, P
T7€ KPUBBIC [IPOHYMEPOBAHBI B TIOPSIIKE BO3-
pacranus saeprun. pu U(c) < F < U, da-
30Bas TpacKkropus 2 ABycBa3na. CTpelku yKa-
3BIBAIOT HAIPABICHHUEC ABWKCHUS TOUKH, H300-
PaKAIOIEH COCTOSHUE YACTHIIEL.

S

1.6. 3aHauayio orcuera NOTEHIHAILHON
SHEPTHH TIPWHWUMAEM HIDKHIOK Touky. [Ipu
E = 2mgl nmeem

77 0
o(t) = —7 + 4arctg(eit 9/l tg w)

Puc. 73

(¢ — yroa OTKIOHEHHMS MAasTHHUKA OT HIDKHEro TOJIOKeHHA). 3HAK B IOKasa-
TeJxe COBMaaaeT co 3HaKoM ¢(0). MasTHHUK acHMOTOTHYECKH MPHOIIKAECTCS K
BEPXHEMY ITOJIOKCHUIO.

[pn 0 < E — 2mgl < 2mgl MasaTHUK BpallaeTcs, MEAICHHO «IIEPEBATH-
Bas» Uepes Bepxuee noiaokenune. [lepron oOpareHns MOKHO OLEHHUTh, UCTIONE-
3ys pe3yabTat (2) npeaplayeii 3aaa4uu:

T — Lln £o

7 = 4dn’mygl.
g FE—2mgl’ =0 Tmy
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1.7. Yrom OTKIOHEHHS MAasTHHKA OTCUNTHIBAEM OT HIDKHETO MOIOMKEHHS.
Sueprus [ = %mlggbg + mgl(1 — cos ). Iycth B MoMeHT ty yroa ¢(ty) = 0

H U onpeneneHHocTH ¢(ty) > 0. Breast k = / E/2mgl, umeem

\[f + tg. (1)
\/kQ _sin

[Ipu £ < 1 masTHUK KoneQIETCS B HPEACIAX —Py < @ < ©Om U k =

l\DI’G

= sin %” [ToacranoBkoit sin& = %sing wHTerpan (1) upusoaures K BuIy'
t = \/%F(g, k) + tp.
Orcrona

¢ = 2arcsinlksn(u, k)], w=({—1t9)/>.

(o)

B npenenbubix cmydasx (cp. ¢ 3amaueit 1.4)

l o>
TZQW\/;( &) mren <1,

g8 o
T4\/;lnﬁ_(pm PH T — &, << L.

[lepuon xonedanuit

— TaK Ha3bIBAE€MbIH HEIIOIHbIA UIHUITHUSCKHUA HHTe-

' Oyukuus F(€, k f

V1 k2 sin?
rpan nepsoro poaa. Ecnu v = F'(€, k), t0 5 BLIPAYKAETCS Yepes OJIHY M3 WUIMNTHYECKUX PyHKUMH
SIkoGw — muuTTHYeCKHi cHHyC: sing = sn{u, k). TIONHBIM 3IUIHTITHIECKHM HHTETPATOM TIePBOIo

=, k) IIpuBenem Takixe GOPMYITEL AT ABYX OPEACTEHEIX

pona naserBaetes GyHxiEa K (k) — (g
CITyYaeB:
i k2
K(k)—§(1+1) npu k << 1,
1y, 16 _
K(k)_2ln1_k2 npu 1 — k < 1.

Tabnuibl ¥ GOPMYIBL 3THX (PYHKUIMA MOKHO HaifTH, Hampumep, B [10].
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IIpu k& > 1 mastauk He komebmetcs, a Bpamjaercs. U3 (1) moxywaem

t—% éF(%, %)4—750, ¢—2Arcsinsn(u, %), u—k‘(t—to)\/%.

[Tepuoy oOpamcHus
2 L (1
T3k ()

B gactaocth, ipu E — 2mgl < 2mgl nonydaem

{ £0
T=y/tn—50
9" E —2mgl’
e €9 = 32mgl. DTOT pe3ymbTaT OTIHYACTCA OT JAOBOJBLHO TPYOOMl OICHKH,

C/ICTAHHOW B TIPEBIAYINEHN 33/1a4€, 3HAYCHNUEM MOCTOAHHOM £¢, T.€. HAd YHCIIO,
He 3aBUcsmee or E — 2mygl.

1.8. 3axow aewxenns B mone U (x) + 0U(z) onpenensieTcss paBeHCTROM

= \/%/ \/E—U(Cfcm)—éU(a:) .

(r = a npu t = 0). Pasnaras nonplnrerpaibHoe Bolpaxkenue B (1) mo crene-
HAM OU/ (), nomydaeM

L= to(z) + 6t(x), (2)

rac

to() = \/% / L Of‘?w), (3)

1 /m [ U (x) dx
=35 / B U()P ¥

[TycTs 3aK0H ABMKEHUS B OTCYTCTBHE 1Onpasku AU (1), onpenensieMbIi W3
ypasuenus t = to(x), ectb © = xo(t). Torna u3 (2) Haxomaum

x = zolt — 0t(x)), (5)
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TIPIEM B MAJIOH [ompaske 4 () MOYKHO MOJOKHTL & = X (1), & TAKOKe IPOBeCTH
pasnoxkenne (5) mo 0f. OKOHIATEITEHO

z = o(t) — xy ()0t (2 (1)). (6)

BOnu3u TOYKHM OCTAHOBKH T = X1 pas3iokeHwe (2) cTaHOBHUTCS HETpPHMe-
HHEMBIM, TaK KaK HOIpaBka 0t(z) — oo mpu .

3amMeuaTenbHO, OAHAKO, 4TO (opmyna (6) OKAa3bIBACTCSA CIPABCITIUBOM
BIIOTH A0 TOYKH OCTAHOBKH, CCIIH

00" (z)| < |F|, F=-=U'(z1). (7)

DT1OT (PAKT CBA3AH C TEM, YTO XOTHA C MPHOIMKCHHCM K TOYKC OCTAHOBKH Ot
BO3PACTAET, 3aBHCUMOCTE (1) BOMM3H 3KCTpEeMyMa OKa3eBaeTcs Ciradoi.
O4eBHAHO, YTO BOMU3H 71 HEBO3MYIICHHOC JIBHXKCHUC HMECT BHJL

zo(t) = 21 + %(t — )2, (8)

Joobasnenwe U cMmermaer TOUKY OCTAHOBKH Ha 0., COIIACHO YPAaBHEHUIO
U(CU1 + 5161) -+ (5U(561 + (5561) — F.

U (x1)

Otcrona dxq = 7

. C yaerom Bo3mymienusa 0U aHamormdno (8) nMeem

x(t) =z + 0x1 + %(t —t; — 6t)? (9)

(B cuny (7) nonpaskoit Kk F' npenebperaem). Yoegumcst, ITo pacuer 1o Gpopmy-
ae (6) npuBoaut K (9).

Oo6nacTs uHTCrpupoBanus B (4) pa3odbeM HA ABE YACTH: OT ¢ 40 b U OT b
no x, tae b mexwnt BOMM3M x1. Bo BTOpOill o0macTm MoxkHO TOMOKHTE U =
=oU(x) ulU(z)=F — (z —21)F. Torna

VmsU(z1)
V2F3(z — x1)

\ff E- Ud;;? \/Pifzfj—(i;))

[ogcragnss (10) u (8) B (6) u npenedperas 6t2, momyunm (9) ¢ 6ty = 0ty.

ot =

+ oto, (10)
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1.9. a) Bocnomn3yemMcs pesyabTaraMy Ipeaniaymed 3agadyn. HeBosmy-
[IEHHOE JBIKEHHE

xol(t) = asinwt, £ = %mwgag.

[pu stom |6U/U| <& = % < 1. Tlonpagka

2
616(33):%( a2—$2—|—a——2a),
3w a2 — z2

St(xo(t)) = = (cos wt +

W coswt 2)

U, cornacHo popmyne (6) mpeaplayLUei 3amadu,

x(t) = asinwt — %(0082 wt + 1 —2coswt).

C TOYHOCTHIO 10 WICHOB NEPBOTO MOPS/KA [0 £ BKIOYHTEIHHO

x(t) = asin(wt + 28) —Sa— Eqcos 2wt

€
3 2 6

(cp. ¢ 3amaueii 8.10).
0) Jle#icTRyS Tak ke, KaKk M B TMPEJIBITYIIEM MMYHKTE, MOIyvIaeM

2

x(l) = asinwt+a£(§wt coswl— Lsinwt—+ sin3wt), e« (1)
2 8 8 4w?

DTOT pe3y/ABTAT HMEET OTHOCHUTENBHYIO TOUHOCTE ~ £ B TEUCHHE OJHOTO IE-

proza, a uepe3 ¢! mepnomos Gpopmyna (1) CTAHOBHTCS MONHOCTHIO HETIPHME-
HAMA. YUHTHIBAS NEPUOANUCCKIN XapaKTep ABUKEHUA, MOKHO PACIIPOCTPAHUTE
pesynbrar (1) Ha 00BN TTPOMEXYTOK BpeMeHH. C TOUHOCTBIO JI0 WICHOB IT0-
paaKa £ BKIOUHRTEILHO (hopMyna (1) mpeobpasyeTcs K SBHO MEPHOAUICCKOMY
BH,TY

x(t) = a(l — %8) sin [w(l + ge)t} — a% sin [Sw (1 + %5)1&}. (2)

He yurennsie Hamm B (1) mompaBky MpHBOAAT K M3MCHCHUIO YACTOTHI TIOPSI-
Ka £2w, Tak 4T0 (2) COXPAHACT OTHOCHTCIALHYIO TOYHOCTb ~ £ B TEUCHHE £ '
nepuonor (cp. ¢ 3amadeit 8.1 a).
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1.10. Hckomoe m3mernenmne neproaa

xa+dx0
dx

6T:\/%[/ VE U(x) _oU(z /\/W]

T1+d0%1

(1)

Paznarars nogeiaTerpansaoe Beipakenwe (1) mo 60U (x) Henb3s: yclioBue mpumMe-
HUMOCTH TEOpPEMBI 0 U HepeHIIUPOBAHNE HECOOCTBEHHOIO0 HHTETPAId Mo Ta-
paMeTpy HapyIIeHo, Tak KaK MmoXydeHHbIH npH quddepeHinpoBanid HHTETPAT
pacxoamurest. PasnoXkenne HojbIHTEIPAILHOTO BeIpaskeHHA mo dU (z) 1o jnHel-
HOT'0 WICHA BKIIOUHTEILHO MOXKHO IPOBECTH, €CIIU MPEICTaBUTEL 67 B BH/E

Xo+0xs

5T2\/%8%[ / VE _Ulx) U /\/E Ule d:z:]
Tr1+dxq x1
Orcrona N
3 g oU (x) dx _ 9
gy | Jevm TN @
e

T
%f&U 1] dt ()
0

— cpexnee 1o Bpemenw 3nadenne U .

Bpems aswkenusi BOIM3KM TOYEK OCTAHOBKH COCTABISIET MAJBIH BKIAI B
nepuoy (pasymeercs, et U' (21, 2) # 0); no sroMy nosogy oM. 3aaady 1.3.
Hmenno mostoMy Gopmyna (3) MOXKET JaBarh XOpoIiee mpuOTmKeHHC.

B HexkoTophrx crmydasx make manas nobaska 6U(xz) MOXKeT CymiecTBEHHO
U3MCHHTE XAPAKTED JABUKCHUS YaCTHULIRL {CM. HApumep, 3axady 1.1106, B).

JelcTBysl aHaAIOrMYHO, MOXKHO MOMYYHTE CIEAYIONINE WICHLI PA3I0MKCeHHS

071 1o U : .
1" gn 60U (x)]" d

n! oK™ \/E——U(a:)

dopmasbHOE BeIpaKEHNE (5) MOKET 0KA3aThCs ACUMITOTHYCCKUM WU J1a-
HKe CXOJALAMCS PSIIIOM,

7= Va3 5)

1.11. a) [ompaska k nmepuony 27« /w, momydeHuas o ¢opmyre (5) mpe-
ABIy e 3ana4n, paBHa —37 3F /2mw® u Mana npu JI0CTaTouHO MaTbIX 7,
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0) I'paduku MmoTeHITMATBLHONH SHEPTHH U
U(z) w U(xz) + 6U(x) wuzobpaxens Ha
puc. 74. Bujano, uro upu £ > U,, =
— mw® /60 no6aska ncnaeT NBMKCHUE WH-
durmTEEIM. [Ipu 3HaueHMsIx F, OMU3KUX
K U, mepuoa komebanuil HEOTpaHHUCHHO
Bo3pacraer (xak |ln(U,, — E)|; cm. 3ama-
uy 1.4); MOITOMY HENB3S PACCUUTHIBATD, UTO
B 3TOM CJTy4ae OH OMpeaesieTcs: HeGOIbIIHM

qUCJIOM UIeHOB psna (3) 3ajaqu 1.10. Ecim Puc. 74
xe I < Uy, To nonpaeka k nepuoay 01 =
= 57 E /18wU,,.
A
B) 07 = SrAVym dbopmyna npumenuma, ecmu | E| > Uy, | = VAV
20| E|%/2v/2

(£ < 0). N

1.12. - (L—l)dx 1 ., E

o 20 v Tty E- U, ?
_ 2 _ /2K

e v = \/ﬁE —U(z)|, vo = 4/ 55 (cp. ¢ pemenuem 3aauu 1.1 6).

§ 2. /IBMiKeHHe YACTHIL B MOJIAX

2.1. Jlmg uccacaoBaHUs ABMKCHHS YACTHIBI HCIOIB3YEM 3aKOHBI COXpa-
HCHUS DHCPTUA U MOMEHTA UMITYJIhCA:

M U(r) - E, 1)

m[ri] = M. (2)

Cormacuo (2) TpacKTopusi SBIACTCS TMITOCKOH
KpuBOH. BBeasl B €¢ IUIOCKOCTH MOJAPHBIE KO-
opAuHATHL (puc. 75), MoIydaem

) 2 .92
mi2 mr-

2 + 5 +U(r) = E, (3)
mr?p — M. (4) O
Hckirouast u3 (3) ¢ ¢ noMoibio (4), Haxoaum Puc. 75

-2
To— + Use(r) = E, (5)
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rae 72
U (r) = U(r) + 24

2mr?
Taxum 06pazomM, paHaNbLHOE JBUKEHHE MOKHO PACCMATPUBATEL KAK OXHOMEPHOE
newkerne B mone Usgg(r).
JIJIsL KaueCTBCHHOTO HCCASAOBAHMS XapaKTepa ABHIKCHHSI UCIIONL3YEM Ipa-
UKU
¢ Uypo(r) = —& — 2L M 6
(7)) = —F7 — (6)

r r 2mr?

npu pazauvebX 3HaucHUSIX M (puc. 76).

max

min

a) 6) 8)

Puc. 76
Ecmu 12avym? < M*, 1o Uspp HMEET gBa IKCTpemyma (mpu ri2 =

M? M* — 12aym?
= vV — v ) Maxcumanbroe 3HaueHHE Usgp(r1) = Umax

nonoxurensuo mpu M?* > 16aym? (puc. 76,a) M OTpUIATENLHO IIPH
120ym? < M* < 16aym? (puc. 76,6); B 060ux atux cnydasx Uspy(ra) =
= Umin < 0.

Ecau e M?* < 12aym?, 10 dynxums Usyg () Monotonna (puc. 76, 6).

Paccmorpram mogpoduee cayuait a). Ecnma E > Upyax, TO 9acTuna, JeTsmas
13 OCCKOHCHHOCTH, MaJACT B HCHTP nons. [1pu 3TOM BeNUYMHA O, COTIAacHO (4),
BO3pacraet. DTHX co0OpakeHHH TOCTATOYHO IS TOTO, YT0OBI TPy00 n300pa3urh
TPACKTOPHUIO YaCTHIHE {puc. 77,a).

2

Ha ©osbnmx paccTosHUAX, TaKHX, YTO 13 < % miaBay poss B U(r)
T

UTPACT WICH — S U TPACKTOPHS Malo OTIMYacTCs o1 TumepGoist (O Buae Tpa-
exropuu npu 7 — 0 cM. 3agaqay 2.8))
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Ecau sueprus £ omuska x Uy, .y, TO HHTEP-
BaJI 3HAYEHUH 7, OIIM3KUX K 11, TACTHIA TPOXOIUT
O4YeHb MEANICHHO. Bpamenue e paguyca-BeKTo- Q

pa OpOACTKACTCS CBOMM YEPEAOM CO CKOPOCTHIO
M

mrs; ’
000POTOB BOKPYT TICHTpPA, MPEkKAC UCM MPOUACT
3TOT uHTepBan (puc. 77,6). Ecnu E = Uyax, TO
YaCcTHIla B CBOEM PAJHANBHOM JBH)KCHHH ACHMITTOTHUCCKH MPUOTHKACTCS H3
OeCKOHCUHOCTH K TOUKe 1 — r1 (cp. ¢ 3agaueit 1.3). Tpaekropus sx¢ mpeacTas-

nseT co0oil cIpatb, IPHOMIKAIONIYIOCS K OKPYKHOCTH Pamiyca 71 ¢ MEHTPOM

o~
—~

TaK YTO HaCTHLd MOKCT CAC/IaThk MHOI'O a) 6)

Puc. 77

B O (puc. 78, xpueas a). Ecau gactuiia ¢ Takol 3HEPrucii
yIAMACTCS OT IeHTpa B obmactu r < 71, TO ¢€ TpacKropus
TaKKe MPUOTHKAETCA K 3TOH OKPYKHOCTH, HO H3HYTPHU
(puc. 78, kpuBas b). Haxkonem, npu £ = Upyax BOBMOKHO
JBIKCHUE M0 OKPYKHOCTH 7° = 717.

Jroboe m3menenne Benwuumn E win M mepeBoaut
YACTUIY HA TPAEKTOPHIO, VAAISIONTYIOCT OT 3TOH OKPYXK-
HOCTH, T. €. JIBUKCHHUE C T = 7| HEYCTOHYUBO.

Ecmu 0 < F < Upax, TO Hactuma, JCTeBIas H3
OeCKOHCUHOCTH, OTPAKACTCS OT MOTCHIHATLHOTO Oaphepa
Usge(r) 1 BHOBE yaamsercs na Oeckonedrocts. IIpumep-
HBIH BUJ TPAEKTOPUI B ITOM CIYYae MOKa3aH Ha puc. 79 Puc. 78
(xpuBsbIe @ u b). Ecimu areprus Omuska K Up, .y, TO 9acTUI@ CASTACT MHOIO 000-
POTOB BOKPYI' LICHTPA, IPEKAC YeM PajuaibHas CKOPOCTh 1 U3MEHUT 3HAK. Yem
ompKe HHeprHs K Hyo (mipu ¢uxkcupoBaHHOM M ITO COOTBETCTBYET yBEIHue-
HUIO MPHUICJILHOIO TapaMeTpa), TeM MEHES UCKPHUBICHA TPACKTOPHS YACTHIIBL.
[pu F < Upax BO3MOXKHO TAKKC MAJCHUE B IEHTP MOMA YaCTHILI, KOTOpas
OBHKETCS B 0OmacTu r < a. TpaekTopus B 3TOM ciyvae u3zoOpaskeHa ua puc. 80,

HpH Umpin < E < 0 gactHma MOXKET TaKKe COBCpIIAThL PagHAIIBHBIC KO-
nebanus B obmactu ¢ < r < d (puc. 81). Ecimm sneprus Onmu3ka K HYIHO, TO
pasMax paJHaNbHBIX KONeOaHuil BeMHK, ICPHO HX TOXKE MOKET CTATh OOTBIIIM.
[pu aueprum, Omuskoi K Upyi,, TpaekTopus OMM3Ka K OKPYKHOCTH paaHyca 1o,
IpUYeM YTOT TIOBOPOTA PaJHyCa-BEKTOPa 3a TEPHOJ PaIHATLHOTO KOICOaHus
3aBUCHUT OT BeaWuuH «, v, M (cp. ¢ 3apaueit 5.4). Ilpu I/ = Uiy vactuna
JBHXKCTCS 110 YKAZAHHOKH OKPYKHOCTH.

ITonoGHBIM e 00pa3oM MOKHO HCCICIOBATE JABMKEHHES YACTHIIH B OCTAh-
HBIX CIyYasX.
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Puc. 79 Puc. 80 Puc. 81

KakuMu OCOOCHHOCTAMM MOXKeT o0majath TpaekTopus, ecmu M?* —
— 12arym?2?

3aKOH ABWKEHUS H YPaBHEHHUE TPACKTOPHH MOXKHO HAWTH, UCTIOIL3YS YpaB-
uernus (4), (5). M3 (5) nonywgaem

f:iJ%w—mMML (7)

OTKyAa _ m / dr
b=,/ + C. (8)
2] VE— Usgy(r)

Ncksrouus dt w3 (7) ¢ momomislo (4), HaliieM ypaBHCHHUE TPAaCKTOPUH

M dr !
v i\/% r2/E — Uspp(7) e ©)
Paccmorpum crywaii M? > 12aym?. Eciu wacTuna ABMOXETCA K HEHTPY,
TO B (7) (a 3HaunT, u B (8)) cmeayeT BEIOpATh 3HAK «MHHYC». llycTh r = 1o Opu
t = 0, Torna (8) MOXHO TIepeMUcaTh B BUJIS

tV%i{»ﬂﬂﬁimwf o

PagenctBo (10) oupenendger B HEABHOM BHAE 3aBUCUMOCTL 1 OT BpeMe-
Hu. Ecnu TpackTopus MpOXOOUT 4epes TOUKY T = 7o, © = (Pg, TO YPaBHEHHUE
TPACKTOPUH (C YUETOM BBIOPAHHOIO 3HAKA) MPUOOpETAET BUI

r

@:—M/‘f’+@m (11)
r ‘pr|

To

Pl = \/2m[E — Uy (r)].

rae
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B wacTHOCTH, 1S 9aCTHIIBI, CKOPOCTH KOTOPOii Ha O€CKOHEYHOCTH COCTABIIAET C
OCBIO T YTOJI ¥, HY’)KHO TOJIOXHTH 79 = OC, g = T — 1.

Ecnu E > Upay, 1O ypaBaenus (10) u (11) noaHoCcTbio onpeacnsaior 3aKoH
JOBH)KCHHS M TPAEKTOPHIO YACTHLIBL.

Ecmu xe 0 < IV < Upax, TO 3TH ypaBHEHHS OTBEYIAIOT TOIBKO yIacTKy AL
Tpaekropuu (puc. 79, KpuBas a). B touke B paguanbHas KOMIOHEHTA CKOPOCTH 7
oOpammaercs B HYIIb, a 3ar¢M MeHseT 3HaK. [Toatomy yuactok tpackropun BC
OMUCBIBACTCS YpaBHCHUEM (9) €O 3HAKOM «IUTHOCY», MPHYEM MOCTOSHHYI HYKHO
OTIpeIeNIATh 3aHOBO. YI00HO 3anucaTh (9) B BUAC

T

o= M / 2‘|i7° -+ C. (12)
r2|pr

T'min

Hwuxauii npeaen HHTEIpaia MBI MOTIIM BEIOpAaTh MPOU3BOIBLHO, ITOKA HE OIPE/IC-
nena nocrosiraas C'. Cornacuo (12) umeem

C" = ¢(Tmin)- (13)

Omnpenersist @ (rmin) #3 (11), momygaeM ypaBuenne ydactka tpaekropun BC":

T Tmin
(P:(/—/)]\gdr—l-cpo. (14)
r=|pr
Tmin 7o

[TonoOHbIM k¢ 00pa3OM OTMPEACIICM 3aKOH JIBUKeHUS Ha yuactke BC

' (/ - / ) \/é\/E —d;nfjm(r)' (15)

Ecau Upin < E < 0,a <7y < b, 7(0) <0, ¢|t—0 = o, T0 ypaBuenne (11)
OMUCBIBACT yuacToK Tpaektopuu A B (puc. 81). Yuactoxk B(' onuceiBaeTCs ypas-

HCHUCM
r

gozj\/ff dr . (16)

r’ |p’r|

TA€ YroMd ] MOKHO TONMy4uTh, MOMOXkuB B (11) r = . YpaBHenue yuactka C'D

r

@ — _J\/-[/ er + ¥, (17)
r*|pr]
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rae o ompeaensercs u3 (16) mpu r = b u 1. 1. lloactaBnas B (16) u (17)
3HAYCHHS (01 U (o, TPESACTABUM YPABHEHHS YUACTKOB TPACKTOPHH B BHJIC

7= M(/ /) g T )
(o] Pl e

(19)
Herpyano ydeautbes, uro ypaBHCHUE yYacTKa TPASKTOPHH, OTBCUAIOIICTO 11-MY
PaaMATEHOMY KOICOAHHIO {CanTas y9acTok AD mepBeiM), HMEeT BHA'

@:M< /—|—2n—1/ /) 2] P (20)

B npuBeseHHBIX (OpMyNax MPEAIonaraeTcsi, 4TO0 YION (© H3MEHSETCS
HENpephIBHO, orpannueHusa 0 < ¢ < 27 He BBOAATCA. J[aHHOMY 3HAUCHHIO T
COOTBETCTBYET OSCKOHEUHO MHOIO 3HaueHuil o (IPH PasTHYHBIX 72 U 3HAKAX B
dopmyne (20)); ¢ ecth MEOTO3HATHAS DyHKIEs 7. Haobopot, 3aBucuMocTs 7( )
OJHO3HAYHA.

AHAIOIrMYHO MOKHO BBIPA3UTh 3aKOHBI IBUXKCHUS U YPABHCHUS TPACKTOPUU
W B JIPYTHX CAydasX.

2.2. Bue cdepsl paguyca R gacTHlia IBUKETCS €O CKOPOCTBIO /2 /m,

a BHYTPH — €O cKOpOcThio \/2(E + V')/m. B 3aBHCUMOCTH OT cOOTHOMIEHHS E
u M nmomyyarTces pa3nTuyHbBIC BHABI TPACKTOPHH.

Ipu ME V < I < M= yacTuna 1ubo JBUKETCS BHYTPH cde-
2mR> 2mR>

Pbl, HCIBLITEIBAS OTPasKCHUs Ha rpanuue (puc. 82,a), nudo (eciau, KpomMe To-

"Vpapuenue Tpaexropuu (20) MOKHO [IPEICTABUTH B BUJIE

cosy(p + a) = (fny Q\p )
’T'

b

T0
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- -

e

Puc. 82

ro, I/ > () MoxxeT nBUTATBCI U BHE chepsl (TpaeKTopus mpsmMas, puc. 82,6).
M?
2mR

Ipu

5 < I uMeeT MeCcTo npenoMiieHue TpaekTopuu (puc. 82, 6).
M*_ y
2mR?
2.3. JIns onpeleiacHUS YPAaBHCHUS TPACKTOPHH HCIIONb3YeM (hOPMYIIbI

M dr M?
@ = / , Uspe = Ulr) + 1
2 om(E = Uy ()~ 5 = (1)

Kak BeImIssuT Tpackropus npH £ —

1

B pesyabTaTe BHIYMCICHHS  MOIy4acM

r= 4 (2)

ecosy(p — ) —1°

rae
_2(p4 M ’ 1+ = AJQ (3)
=alP+ 5 + ;
2mp3
=41+ = Ve , &/ > 0, 1) — mpon3BoIbHAS [IOCTOSHHAS.

1I/IHTerl:)aJT, 3alTHCAHHLIA B BHIe

ﬁdr

AISO_/ \/QmE—~ |

A2/ 2mr? — afr)

e M2 = M2+ 2m /3 cBOAUTCA K COOTBETCTBYIONIEMY MHTErpany B 3anade Kennepa (cm. [1], § 15).
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Tpaextopus mpeacTaBiIseT coOOll KPUBYIO, MOMYIaeMYI0 H3 THIEPOONIBL ¢
MOMOIIBI0O YMEHBNICHUS MOJAPHBIX YIIOB B v pa3 (puc. 83). IlocrosHuas
ompe/ielisieT OPHCHTALHIO TPACKTOPHH.

HampaBiense  acHMOTOT — ONpelensieTcss YCIOBHEM 1 — OO0, WA
e cos(y1,2 — 1) = L. CKOpOCTh OTKIIOHASTCSA HA YTOJI

2
71'((,01(,02)W%&ICCQS%WgarCtg\/i{—g(ﬁ—l— M )

~ 2m
U?Gb(b
@
qg? E \
v . i .
o) ' T
Puc. 83 Puc. 84
UBdeJ
Unnaw [ 777 /\
E
/i N
[a b
Puc. 85 Puc. 86

2.4. llone3Ho npexae BCEro UCCNAEAOBATh XAPAKTEP JIBHKECHHUA C 11OMO-
weto tpaduka Usye(r). At caydas 3 < M?/2m aror rpaduk nzobpaxen Ha
puc. 84. B 2TOoM caydac BO3MOXKHO TOJbKO MHUHUTHOS JIBHIKCHUC B 00aCTH
r = T'm, OpuaeM /£ > (. YpaBHCHHE TPaeKTOPHH TAKOE Ke, Kak B 3amade 2.3
(ypasuenue (2)), a B paBenctBax (3) HyxHo 3amcHuTh [F Ha — 3. OCHOBHOC OT/IH-
que OT TPACKTOPHH, HAWASHHOM B 3adaue 2.3, BO3HUKAEST BCICACTBHE TOTO, YUTO
~v < 1. llpumepHBII BUA TPaeKTOpHH MoKazaH Ha puc. 85. (Touka meperuda A
onpeaensierca yenorueM dU /dr = 0, T.e. r = 23/a.)

Jast cayuas 3 > M?/2m rpaduk U,y (r) npuBemen na puc. 86.
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Oé2

43 — M?/2m)’
HOCTH, MAJaeT B IEHTP MONsA. YPAaBHEHHC TPACKTOPUM H B 3TOM CIy4ae MOKHO
MOTYYHTh W3 YpaBHeHus 3aaaqn 2.3. [ 3100, KpoMe 3aMeHBI 3 Ha —/3 HYKHO
3aMEHHUTH 1) HA 1) + T /27, a 3aTeM BOCIONB30BATHCH (POPMYTAMHU

siniz =ishz, V—z=1iVz.

Eciu E > Upax = TO YACTHIIA, JeTdamas u3 Oeckoned-

B pesynbrare nonyuum

!/

P
’shr' (g — ) + 1

-2(5-48). <= [B(-1) 1 v

TpaexTopus I8 3TOTO CIydas W300pakeHa Ha puC. 87a. 3aMETHM, |UTO MpH
r — 0 OkazpIBacTCs (¢ — OC. ITO 3HAYUT, YTO HACTUIA, NaJasl B IICHTP IO,
JenaeT BOKPYI HEro OSCKOHEUHOS YUCI0 0OOPOTOB,

(D)

o=

(2)

Puc. 87

Ecmu F' < Upax, TO, COTITACHO pHC. 86, BO3MOXKHO ABMKESHHUE THOO0 B 00Ma-
cti b < 7 < oo (paccesnne), mud60 B obdnactu 0 < v < ¢ (MageHUe HA LICHTP).
YpaBHCHHUE TPACKTOPUU MOIY4YaeM, HCIONb3Ys PaBEHCTBO cosix — chx (a Bo
BTOPOM CITydae eI U 3aMeny ¢ na v + m/v):

/

_ D "o__ ]\fz
17 e chy (o —) © = ( ) )

B ciyuae E = Upyax BOCTIONB30BaTHCS popmynoi (2) 3amaun 2.3 HEOb3s
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(Tak KaK MpH ee BBIBOJAE Ipermonaaraioch e # () U HyKHO BHOBb OpaTh HHTe-

rpan (1). ITonyuaem o

T + cexp(—+'p)’

P = 4 o 7 =p

1+ exp[—(¢ — )]
B 3aBHCUMOCTH OT HagaJabHOI'O 3HAYCHUS r. Tpackropus mpeacraBmseT coOoil
m00 CIHpalb, HAYMHAIOMYOCA Ha OSCKOHEUHOCTH WM BOTH3M OT TIEHTpa U
ACUMIITOTUYCCKHU IPUOTIKAIONTYIOCS K OKPYKHOCTH paauyca r — p’, 1ubo camy
3Ty OKPYKHOCTH (puc. 876).

Haxonern, B crygac 3 = M?/2m Taxke TIpoIe BHOBb B3ATh HHTErpal. B
ITOM CITy4a¢ NPOHCXOOUT PaccesHHe, a YPaBHCHUE TPACKTOPHU

B af/FE
1 —ma(p — )2 2M2E

T. €.

r

Bpems namenus 9acTHIIHL B LICHTP MO OMPEASIAEM ¢ TTOMOTITHIO (hOPMYITHI

-
fo jm / dr
2] VE— Uy
Harrpumep, mis citydasi, korga Tpackropust uMmMeeT BUA (2), BpeMs [aJICHUs C
paccTosiHus

t = %\/%(\/Erz —ar — B — M?/2m — /3 — M?/2m)+

2Fr/a— 1
+ % % (arcsin /e—’ — arcsin i) .
2.5. VYpaBHeHue TpaeKTOpUH
p

=
1+ ecosy(p—1)

(p, e, v onpeaenensl B 3aaauc 2.3). llpu E < ( asmwxkennce pururaoe!

T/ TN o
TT:—S/Q’ A(,O: 7 T@:’YTT.
(2/E])
Mepron tor xe, uto w B oste Uy = —a Jr. Hna onpenenenua 1 10CTaTo4HO 3aMETHTE,

aro gobasnenne x nomo Uy nobaBku 3/r? ckaspiBaeTcst Ha PaguaibHOM IBHIKEHHH TaK XKeE, KaK
yBenuueHue M. Ilepuoa xe T, B KyloHoBckoM none Ug o Af He 3aBUCHT.
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Tpaexropus 3aMKIyTas, €CIIH ¥ — palHoHagbHoe uncmo. Ha puc. 88 uzodpaxena
TPASKTOpUA JIId ¥ = D,

2.6. Tlpu 3 < M?/2m

S 5o 2 (M2
1 —ecosy(p — 1))’ @A 2m ’

| omp L AE (M2 _ .\
TEV T e 6_\/1+§(2m_6)’

ecni B < 0, o Ap = 27 /7, T, = AT, (I} 10 %Ke, uTO B Puc. 88
zagaue 2.5).
Ipu 3 > M?/2m (8 o603nauennsx 3agaqu 2.4)

/

p
r = , ecmu B > Upax,
e’ shr'(p — ) — 1 .

pi
r = ecau B < Upax.

e chy' (¢ 1) 1’

2.7. a) OUHAWTHOE JBIDKEHHE BO3MOXKHO, eciu GyHKimA U,y (r) nMeer
vuraMy™. Ypasuerue Uy, (r) = 0 npusomurcst k sumy f(x) = M?s/am, tie
f(z) = z(x + 1)e™*, z = sr. C momMowpio rpadura f(z) nerko ydeaurnes,
YTO 3TO YPAaBHECHUE HMEET KOPHH TOIBKO MpH yemosuu, uto M2 2¢/am meHbIIE
MaKCcHUMaIbHOTO (Ipu x > 0) 3nadenus f(x).

Ilocnearee paguo (21 v/5) exp (— L _|_2\/5

JKEHHE BO3MOXKHO, ecu M2 < 0, 84am/ ».
6) PUHUTHOC JIBUKCHUE BO3MOKHO, pu M2 < 8mV /e,

) ~ 0, 84. Utak, puaHTHOE OBU-

2.8. B ypasmenuu tpackropuu (cM. popmy-
my (1) 3amauu 2.3) pu ManeIx r MOXCM MPCHCOpPCYb
BenuuuHOU [v (pu n = 2), aopu n > 2 — Takke U
wienom M2 /2myr?. Tloiyuaem (puc. 89)

2
M ln(r/rg) n>
= - + ©o HpH 1 = 27
7 VvV 2mo — M? v
—1+n/2 Puc. 89
Y = Zmr +C upu n > 2.

2ma(n — 2)
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Uwncmo 060pOTOB OKAa3BIBASTCS OSCKOHSUHBIM TONBKO OpH 1 = 2.
Bpems najeHus B IEHTP KOHEUHO, MOCKOIBKY pamuaibHAs CKOPOCTH MPH
OpUOMIDKSHUN K LICHTPY BO3PAcTact.

2.9. Ywucao 0O6OPOTOB HACTHIIBI BOKPYT LIEHTPA OSCKOHETHO TOJBKO B CITY-
yae O) mpu ' =0, n = 2.

2.10. Bpews magenus paBHo w4/ mR?3 /8av.

2.11. OtHOCHUTEIILHOE NBHKECHUE XapakTepuzyercsd MoMeHToM M = mup

2
™muv m1me
L raem= ———
2’ a my + mo
paccrosiue onpeaensiercst yenosueM Usgyq (rmin) = E. IIpoctoii oTBeT MOXKET
ObITE OTyueH ipu . = 1, 2, 4,

U SHEPruci F = — npuBe/enaas Macca. Mckomoe

2.12. TpacKkropHH YaCTHIT:

m P
—— =1+ ecos
miy, 2712 P

roe
m1ms _M?

Tm = —F— —_ —
my +my T mas

EF u M — nomauple >Heprusi ¥ MOMEHT CHUCTeMBI. YacTHIIBI ABMKYTCS MO MO-
TOOHBIM KOHHYECKUM CEUSHHAM ¢ OOITHM (DOKYCOM, TIPUTEM PaHYyChI-BEKTOPHI
qacTl] B 11000l MOMCHT HAIIPABICHBI IPOTUBOIONIOKHO (puc. 90).

%

(00 o,

Puc. 90 Puc. 91

2.13. Kak nmerxo Buaersh na puc. 91,

0S8 = p(ctg po — ctg 2¢).
3nech

oo

dv“

=0 / r2/1—U(r)/E — p2 /12

7n]'lll n
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I[Ipup — 0O

dr 3m3/2 0 dr
@ :p/ —2p°E —/—+
’ 2 /1—U/E OF | vVE-T

Trmin Trin

(cp. ¢ 3apaucii 2.23), Tak uro

o0 -1
dr
OSz(Q/ +0O(p?)...
r2\/1—-U/E
Tmin
Touka S — MHUMBIA (OKYC ITyYKa PACCEIHHBIX YACTHI], TAK KaK C TOYHO-
CTBIO 10 MCPBOTO MOPSAAKA MO O BKIKOUYHUTEIBHO MONOKEHHE TOUKH MCPECCUCHHS

ACUMIITOTBI TPACKTOPHH € OCBIO ITYYKA HC 3aBHCHT OT p.

2.14. VYpasHeHue TPASKTOPUU

p S

7 = ecos(p — o) — 1, o
rac _ M e = 1+MaﬂoneenﬁTc;{H3 i
AP = e © = ol o OHPCACAC —70
yenosust @ — 0 mpu r — 00: cosy = 1/e. Obmacts, \\

HEAOCTIKUMAS JJTS YACTHIL, OTPAHUICHA OTHOATOIIEH Ce- -
MCUCTBA TPACKTOPHH.

st ompeaencHus ec npoaudGepeHIMpyEM ypaBHE- Puc. 92
HUC TPACKTOPUU
M? M [2F . _
mar T 1T cosp— G/ gy sinp =0 (1)
no napametpy M:
20M [2F .
- — \ G sing = 0, (2)

u uckmounm M uz (1) u (2):

2a/ Er =14 cos .

Wrak, negocrwxkumast Ijisl 9acTuil 001acth r < gl _ﬁa orpanugeHa
napabosIouI0M BpamieHus (puc. 92). €05 ¢)
‘ 2
2.15. p< 2ao e § = AV 04 = q.

1-6°—(1-6)cosg 2o 7
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2.16. YMHOXHM PaBEHCTBO

VM| — =— = A
cKaJLpHO Ha r. OBO3HAYUB UEPE3 ¥ YIOil Me}Kﬂy r u A, noimyuaem
M2 _ A
T T = Arcosg
p M2 A

I/IHI/IF :1—|—BCOS(,0,D:[ep= m,e— o

OTMeTuM, 9TO BEKTOp A HarpaBieH OT HEHTPa MOIA K TOUKE I = ¥pyin-

2.17. 6T = DL ¢

oOF’

5T = T(U) \F/\/ U}j;)

(cp. ¢ 3agaueii 1.10). TTogoOHBIM ke o6pa30M U3MEHEHHE YITIOBOTO PACCTOSHHUS
MEXY NOCISAOBATETHHBIMU TPOXOKACHUSIMHI TOUSK T = Tnin MOXKHO MpEAcTa-

BHTH B BUjIe 0 Ay = giﬁ (cp. [11, § 15, 3amaua 3; § 49).
2.18. B obmactu r < D mome U(r) Mano OTIHYACTCS OT KyTOHOBCKOTO
Uop(r) = —a/r. TloaToMy TpaekTopusi (PHHUTHOTO ABHXKEHHUS ONH3KA K 3IUTHII-

Cy, MapaMeTp p U 3KCIEHTPUCHTET € KOTOPOIo, OIIpeieNsieMble IOCTOSAHHBIMU £
u M, coxpausores, a opueHramus uzmMensercs, CkopocTh noBopoTa duurca 2
ompesenseTcs cMemenueM mepurenus 3a nepuoa 2 = A/ Ty, tae Ay BbI-

qhcsseM o GopMyme mpensayiei sanaun ¢ 6U = 5 — ng,

B KyJIOHOBCKOM mosic'. B pesynsrare BoraucicHust nomydaeM ) = M /2m D2
VYpaBHEeHHE TPAaeKTOPHH MOXHO IPEACTABUTH B BHJE

p ) 2y
F=1Lltecosyp, ~v=1——— o (1)

a’ly — mepuon

OtwiioHenue kpueoii (1) OT UCTUHHON TPASKTOPUU — NEPBOTO MOPAIKA MAJIOCTU
no 6/, T.€. B TeUCHHE OJHOTO Mepuoia ypaBHEHHE (1) OMHCHIBAET TPACKTOPHIO
C TAKOI e TOYHOCTBI), KaK YPaBHEHHE HEMO/BUIKHOTO umHnca. OJHAKO ypas-
nenue (1) coxpansier Ty *e TOUHOCTb B TCUCHUE MHOI'MX IepuoaoB. [lostomy
UMEHHO 3TO YPABHCHHE MOXXHO HA3BaTb «MPABHIBLHBIM HYIEBBIM MPUOTHKCHU-
emM.

WNuave ToBOps, B ypaBHEHHH (1) yITEHBI TONHKO HAKaIUTHBaIonuecs 3¢ dhek-
TBI TICPBOIO MOPSKA.

'Vio6Ho nepeittn k wHTErpupoBanmio mo &, mpuueM (M, [1], § 15) r = Q. (1 —ecosf).

2|E]
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2.19. llonme U(r) = —a/r'™¢ mano oTmuuaercs oT KyJIOHOBCKOTO, MO3TO-
My OpOHTa YaCTHIIB B 3TOM TOJIC MPE/ICTABIAST COO0H MEIICHHO TPEIIeCCHPYTO-
wmii dmanc. Paznaras U(r) mo e, npeacrasum ero B Buge U(r) = Up(r) + 06U,

rae Up(r) = —%, oU = ‘STQ In %, a = aR ¢, R — nocrosiHHasi, paBHas Xapakx-

TEPHOMY pasMepy OpOUTHL. T

CMerenue nepurenus 3a nepuon 0Ap = 9 / oU dt (cm. 3apauy 2.17)

oM
BBIUUCIACM, C/IC/IaB 3aMCHY 0

o~

r=—2(1—ecosf), t%(f—esinf), e=/l+

B 2EM?
2F

~— 9
mao2

T =7 2&;'3 (cm. [1], § 15). TTomyuaem

ol — ecosé)
2|E|R

)
I
o,
~| >
S
I
b |
Y13,
.y
= Q
=
O\é\f
=3
|

2m
_ 2lE| ge cos{dé le—\/l—BQE
T 9M J 1—ecosé T o2 '
0
Ilpu £ > 0 nampapienue npeueccuu OpOUTH COBMANAET C HAIIPABIEHHEM JIBU-
KCHHS 9aCTHIBI [0 OpOuTe, a IpH & < 0 — MPOTHBOMOIOXKHO EMY.

2 2
2.2 » Q — _§ B a —I_b Aj .
Oa 2w s | M

2.206. ®ysxuua Jlarpamxa

L_%(:t2+y2)%(:c2+y2)+%w ;y (& +97) =
om .2 2.2 mg o mr? .o
72(7" +7’<,0)—2lfr+2l2

Ecnu npeneOpeub MOCHSTHUM CTATAEMBIM, TO 3aJady O JIBMIKCHHH YACTHITHI
y100HO peniaTh B ICKAPTOBBIX KOOPIMHATAX. JTO MPHUBOJUT K TAPMOHUYCCKUM
KOJICOAHUSAM C 9aCTOTOU
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0 OCAM X H ¥, T. €. K DJUTUIITHYeCKoil TpaekTopu# (cp. [1], 3amaga 3 k § 21). Tou-
HOE YpaBHEHUE TPASKTOPHH YA0OHO MOMYIHTH B IHIIHMHAPHICCKHX KOOPIHHATAX,
UCTIONB3YA uHTerpaisl asmxenus £ u M = (0, 0, M):

MA/1+ ?“2/l2 dr mgrrz M2
90/2 s Usgg = 21 + 2"
r2\/2m(E — Usyg) 2mer
Paznoxenne
IR
[? 212

[IPUBOIUT K YPABHEHUIO

o / M dr M / dr
r2\/2m(E = Usg)  2mi% J \/2m(E — Uspg)

= o (r) + Qt,

e @o(7) COOTBETCTBYET IBUKCHUIO TIO JUTHIICY, a

M ab
) = = w
oml? 212

OIIpCacsCT CIro MpPCHCCCHIO.

2.21. ®yuxnus Jlarpawka cucremsl 3emuns —JIyna
paBHa

Yot YMgitia Y11

Ry Rs IR; — Ral|’

L= iR} + 2R3+

rac Ry u Ry — pannyc-sexkTopst 3emnu u JIyHEBI B renuo-
MEHTPUIECKON CUCTEME KOOP/TUHAT, 1111, 112 — WX MACCHI,
mo — Macca ComHua, v — rpaBUTALHUOHHAS [TOCTOSHHAS.
Beenem xoopauHaThl IeHTpa Macc 3eMiH U JIyHEL (TOuU-
ka O Ha pHC. 93 a) H HX B3aUMHOTO PaCcCTOSHUS

miR1 + moRo
mi1 -+ ms

R: 5 I':RQ—R]_,

Puc. 93a TOrga

_ o m
Ri2=R+r12, 1r12= Tmab

T L m
- — 2.
mi -+ ma
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Hcoonn3oBaB PA3TOKCHHC

l—RriJr 1 3<Rri)2—r2 + ...
R R 2R3 R ‘

1 l(1+ 2Rr; +ﬁ)—l/z
R, R R?*  R?
H YUHTBIBAsA, 4ITO

2 2 2
mir, + mers = 0, mir] < mary = Mmar-,

IOJIy4aeM
L =14+ Ly— 48U, (1)
L, = my + mzRg i ’YmO(ml + m2)’
2 R
 me.a | YIame o (Rr)2 2
Ly = 93+ T2, 60 = — 0 E - —r?]

bes yuera 60U 3amaun o IBWKCHHH IICHTpa Macc () M OTHOCHUTCIBLHOM JIBH-
KEHUH Pa3IeNnsioTcsa u cBoaATcs K 3ajaue Kemmepa (Mbl OyeM roBopUThH jaiee
IPOCTO O ABMKEHUAX 3eMau BOKpYT Comnma U JIyHsI BOKPYT 3eMiIn).
a) B zagaue o aBuskenuu 3emitn Bokpyr ComHia Majiocts U xapakrepuszy-
eTCsl OTHOLUSHUEM
oU mor”

~ ~ 1076,
(ymomi/R)  mR?

Cuurast opbuty JIYHBI OKPYKHOCTBIO paauyca 7, JISKAIICH B IITOCKOCTH OPOUTHI
3eMuIH, UMECM

23 2 1 2
oU = 3 (3 cos” y — 1) , [B= 1 Ymomar”, (2)
rae Y — yroa Mexay Bexkrtopamu R u r. Drtor yron mensiercst Ha 27 3a 29,5

CYTOK (CHHOIUYECKHUU MecsAll — MPOMEKYTOK BPEMEHU MEXKIY HOBOTYHHSIMH).

VepenaseM (2) 3a 3TOT MPOMEXYTOK, UTO TIPHBOJUT K 3aMEHE COS” Y — %
B urore
=t
Cwmenienue nepurenus 3a rog (cm. [1], 3amaua 3 k §15)
= e = T (R) + =
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CMenieHne Nepureanus 3a CTOJICTHE
1008 = 7,7".

CnenyeT 3aMETHTD, YTO MOJAHOES CMCIICHHE MEPHUIESIHa 3EMIN 3a CTOICTHE, PaB-
Hoe 1158”, 06yciioBiieHO 11aBHBIM 06pa3oM BiusinueMm HOmurepa u Benepsl.
HNaTepecHo, 4TO OLECHKA PEIATHBUCTCKON MOMPAaBKH AAECT BEIHYHHY

V\?
~ 100 - zw(g) ~ 17, V=30 kle
(em. [2] §39 u §101),

0) Uccrnenys neuxenue JIyHBI BOKPYT 3eMITH, TakkKe MOKHO cuutath O/
Maioii 100aBkoii k Lo:

M —
2

oU 02 —9 2 YNy 9 Ym

10 P ="—  w'= .
~Ymime /7 W R r
( /r) ’ 8 3

3nech nepuoa 27 /w = 27,3 cyrok — 3Be3AHBIA (CuepHUCCKUii) Mecdll, a I1e-
puon 27/€) pasen 1 rony. JlobaBka 0/ IPHBOAWT K Pa3idYHBIM HCKAKCHUSIM

opOurel JIyHBl — IIylbcamusaM 3IKC-
2 LHCHTPUCUTETA, CMETIICHUTO MePUTCITHS
(cp. ¢ 3amaucii 2.38 6) u ap. Mul pac-
CMOTPUM JHIIb OJHO W3 HHX, Ipe-
Hebperas WX B3aUMHBIM BIUSHUCM U
OpUHAMAsS HEBO3ZMYIMICHHYIO OPOUTY
JIyHBl 32 OKPYKHOCTH, MPHHHMACM
tTakoke R = const.

BBegeM reorneHTpUYeCKY0 CH-
cTteMy KoopauHat ()zyz ¢ OCBIO T, Ha-
MPaBICHHON BIOTL JUHUU TICpeceUe-
HUSA IIOCKOCTH OpOuThl JIVHEI ¢ Imoc-
KOCTBIO OpOUTHI 3emild (IMHUA JIYH-
HBIX Y3JI0B), OCBIO ¥/, JASKAINCH B MIOCKOCTH OPOUTHI 3eMIIU, U OCBIO 2, MEPICH-
OUKYISIPHOI 3TOMH ITOCKOCTH M HAIPABICHHOM B CEBEPHYIO HEOCCHYIO TOMycde-
py (puc. 93 6). Koopsunarer CosHila B 3TOH CUCTEME PABHBI

puc. 936

—R = R(cosy, sing, 0), @ = Qt + o,
a xoopaunarsl JIyHsl paBHBI

r = r(cos, cos@siny, sind sin), P = wt + o,
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Tae o U Yo ONpeAendroTcs MoMeHTaMmu mpoxoxaenud Comura u JIyHBI dyepes
OCh .

YepeaHeHUe BETUYUHBI
(Rr)? = R*r?(cos ¢ cos ) + cos @ sin @ sin )?

34 MCCHAI] CBOOUTCH K 3aMcHaAM

00821p—>l sinzw—>l, sin v cos vy — 0,

2 ?
TaK 9TO
((Rr)?) yecsn = %R%‘Q (cos® ¢ + cos® O sin” ¢) (3)

a YCpeOHCHHe 3a ro — K 3aMCHaM

2 1 .2 1
cos“w — =, sln”p — o,

4YTO AACT
((Rr)?) = %lerz (1 +cos”6).
B urore
mom§)?
(U = L0272 (3cos’@—1).
8R?
3a MOBOPOTOM IUTOCKOCTH OPOHTHI MOXKHO TIPOCIEANTE, pacCMaTpuBast IBu-
)KEHHE BEKTOpa MOMeHTa umiynbca M = m[rf], mepueHaukymapHoOro 3710l
IJIOCKOCTH. Ypasuenue ero jpuxenus M = K, raoe
doU
K=—-|r
[ Jr }

— MOMEHT cui, AciicTeyromux Ha Jlyny. TTockonepky u3meHeHHe yrna 6 ecthb
OBOPOT BOKPYT OCH T, TO
U
Re=""30"
T. €.
3ymom$?
~ 4R3

(K) = ( r? sinf cos 6, 0, 0).
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Tax xak moment cuwi (K) mepnenmukynsapeH Bekropy M, OH OPHBOIHT JUIUG
K €ro moBopoTy. [Ipu 3TOM MOBOpAYUBAIOTCS U OCH I, Y, TAK YTO YITIOBAs CKO-
pocts £2; npeneccun Bekropa VI HampaiicHa BA0Ab OCH 2. E¢ MOKHO HalTH U3
YCIIOBUS

M| = (K),
9TO maeT
(Ko) _ (Ke) 30, Q
(), = - M, ~ mwr?sing = 2w st~ 173

Taxum 0Opa3om MBI HAIIUTH, 4TO MEPUON Tpereccuu opdouThl JIyHBI cocTaBmsaeT
27 /Qy = 17,3 Toma. D10 ABMXKEHHE HA3BIBACTCS OTCTYIUICHUCM JIYHHBIX Y3IOB.
Hcrtunnoe 3uaueHue 3Toro mepuoaa 18,6 rojga. YuureiBas rpy0oCTh CISIaHHBIX
HAMU NPHOTIDKEHNIH, MOKHO MPU3HATE XOPOMIUM COINTACHE HALIETO pPe3yiibTara
C HCTUHHBIM,

DTOT mepuoa onpeenaeT Nepuo/T NOBTOPEHHUS IIUKIOB COTHEUHBIX U JTYH-
HBIX 3aTMEHHU. Ero (TodHee, ero yIpOoeHHOEe 3HAUECHHUE, COAEPIKALIEE TIEII0C YHUC-
70 19 765 cyTok) 3HAMM e Kperpl ApeBHero Bapunona.

3aMeTuM, UTO OTPAHUYHUBIIMCEH YCPESIHCHUEM 34 MECHII, T. €. HCIIONB3yH (3),
MBI OOHAPYXKWIH OBl HEPABHOMEPHOCTD MPSLECCHH B TCHEHHE TOJA!

Q, — (1 — %COS 2(,0) Q.

2.22. Awnanoruuno 3ajaue 2.18 nuMeem

a 862 ’ a 1" _
o [5U (a) + §6U (a)} —
/ / M

VYuaer cneayromux wieHos paznoxkenus 0U no (r — a) mact B {2 BKmag < e2Q).

2.23. Cmemenue nepureads 3a NePUOA MOXKHO IIPEACTABUTEL B BHIC

ro4072

R el s _ _STI3/2
Ap = 3 QmOJWaE / (£ — Usgpp — 0U ) =dr.
ri1+dr1
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C TOYHOCTBIO 70 BTOPOTO TIOpsaKa mo dU/ umeem

Ap =21 + 1 + dap,
3

o 52 2

101

e {f) — cpenHee 3HaueHHe (QyHKUHH f(r) 3a mepuon 7' HEBO3MYIICHHOTO

NBIDKCHUA (Cp. ¢ 3amaucii 2.17). CkopocTh npeneccHu

0ot hip i 020 0107
- T4+T T T 72

9
5T — == (T(8U)).

2.24. llpeacraBuM ypaBHEHHE TPaeKTOPHH

passaras noJbIHTErpatbHOC BrIpakeHue o 6U = /73, B Bune

¢ = o(r) + dp(r),

e
/ M dr
o
\/ Zm’r " T)
f ~ M dr
2 3
\/ B M %)
2mr?

3)

4

TpeneOperas B (2) momparkoii (1), MOTyUHM, pazyMeeTcs, YPaBHEHHE TPACK-

TOPHH B KYTOHOBCKOM Mone (cum. [1], § 15)

p
7 =1+ecosg,

(5)
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2 2
e p — %, e— J1+2E M; . Vuursisas ke B (2) moupaBky dp(r), MOTyIHM
mo
BMeCTO (5)
P
7 =1+ ecos(p—dp(r)). (6)

B nipaBsoii wacTi (6) MOKHO IIPOBECTH Pa3IokKeHue 10 (1), 8 TAKKE MOJICTABUTD
B d(o(r) 3aBUCHMOCTE T = ro(), OIpeAeisIeMyI0, COIIacHo (5),

Z% =14 ecosp + edp(ro(y)) sin . (7)

Beraucousist' uHTErpan (4), HaxonuM

m’o 2e? +1 . 1+ ecos
0p(roly)) = M,J{—L")CP— © e+ Slncp—g—(’ppe—l—(eg—b—l)coszp}}.
(8)

e’ siny
MOTy4aeM

2
[Moncrarnsis (8) B (7), ¢ TOUHOCTHIO JO TICPBOTO MOPSIAKA IO ( — ’”;4054’}”

2
=1+ ecos[(1+3()¢] + CZe €+ L sin® p—

b
=

1
—(jwpe—k (e +1)cosp] (9a)

'Vio6HO MpeacTaBuTh (4) B BIAC

d vV 2mry dr
dp =
oM IYE
P E - 2 %
2mr
U TIepedTH K MHHTEIPUPOBAHHIO 110 ¢ coTIacHo (5):
_ 9 m*o [ g —
0p = oot IYE (1 +ecosg)dyp =
3Im?ya ) mya e . m2ya By ,
Y (¢ + esing) + A3 M sin ¢ + e W(l +ecosy). (&)
Haxona us (5)
ZM _ e cos —ea—(psin de _ e?—1
manr‘ o aM ¥ M # oM o el

u noscTarisis B (8'), momyuaem (8).
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HTH
/
p / .
= = 1+ e cos A+ foos2p,
A =1+ 3¢,
3 2
;o e’ — 2e —|—561)
4t _2e3 —e?2 -2
e':e(l—i— € ),
‘ 2e?
et 2t Le
f_ic Qe .

Bomusu ¢ = 0, m paznoxkeHue (2) CTAHOBHTCSA HEMPUMEHHUMBIM, TaK KaK dy
HECOIPAHUYCHHO BO3pacraeT. OJIHAKO YPABHCHUC TPACKTOPHUH (9) CIPaBEUIMBO U
B 2THUX oOmacTax (cp. ¢ 3amaqucii (1.8)).

B cnywae unpuHNTHOTO ABWKeHUA (E = () ypaBHeHue (9) pernaet 3azamy.
Ecmu sxe E < 0, 10 (9) ectb YpaBHECHHC TPACKTOPHUH JIHIIb Ha HECKOIBKHX

o6opotax!, moka octaercs 3¢ < 1. Coxpanss B (8) TONEKO HAKAMIHBAOLIYIOCS
qACTh 00 — —3( ¢, MOTydIaeM YpaBHCHHS
$=1+€COSAQD, A=1+ 3¢, (10)

OMMCHIBAIOMIHE TPACKTOPUIO Na OONBLIOM YYACTKE («MPaBHUIBHOE», B OTIMIHE
ot (5), HyneBoe MpuOMIKEHKE; cp. ¢ 3amaqeil 2.18). HerpyaHo Takxke BHAOH3-
MCHHTH YpaBHEHHE (9) Tak, uTOOBl OHO OMUCHIBATO TPACKTOPHED Ha OONBILIOM
VHaCTKE ¢ TOYHOCTBIO 0 MEPBOTO MOPSKA BKIFOUYHUTCIBHO!
!
p

= =14 € cos g+ fcos2p. (11)

2.25. JlocTaroyHO yOAUTRLCS, UTO BRIPAKCHHAS YSPE3 KOOPIMHATHI IICHTPA
Mirs + Mal2

1+ meo
Jlarpamka pa3OuBaeTcs Ha JBe YaCTH:

Macc R =

M OTHOCUTEIHHOTO JIBHXKEHUA I' = To — Iy (PYHKITUA

L=IL(R,R)~+ Ly(r, 1),

Ll (Ra R) - WRQ + (61 + 62)8R:

: o e1e e e
Lo(r, 1) = %12 — % +m(m_11 — m—é)gr

'B 4acTHOCTH, pagnyc-BeKTOP T' JOMKEH OBITh IepUoaMueckoll GyHKIHE .
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Oyuxmusa Ly (R, R) onpenemsier nBmkeHne meHTpa Mace, MPOUCXOIAMICE TaK
ke, KaK JBKDKEHHE YACTHIIBI ¢ MACCOM 1M1 + 1Mo W 3apazioM €1 + €2 B OJHO-

pousoM Hosie. OTHOCUTENBHOES ABIKCHUE, onpeaesstieMoe Lao(r, I'), IPOUCXOAUT
112

— ([IPUBCOCHHAA MdCCa
P (mmp )

TaK K€, KaK ABHKCHHC TACTHIIEL C MAaCCOH 1M =

B KYJIOHOBCKOM H OJHOPOJIHOM MOJISX.
Takoil ke pe3ynbrar MOKHO MOTY4HTH, KOHEYHO, M UCXO/s U3 YPaBHCHUM
JIBUKCHUS TACTHIT.

.2 .2
miry + mars

€1 . €9 .
2.26. L — 5 -+ ?A(rl)rl + ?A(rg)rg. dyHknua Jlarpanka
pazdmBaeTcs Ha JBE 4acTH, coaepskamue Toubko R, R u r, r (obo3HaueHus
er _ e,
3amadan 2.25), ecnu — = g

e1mi + eam3

M1+ Mmape | €1 T €2 S, -2 -
L=——R"+ —=AR)R + =1 + A(r)r.
2 c ®) 1 c(my + mso)? (x)
1 N 0 . N .
227. T=3 Z pné, P=pnén, M= 21 tnlns &l TnE
n=1 n=
1 1 1 al
%: ~ +mn+1 (?’L:].,,N*].), )LLN:ZTTLR;
k—1

2.28. O003HAYNM KOOpAMHATHI JICTEBILICH M MOKOWBILICHCS BHAYATIE YACTHILI
uepes r1 U xo. Ilyeth B HauaJabLHBIN MOMeHT ml = —R, zo = 0. LenTp Macc

CHCTCMBI ABHXKCTCA 10 3dKOHY X = —= + OTHOCHTEIIBHOE JBHXKCHHE C

2
KOOPJIMHATON &£ = T'o — X1 OPOHUCXOJIUT no 3aKOHY

__/m dx
4 2 '
o Jmw? _ a
4 "

3aKoH ABMKCHUA NEPBOM YACTHIILI

R

xT 1 xT
nox-g--Beif
2 2 1—4a/mvm” 2

Nl:U
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1
mvz) /m
dex ’
a4 34aT¢CM BHOBbL BogpaCTaeT. KOFI[a QOHO BHOBL CTAHCT paBHO R, HepBaﬂ JaCcTHIlA

OKaxKCTCA B TOYKC

PaccrosiHre Mekly 4aCTHLAMH YMEHBIIACTCS JTO BEIUYUHBL Tjn = (

R/zlllin
1
/ v1—1z

Touka 0OCTaHOBKH HAJIECTEBIICH YaCTHLBL €CTh pefel &1 npu R — oo.
Ecmun < 1, 10 215 — o0 mpu R — oc, T.€. 00¢ 4aCTHIBI NOCIe CTOJIKHO-
BEHIS YXO/IAIT Ha OCCKOHETHOCTb.

2.30. YpaBHEHHC NBMKEHUS

mv = 2 [v] (1)
cr
UMECT MHTETPAIIbI
2
my — F, 2)
2
mlrv] — %% = J. (3)
2

VYMmHOxUB (1) cKamsapHo Ha r, moaydacM rv = () Wi % % —v? = 0, oTkyna

r? =1y + 02 (t —to)> (4)

VMHOXHB (3) CKaIApHO Ha r/r, NOIydaeM
eg
—— = Jcos?, (5)

rae (¢ — MONSIpHBIN yroa B chepHIeCKOil CHCTEME KOOPAHHAT ¢ OCBIO 2, Hmapal-
nensHO# BekTOpy J. Ilpoeknud (3) Ha och 2

mr2psin? § — e?g cost = J
COBMECTHO ¢ (5) naet 7
p=—=. (6)
mr

mrot
sin@’

IMput =ty uMeeM v = 1o sin @ unsz (6) cnepyer J = 1 ¢ yaeToM (5)

mrouvc
tgg = 0V, (7)
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HNaTerpupys ypaBHCHHE (¢ — rov -, IOTy4aeM
sin @ - r*(t)
1 v(t —to)
=@ tg : 8
P = o + — —arctg —— (8)

Takum 06pazoM, YacTUIIA ABWKETCH C TOCTOSHHOH CKOPOCTBHIO ¥ MO MO-
BepXHOCTH Konyca § = const. Beens

Y = (p — o) sind, (9)

nepenueM (8) B BUIE
’U(t — to)
tgy = ——— (10)
PaBenctra (4), (9) 1 (10) MOXKHO HHTEpIPETHPOBATH CISAYIOMNUM 00pa30M: IBH-
KEHHE TOYKH [0 Pa3BEepPTKE KOHYCA OKA3BIBACTCS PABHOMCPHBIM M IIPAMOIHHEH-
HBIM, IPAYCM 1 W ) — HOJIPHBIC KOOPAUHATEL B IUIOCKOCTH PA3BEPTKH.

2.31.  /IBwkeHue 3apsKSHHOM YACTHILI B 3JICKTPOMATHUTHOM HOJIC OITPE-
nenserca ¢pyuxweit Jlarpamxka

o mv2 e

e ¢ U A — CKansipHBIM M BEKTOPHBIA ONOTeHNUaNbL (cM. [2], § 16, 17).
Hcnonn3yst mumHapuIecKue KOOPIUHATE, HMESM

mr?d
(?“2 4 Z2)3/2'

omy. : 2y | €
L—g(T’ + 77 +Z)+E

ms + 3€ ®___ (3)

BHJIHO, 4T0 MpH z = () KOMIOHCHTA CHUIbI, MApPAJUICIbHAS OcH 2, oOpamact-
¢ B Hymb. Iloatomy, ecnu z(0) = 2(0) = 0, T0 TPAacKTOPUS YACTHLB JTCHKUT
B IIIOCKOCTH 2z = (). Tak Kak ¢ sBisieTCs IUKITUYCCKOH KOOPIHHATOM, HMEEM

05 mr’g + % = p, = const. (4)



2.31] § 2. Jeudicenue wacmuiy 6 HOasx 107

Orcrona BUAHO, YTO P, B CIy4ae HMH(QHUHHTHOTO ABIKCHMS €CTh 3HadeHue M,
mpu r — o0. KpomMe TOro, BBIMOHISTCS 3aKOH COXPAHEHHs 3HEPTHH (TaK Kak

OL/0t = 0):

%(ﬁ +r2p?%) = E. (5)

Hckmouas u3 (5) ¢ ¢ nomowbio (4), HaX0aHuM

%7;2 + U3¢¢(T) =F, (6)
e ,
_ 1 _em
an)q)(’!“) = Dy (pSO cr ) . (7)

TakuM 00pa3oM, JBHKCHHE BIONb PAIIYCa MPOHCXOANT TaK 3Ke, KAK OJIHOMCPHOS
B 11051e Usgqy (7).

Ipaduxu U,y (r) juta cmydaes p, < 0 1 p, > 0 n300paxeHsl Ha puc. 94,a
U O COOTBETCTBEHHO.

U,
Usga b

tnaq I
T

a) 6)
Puc. 94

B cny4ga¢ p, < 0 pua moboi snepruu E > 0 apiokeHne HHOMHUTHO. J{s
TOI'O, YTOOBL KAYCCTBCHHO U300PA3HTh TPACKTOPHIO, I0JIC3HO BBIPA3ZUTH U3 (4)

. Py
¥ = - 902 o 6m3 . (8)

CkopocCTb IOBOPOTA PAJINYCA-BEKTOPA YACTHIEI HIMECT BCE BPEMST O/IHO H TO 3KE
HAMpaBIeHUE W BO3PACTACT C MPHUOMMKCHUEM K JUIIONIO.

IlpuMepHBI BH)I TPACKTOpUM MOKa3aH Ha puc. 95 (kpumas 1). Tpackro-
pyst CHMMETPHYHA OTHOCHUTEIIBHO IIPAMOH, COSCAHHSIONMICH [ICHTP MO € TOUKOH

T = min-
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1

Puc. 95 Puc. 96

B cnydae p, > 0 BO3MONKHO paccesHHME 4aCTHL J000H 3Hepruu 7 > 0,
2 4
“Pe

32ne’m

nswkeHne. M3 paBeHcTBa

anpu E < U, = 5 (£ — Ej Ha puc. 94, 6) BO3SMOKHO TaKkxke PUHATHOE

._ P em
7= mr?  merd
em

cnez[yeT,qTogb>OHpH7°>fr1:Cp ne < 0opur <rp.llpur =nr
@

YACTUIA UMECT «TOYKH OCTAHOBKIY 110 (.

Yactuna ¢ sueprueii £ > U,, (F = FE5 Ha puc. 94,6) pacceunaercs,
OpHYeM B ABYX TOYKAX 7 — 7| €¢ CKOPOCTh MapaiyielbHa paanyCy-BeKTOPY
(puc. 95, kpuBas 2).

[Ipu £ < U,, BO3MOXKHO paccesHre 0e3 TOU4eK 0CTAHOBKH 10 ¢ (puc. 95,
KpuBag 3) WK (GUHUTHOE NBIKEHHE B KObLE a < 1 < b (puc. 96). B nocnegneM
CIlydac 4acTHIIA B TCUCHHE MePHOAa COBEpIIacT Kak mpsmoe (yuactok AB), Tak
U «nomsaTHoe» (yuacTok B (') mBMkeHUE 1O Q.

2,32, a) Vi00HO WCTIONE30BATh IWIHHAPUIESCKUE KOOPJMHATHI, 4 BEK-
TOPHbIH MOTEHUMaAN BbIOpaTh B BUne A, = %fn%” , A, = A, = 0. JIsmxke-

HUE B HAMPABICHWH OCH Z PAaBHOMEPHOE, 4 B MIOCKOCTH, MEPHNSHANKYIIPHOM
K ocH z, — ({uHUTHOE. [IpOCKIUs TPaeKTOpHH Ha 3Ty IUIOCKOCTH H300pakeHa
ua puc. 97. Tpaekropuu g, 6, 6 OTBEYAIOT YCJIOBHIO' P, > () M COOTBETCTBEHHO

2 ~
Up < Ei < Us, By =Us, Us < Eryme B = E = 552, Uy = (2 - Q)py,

L Tna onpenenennoctn cunraem 3¢ > 0, Py — 0000mEHHBIH HMIY/IBC, COOTBETCTBYIOMIMI
KOOPAHHATE (0.
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Puc. 97

U; = %, 1 = %, Q = V2 =\ s Py < 0 TpackropHs IPHUBEACHA Ha

puc. 97,2, jua p, = 0 — Ha puc. 97, 0.
3aKOH IBHKCHHUA 4aCTHILI B 3TOH MJIOCKOCTH JCTKO HAMTH, 3Had IBIDKSHHS
CBOOOAHOTO H30TPOIMHOTO ocIuisTopa ¢ mactotor {2 (em. [1], § 23, 3amaua 3)

2 = a? cos® Qt + b% sin’ O, o=t + Arctg(% tg ﬁt) A

31ech MUHUMANBHBIH (D) 1 MAKCUMATBHBIHA (@) paanychl ONPeASNSIOTCS IHEPTH-

~ ¢
el Iv = % (a®+b*) — ppQ n uMmuynscom p, = mQab, a HadANA OTCUETA t U (P

BBIOpaHsl Tak, uto (0) = 0, r(0) = a. MHTEpeCHO, YTO MEpHoa paaHalbHBIX
konedannit I’ = 7/ Q) me saBucur ot E u Dyp. YIOll IOBOPOTA PaanyCa-BEKTOpa
3a atot mepuoa Ayp = m(£1 — Q/ﬁ) A p, 2 0nAp = —Q/ﬁ A p, =0
He 3aBUcHT 0T [,

Kak m3MeHMTCS ABIKEHHE YacTHLRI, eciiu A < 07

HNHTEpecHO COMOCTAaBUTH JIBHJKEHUEC YACTHIIBI B 3TOM 3aja4€ ¢ ABIDKCHHUEM
B CKPCIICHHBIX 3NEKTPHISCKOM H MArHHUTHOM moysax {(cM. [3], § 22).

'Berpn Arctg(g tg ﬁt) HYKHO BBIOMPATEH TaK, YTOOH! YTON ¢ OBLI HENPepLIBHOH (QyHKIHEH {,

2 [lpyroii croco6 pemenus npuBeseH B 3aaade 6.36.
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2.33. VYpaBuenwe TpaeKTOPUHU

- (Ti:z — )dfr
gp_\/;/ VE = Uaga(r) 2

Usar) = &+ (- p—*")g.

2 mr?

eJC

e £ = ,
2mce

KauecrBeHHO xapakrep ABIKCHHA MOXHO HCCICI0BAThH, HCIONB3Ys rpadu-
ki Uspgp(r). TIpu 31oM HyxHO oOpamarb BHUMaHHE Ha TO, 4TO ) MCHACT 3HAK,

P
KOT/Ia 7 TPOXOANT Y€PE3 3HAUCHUE rg = 4/ —?2. B pesynsrare momyuyaem Tpa-
T

EKTOPHH, NIPUBE/IEHHBIC HA pUC. 97, a-0.! PazmuuHble TPAaEKTOPHH HA PHCYHKAX
COOTBETCTBYIOT CJICAVIOMIHM YCIOBHSIM:

a) pp > 0, Unin < E < Uy, rae Uiy — MEEAMaNBHOE 3Ha4eHHE Usgq (1),
Uo = Uspa(r0);

0) p, >0, I = Uy;

B) p, > 0, B > Up;

r) py <05

1) p, = 0. B mocmenHem ciiyuae wacTHa MaJacT B LCHTP HA MEPBOM ke
BHTKE.

PaccmorpuM noapoduee fsa MPene/bbiX CIy4Yas.

VYpasHenue (1) mpejcraBuM B BH/IC

o — ¢ dr — Ot (2)
2m 2 Q pggo mO?r?
T E+pwﬂ+?—2mT2* 5

Takum 00pazoM, MOXKHO CUHTATh, YTO BIMSHHC MACHHTHOTO IMOJISA CBOIWTCH K
3ameHe sHeprim Ha I = I£+p €, noGasnenuu k nomo U = — % nobasku 0U =
o m§2r?

2
¢ yrmoBoif ckopoctbio —(). TIpH pOCTATOUHO MAaNbIX 3HAYCHUAX MArHHTHOTO

(KOTOpAas MPUBOIUT K MPLIECCHU OPOHUTHI) U K 100ABOYHOI MpeHeccHn

IKauecTBeHHEII XapakTep WCCIENOBAHUA C TIOMOIIBIO TPA(GUKOB TO3BONACT BOCIIONL30BATHCS
TeM 3Ke NPHOIMKEHHBIM H300paKeHNeM TpaeKTopHi, Yyto ¥ B 3azave 2.32. Pasymeercs, TOuHBIE
TPASKTOPHUU YaCTHL B OO0EHX 3a]a4ax pasIiyHbL.
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2
. o p
o € none o7 moxker oKazarkest Manoi modaskoil kK Uy — ; L 5 - %. s
mr

3TOTO AOCTATOUHO, UTOOBI BO BCCH OOMACcTH ABHMIKEHUS YACTHILI BBEINOIHSIOCH
YCIIOBHE

SU(r) < |Uo(r)] (3)

CKOpOCTh MpeLeccHH, BEI3BAHHONH d [/, MOXHO OTIPESTHTE KaK

o 08¢ _ 1.0
T T Op,

(T(1)), (4)

rae yepeaHeHue 60U mpou3BOAUTCH MO ABWKEHUIO wacTHUb! B none Uy ¢ sHep-
rueil £’ u MomeHTOM Py, @ T — mepuoj 1010 ABHKEHHA (Cp. ¢ 3anadamu 2.17,
2.18). Boruncnenue! OPUBOAUT K 3HAUCHUIO

! 392])9@
NV = ———0, (5)
2|
npudem 60U JCHCTBUTECILHO MOXKHO CHUTATHL MAJION TTOMPABKOM, ¢CIH KpoMe (3)
BBINOJIHEHO TaKkke yciosue dAp < 27, T.e.

poavm|E| 2 <« 1. (6)

Pazymeercs, 01/ Henp3si cunrarh Majol mompaskoi, ecnu E' > 0, tak Kak B
3TOM ciyuae ypajicHue 6l KaueCTReHHO MEHSCT XapaKTep JBHKCHHA.

Bennunna () MOKET 0Ka3aThCs KaK MaJo# Mo CpaBHEHHIO ¢ (), TaKk U 0ONb-
woii. 3xak ) MPOTUBOMONOXKEH 3HAKY P, T.€. HalpaBIeHHE 3TOH CKOPOCTH
IPOTHBOMONKHO HAMPABICHUIO ABIKCHHS 4ACTHLLI o opbure. Hampasnenune
Ke CKOpocTH ) onpeaeiisgeTCss MArHUTHBIM TI0JICM.

Hrak, TpaekTopus npeacTtapiseT coOOil UIIHIC, IIPeeCCHPYIOHI ¢ YITIO-
BOU CKOPOCTBHIO

Qup = —Q+ (7)

TOYHCE TOBOPS, MMOCKONBKY MOkeT oKa3zarecs )1’ 2 1, B cucreMe orcuera, Bpa-
IIAFOLIISHCS C YITIOBOI CKOPOCTHIO {2,, TPACKTOPHA TIPEACTABIACT COOOI Hemo-
JNBHKHBIN 2JIIHIIC.

HNHTEepecHO COMOCTABUTH MONYUCHHBIE PE3yIbTaThl ¢ TeopeMoil Jlapmopa
(em. [3], §45, cM. Takoke 3amauy 9.23).

U Tna seramcyenwa (SU) yno6Ho HCnomb30BaTh HepeMernbie, IPUMeHeHHbe B 3anavax 2.18, 2.19.
Tax xax nepuox B none L/ He 3aBUCHT OT P, B (4) MOKHO BBIHECTH T W3-IIOJ 3HAKA IPOU3BOIHOM.
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Bosmoxken mu cioydail, korga 0 MOXXKHO CUMTATh MAJOd MOMPABKOM, €CITH
OHEPTUS YACTHUIIH /¥ TIOOKNUTETHEHA?

Jamee paccMOTpHUM CIIyuail, KoTaa MaJIoH MOMPABKONH MOKHO CUMTATh [IOJIE
U = —a/r. JIsikerne 6e3 yuera U mpoHCcxouT MO okpyxuoctH. Ec pajm-
yC @ H PaccTOsHHE b OT €¢ MEHTpa 10 IEHTpa MOM MOXKHO BBIPA3UTE WEpe3
MaKCUMaJIbHOC U MUHUMAJILHOC PACCTOSHUA YACTULIBL OT LUCHTPA LOJI

> _ E+p@Qi\/(E+2p¢Q)E

71,2
[ mQQ

(8)

Bo3Moskibl 182 BapuaHTa PACTIONOKEHHS OKPYKHOCTH, W300paKeHHBIE Ha
puc. 98. Ecmu p,f) < 0, To ocymecTsmiercs ciydail a), eciau p,£2 > 0, T0
OCYILECTBALCTCS Cy4aii ). B 06oux ciyuasx

- 2 bl a = 9" ( )
2mS 2mS

Yuer nons U OpHBOAHT K CHCTEMATHYECKOMY CMEMICHHIO 3TOH OKpPYyXK-
HOCTH (HA3BIBACMOMY JApCH(OM), MpUYCEM €€ PaauyC U PACCTOSHHE OT ICHTPA
0T, ONPE/CIIACMble NOCTOSHHBIMH ¢ U b, HE H3MEHAIOTCA, T. €. LICHTP €€ me-
peMeIaeTcs Mo OKPYKHOCTH pajryca h. YIioass CKOpOCTh CMEIISHUS LEHTPA
OKpPY’KHOCTH
0
v =5, U):

Py
e yepenHenre U MpOH3BOAMTCA MO PABHOMEPHOMY JIBHJKEHHIO MO OKPYIKHO-

cti. OrpaHuanMcs ciaydaeM, Korna a << b. B 31OM cilywae MOXKHO CUHTATh
IPOCTO

) =2, (10)

TaK 910 7 = ———. 3AMCTHM, YTO B OTOM CIIydac JIMHCHHAA CKOPOCTD Apeiida

2mS2b
pasHa c&/H, toe e§ — «/b? — cuna, peicTryiomas Ha YACTHIy HA PaccTos-
Huu b (cp. [3], § 22).

2.34. 3anaua 0 NBHKCHUH JBYX OJMHAKOBBIX 3aPsKEHHBIX 4aCTHL B OJ1-
HOPOIHOM MarHUTHOM IIOJIC CBOJUTCS K 3a7a4aM O JIBHOKSHUU HCHTPA Mace | 00
OTHOCUTEIILHOM ABHXKESHHH {(CM. 3aaauy 2.26).
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KoopauHnate nieHTpa Macc

X = Rcosuwt, b A a A a
. (1) \(¥°? b
Y = —Rsinuwt, O
O,
e w = e /me. a) 6)
OTHOCHTENEHOE MBHKCHUE COBIANACT C IBH-
JKCHHCM YACTHILBI ¢ MACCOM m /2 u 3apsaaom e/2 B Puc. 98

mone U = € /r 1 B 0JHOPOJTHOM MATHHTHOM TIoJNie . ITO BUKEHHE TIOI0OHO
PACCMOTPSHHOMY B HPSABIAYILICH 3a/iade, TOJNLKO B Qopmynax cleayer 3ame-
HHTb T HA /2, € HA €/2 1 o Ha —e”. OrpaHnIuMcst CIlyqdeM, Koraa Paauyc
OpOUTHEL @ MaJl MO CPABHCHUIO ¢ PACCTOSHHEM JI0 IICHTpA mojis (CM. puc. 98, 6).

YacTtoTy paguanbHbIX KoJeOaHUi ¢ OONbIICH, ueM B mpeablaymel 3agaue, Tod-

2

m 22 1
16" T 2P

B psixg BOmE3H r = b (em. [1], § 21). U3 ycnosus 3cbcb(b) — O HAXOIUM

HOCTBIO JIETKO Ompenenuth, pasnaras U,y (r) =

2
pw—\/ w?b* — megb”me(g—v) y= 20 (2)
mwb
2050 (D) o
Orcrona it wy = \| — 57— TIONy4aeM OKOHUATEBHO Wy = W — 5, & PACCTO-
STHHE MEXKIY 4acTHIAMU
r = b+ acos(w,t + a). (3)

JIns HaxoKIeHUs. (f) BOCHONB3yeMcs COXpaHEHHeM O0OOIISHHOTO HMITY/IbCa
Po — m r? (c,o + ) C yuerom (2), (3) momyqzaem

o(t) = —~t — % sin{w,t + a) + ¢o. (1)

Bocnonp3opaBmnch (3) u (4), MOXKHO TIPE/ICTABUTL KOOPAHUHATHI OTHOCH-
TCIBHOTO NABHKCHUA B BHJIC

’

x = rcose = bceos(vt — o) +acos(u)t+ — +B)

t
y—rsingp—bsin(7t¢0)a51n(wt+%+ﬁ)’ o

\B:a—(po.
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3nech IepBEIe cllaraéMble OTBEUAIOT ABIDKEHHIO LEHTPa OKPYKHOCTH C Jipeii-
(oBOli CKOPOCTHIO by, a BTOPHIE — ABMKEHHIO TI0 3TOH OKPY)XKHOCTH C YIJIOBOH

CKOPOCTBIO W + %

aaaaaa

. ——

Puc. 99 Puc. 100

KoopanHatel wactHn x1, 2 = X = %, y1,2 = Y £ g yAOOHO MPeaCTaABHUTD

B BHAE b
212 =+3 cos(yt — o) + p1,2 cos(wt + 1, 2),

(6)

Y1,2 = HF% sin(yt — @o) — p1, 2 sin(wt + 4y, 2),

e 5 "
p1,2 = \/R2 + % iaRcos(% +B),
iasin(%t —|—6)
tg 1,2 = " :
QRiacos(% +6)

Hrak, meHTpsl OKPYKHOCTCH, 110 KOTOPBIM JBHXKYTCS YacTHIbI, Bpamia-
IOTCSI BOKPYT HadaJia KOOPAHWHAT C VIVIOBOH CKOPOCTHIO v (ApeldyioT co cKo-
pocteio by/2), a pajilychl 3THX OKPYKHOCTCH IYIBCHPYIOT C 4acTOTOH /2
(puc. 99).

MexaHu3M «NepeKauKn» 3HEPTHH MPOITIE BCErO MOHATH B JIPYTOM MPE/Ieb-
HOM Cclydae: a 3 b (pacCTosHuE MEXKTy IEHTPpaMu OPOHUT YaCTHI[ MA0 MO
cpaBHeHHIO ¢ pagumycamu opout (puc. 100)). OueBuaHo, pabora, cCoBepmacMas
CHUJIAMH B3aHMOJCHCTBHS, HAJ BTOPOH TACTHIICH NOJIOKUTEIIBHA, a Hajl ePBOH —
OTpPHILIATENIEHA B TCUCHNE MHOTHX MEPHOIOB.

2.35. VYOeauthes B HOCTOSIHCTBE JIAHHOM BETMYMHBL HCCIIOKHO, HCIOJB3YS
ypaBHeHud aevokeHus (cp. [1], § 15), npuueM yaoO6HO OpeACTaBIAThL €€ B BUIL

AF+ % [Fr]?, roe A = [vM]— S TIpn Masbix 3HaueHUAX F' TpacKropmst 6mska
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K 9JUIHICY, OOJIbLIAS MOIYyOCh KOTOPOrO HAIPABJIEHA [0 BEKTOPY A, a DKCIIEH-
TprcHTET ¢ = |A|/cv. B atom ciyaae AF = const, wm e cosy = const, me
1 — yronmexay AuF,

2.36. llossiienue Masioil 100aBKH K MOTCHUMAIBLHOMA dHepruu U (r) mpH-
BOJUT K H3MCHCHUIO BCJIMYUH, XapaKICPU3YIOLHMX JBIKCHUE YaCcTULLL (MOMEHT,
TOJIOKEHHE TIepUTenHsa H T.71.), IpuYeM 3a HeOONbIIOH MNPOMEXKYTOK BpEeMEHH
(HECKONBKO MEPHOIOB HEBO3MYIICHHOTO ABMKCHHS) OHHM TAKKE H3MCHSIIOTCS Ma-
0. OnHAKO 3a ANIUTEIbHOE BPEMsl H3MEHCHUA HAKAIUIMBAIOTCA, TAK 4TO0 HEKOTO-
pbI€ BeIIMUHHBI MOTYT H3MEHHTHCA BO MHOTO pa3.

B uacTHOCTH, OpOMTA B TEUEHHE MaJIOTO HpOMe}KYTKa BPEMEHH 0CTaeTcs
3ITATICOM. BoIbIlIast MOTyoCh 3TOTO NIIHICA ¢ — OTpenessieTcs IHePTrHei

M2
mexa

2|E |
M HC U3MEHSACTCS 33 JIUTENbHOC BpeMA. DKCUEHTPHUCHTET Ke € — \/ 1 —
W OpUCHTAMS MOABSPKECHBI HAKAIUTHBAIOIINMCS H3MCHCHHSIM.

a) U3MeHeHne MOMEHTA OTIPEJICIACTCS VPaBHe-
HUeM

M = [rF]. (1)
VYepenuuM 310 ypaBHCHHE IO TSPUOIY
(M) = [{r)F]. (2)
e
T

(r) = % / r(t) dt. (3)

0

Puc. 101

JI71s1 YCPCAHCHHA HCTIOTB3YCM CHCTEMY KOOPIUHAT ¢ 0chio Oz, Hapaﬂﬂeﬂbﬂoﬂ M,
u ochio Oz, napamnensHoit A (puc. 101). (3necy A = [vM] — == — nononHu-
TeNBHLIH HHTErpal B 3amade Kemmepa; HAMOMHHM, 4T0 BEKTOP A HAMpaBlIcH OT
[ICHTPA MOJIA K Mepurenumo, a |A| = ae.) OueBnjHo, ut0 —(r) mapamnencH Oz,

Ioncrasnsas x = a(cosé —e), t = %(g — esiné), momydaem

27
(x) :%/(COS&—G)(l—COSf)d&Z—%. (1)
0
Taxkum obpazomMm,
(r) = -39 _3ap (5)

A 2«
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6) Ecmu cunma F nepnenauxyaapaa k M, 1o U3 cooOpakeHHi cuMMeTpUur
SICHO, 9TO OpOUTa — MIOCKAs KpHUBasi, a BeKTop VI coxpaHsaeT CROS HAMPARICHUE
(c TounocTO A0 3Haka). Iepenumem (2), (5), onyckas 3HaK YCPSIHCHUA, B BH/IC

M= 3—;61? sin ),

rae ¢ — yron mexay A u F. Yunreisas, yro
e cosY = £ = const

(cM. 3axaqy 2.35), ¥ uckmrodas u3 (6) e u 1, HAXO UM

. 72

9 maao”

HNurerpupys ypaBHeHHe (8), TomyIaeM
M = My cos(2 + 3),

e

=3/ a My = /maa(l —¢

5 V mao’

d TAKXKe

e =1+/1— (1 —¢2)cos2(Qt + 3).

(6)

Hrak, TpaekTopus npeactapaset coOOOM 3IHNC, Mo-
Ka9MBAIOLIMNCS OKOJIO HampaBiaeHHs F u MeHsronuii
B TAKT MOKaYMBAHWAM 3KkcueHTpucurer (puc. 102). Ha-
[PABJICHAC NBWKCHUS YACTUIIBL 110 MUIUIICY TAKKES U3-
MeHseTcs (BMecTe co 3HakoM M ). Tlepmoa koscOanus

A=

CTHIBI TIO 3IuTHICY 1.

smmatica 27 /§2 ropazao 6omblle meproaa 0OpamneHus 4a-

B) B 00mewm ciydae paccMaTpruBaeM TAKKE H3MEHE-
Hue Bekropa A. Mcronms3ys ypaBHEHHS JBUKEHU, JIETKO

[IOJIYYHTh

Puc. 102 A= %[FM] + [v[rF]].

(10)
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Jlma yepennenusa (10) ucnonb3yeM paBeHCTBa

>:0’ (11)

TMonyuaem

(A) = - [FM. (12)

Hrak, ana M u A, ycpeaHEHHBIX MO MEpPHOAY (3HAK YCPETHEHHS OIMyCKacM),
HMEEM CHCTEMY YPaBHEHHH

A=3FM
M = iﬁ;M} 1
2o
KoMmmoHeHTsl 3THX BeKTOpOB, napajutensisie F, coxpamsiorcs:
MF — const, AF = const (14)

— pe3yNbrar, KOTOPHIH JETKO MONYYHTh U U3 APYTHX coobpaxcHui. g more-
PCYHONH KOMITOHCHTHI M

F(MF)
F2

M, =M — (15)

u3 (13) nonywaem ypaBHECHHE
M, +OQ°M, =0. (16)

Ero pemcnme 3ammmiem, BBeast cucrtemy koopauHatr QX X0 X3 ¢ oceio X3,
napaurenpHoi F:

(17)

M1 = Bq cos €t + Cq sin §,
My = By cosQt + (5 sin 2.
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Teneps u3 (13) Haxonum

__3F : _
A = 50 (B sin QU — C's cos (),

.- (18)
Ay = Qm—Q(Bl sin Qt — C'y cos ().

IlocrosaHbie B 2, C 2 onpenemnsitorcs, Kak U CIeI0Bal0 0KH/ATh, Ha4aIbHbI-
MH 3HaYCHUSIMH BekTopoB M u A.

Kownerr Bekropa M onHCHBACT 3JUTHIIC C IEHTPOM
Ha ocu X3 B miockoeru g, mapamensHon OXqXo
(puc. 103). Koner BekTopa A TakKe OTHCHIBACT IJI-
JUIC € UCHTPOM Ha OCH X3 B IUIOCKOCTH O, IIa-
paNIIeNbHON (4, MOJAOOHBINH TIEPBOMY U MOBEPHYTHIH
Ha /2. Tlpu 3toMm A Bce BpeMsl MepHICHANKY/ISPCH
K M. 1ImocKoCTh TPaCKTOpHH MepIeHANKY sIpHA K M,
BEKTOp A ompee/iseT HANpaBJICHUC HA MEPUTCITHiA
OpOUTHI.

VTak, NIOCKOCTH TPACKTOPHH MOBOPAIHUBACTCS
(«opemeccupyer») Bokpyr F. Vron, cocrarmsemsbrii
INIOCKOCTLIO opOuThl o ¢ F, konebnercs npu stoM

Puc. 103 OKOJIO HEKOTOpOTro cpemHero 3HaueHus. KomeOmorces

OKOJIO CpemHeTO 3HAYCHHS 3KCICHTPHCHUTET W YTOI

MexAy npocknuel F Ha MIOCKOCTH p W HAmpaBICHHEM Ha Nepurenwii. Bee
3TH ABHXCHHA MPOUCXOIAT C 4acTOTOH (2.

Hamomuum, uro Mbl mpeneOperaiu nompaskaMu nepsoro nopsyka mno F, ec-
M OHU HE MPHUBOIIUIH K HakammuBarommMcs > dexram. PemeHre cropaseiiiBo
JUIA OTPe3Ka BPEMEHH MOPSI/IKA HECKOJIBKUX MEPHOJIOB MPELECCHH OPOMTHL.

He mpuBener mu yuer clieayromux MIpUOTHKEHHE K Kau€CTBCHHOMY H3ME-
HCHUIO XapaKTepa ABWKCHUS (HAMPUMED, K VX0 YACTHITBI HA OCCKOHCYHOCTH)?
TouHoe pelueHUE 3a1a9K O JBHKCHUH 9aCcTHLRL B one U — —% — Fr, Bo3zMoxk-
HO€ B MApadOMUICCKUX KOOpaHHATaxX (cM. 3agady 12.12 6), moka3pIBacT, 9TO NpH
3amanHoM £/ < 0 1 gocrarouno Manelx F mogoOHBIX 3@ @eKkTOB HE BO3HHKAET.

IToauepkHEeM, 4TO MOSABICHUC HAKAILIMBAOMIMXCS U3MCHECHHNH OPOUTHL MO/
JIEACTBHEM CKOJb YTOIHO MAJIOTO BO3MYVIIICHHS CBA3aHO ¢ BBIPOKICHHUEM HCBO3-
MYIIEHHOTO JBHKCHUA.

B [5], § 7.3 MOXHO HAHTH pELUICHHUE 3TOU 3a1a9U C HCTIONB30BAHHEM KAHO-
HHUYECKOH TEOPHH BO3MYILIEHHH,



2.37] § 2. Jeudicenue wacmuiy 6 HOasx 119

2.37. Cornacno Teopeme Jlapmopa (cM. [2], § 45) opOuta 9acTUITH B OJI-
HOPOTHOM MarHUTHOM MoJyie J€ BPamaeTcs BOKPYT TICHTPA KYJIOHOBCKOTO TIOIS

.. 7
C YIJIOBOM CKOPOCTHIO 2 = — %, T7e ¢ — 3apsaa yacTHibl. 11pu 5 ToM BeKTOPE

M u A M3MEHSIIOTCS CO CKOPOCTIMU
M, = [OM], A, =[QA] (1)

YcpeaHCHHBIE 33 OEPUOJ CKOPOCTH M3MeHeHUs BektopoB M u A nox Bnu-
SHEEM TOCTOsTHHON cunel ' = ¢& ompegencHsl B mpeapiaymieil zagade (M.

dopmymy (13)): O 3
2 =5 [FA], Az = 5-[FM]. (2)
VepeaHeHnie CKOPOCTH H3MeHeH s BekTopoB M u A o BisiHmeM 000uX

TOJIEN PABHBI . . . ) ) )
P M=M;+M,, A=A +A, (3)

a) HampaBum oChb 2 O 3MEKTPHYCCKOMY, a OCh Y [0 MATHUTHOMY MOJIO.
Toraa ypaBHeHuUA (3) NPUHUMAIOT BU/L

Ay =04y, A, -4, 3Ly ar=30C4,

PenicHuE 3TOH CHCTEMBL:

A, = QBCOS(wt+ﬁ) + C,

¢ =
Ay, = Bsin(wt + ),

_ el p 2mA)
M = QQwBSIH(Wt+B) + 535 C,

e w — \/ 22 + 9aF? /4ma, a mocrosiaabie B, 3, C' onpeaensoTcs Ha4a bHbI-
MH 3HadyeHuIMHu A 1 M.

Puc. 104
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Hrak, xoHe1l BekTopa A NBIDKETCS MO JUTHIICY C OCAMM, HapalIeIbHBIMU
ocsaM z U i (puc. 104) 1 neHTpoM Ha ocu x. OpOUTA IPU 3TOM MOKAYUBAETCS
(wr Bpamaerca upu 8 > w(), opHYeM ICPUOAMYCCKU H3MCHACTCS DKCIICH-
tpucuret. Ilpu 9al*B > 4maQuwC snnunTuyeckas opOUTa MepUOAHTECKH
BBHITATHBAETCSA B OTPE30K.

0) O6o3HaumB 2y = %, / %, N=A mTa, sammmem (3) B Brge M =

= [QM]+[Q2pN]|, N = [QN]+ Q2pM]. Cxaagsisas # BBIYHTAS 3TH YPABHCHUS,
HAXOIHM :
8 J1,2 = |wi1,2d1,2],

e 1
Ji2= 5

Taxum 06paszoM, BeKTOPLI J 1 2 Bpanaiorcd ¢ NOCTOSHHBIMY YITIOBBIMH CKO-
POCTAMH W1, 2:

(MiN), ng:Q:I:QF.

Jl, g(t) = Jl, 2(0) Ccos w1, ot+

Ji.2(0)wi, 2

2
Wi 2

W
{ L2 (1 — coswy_2t),

e Ji, 2(0)} sinwy, of + w12

u BekTopel M = J; + Jo, A =
4epe3 CBOU HAYaJILHBIC 3HAYCHHSI.

Mze1 He OyaeM moapoOHO aHATH3HPOBATH 3TOT OTBET. 3AMSTHM TOJIBKO, UTO
W1 = w2, €CITH INCKTPHUICCKOE U MATHHTHOE TMOJI B3aNMHO NEPICHINKYISPHBIL.

——(J1 — J2) HOTHOCTBIO OMpPEENAKTCS

2.38a. Ilycte wacTHma ABUKETCS B IUIOCKOCTH X2. YPAaBHCHUA JUIA BEK-
topa A (cMm. dopmyny (10) u3z 3agaau 2.36) MOKHO OPHBECTH K BUAY

i . .oy 08 )
Ay = =28(bx2i — 2027) = ——2M — Qﬁ%mz :

2 ) 2
Ay =281dxz — Z07) = —xM + QBdt:r;z ,

e M =m(z& — xZ) — MeyIeHHO MEHIOmAscs QyHKIHI BPEMCHH.
Ilocne ycpemHeHus 3THX YPABHEHUU MOIyYaeM

Ay — 68M () = 9£—aAzM,

X

A, —4A8M(z) = —6@A$M,
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T7e a — OoNbIag noJiyoch ymmmnca. Orcrona

A,  3A,
- - 3
A, 24,
T. €., B OTJIHYHE OT 3aaa4u 2.36 0, koHel BekTopa A KoneOneTcs He BAOIb MPsIMOH,
a BAOJIb TUIEPOOIIBI

A2 = %Ag + const.

3aBHCHMOCTEL A OT BPCMCHH MOXKHO HAHTH W3 YpaBHCHHA

t— — mo / dA:c
9a | MA,’
B KoTOpoM M u A, MODKHBL OBITH BEIPAXKEHBI KAK QYHKIMH A, .

Hanpumep, s ciaydas, Korga B HaqadpHBH MmoMeHT A, (0) = 0, A,(0) =
— aeg (e — HAYAJIHLHOE 3HAYCHHE IKCICHTPUCUTETA), HMEEM

A, =—a %(332 —e3), M = \/gmoﬁa(c? — z?),
A, 3+ 2e2
£T = o Cc= T

C TedyeHueMm BpeMeHH OpOMTa MeJIEHHO MOBOPAYHBAETCA B IUIOCKOCTH X2 H
TIPEBPAIAETCs B OTPE30K, COCTABIAIOIIHH C OCBIO & YTOJI

9 3—363
= —arctgy/ Sk, k=, —,
v “V3 \ 3+ 2€3

p— L mo:/ dx .
30V 100" ) /im =)@ — a2)

Bxomsmuii croga FHTErpail NpUBOAATCS K MMOTHOMY JJUIHIITHISCKOMY HHTETPAy
HEpBOIO poaa (cM. npumedanue k 3azade 1.7 u [10] ctp. 96-97)

To
— K(k),
67/ 10cHa’® (#)

rae 1" — meproa HEBO3MYIIIEHHOTO JBHKEHHSI.

3a BpCcMi

t
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2.380. byaem mnonnp30BaThcAd TEOIEHTPHUECKOM CHCTeMOIl KOOpIMHAT.
ITpumem npsamyoo 3emns— CoJHIE 34 OCh 2, OCh X — JIeXKalled B IIOCKOCTH
opoutsl 3emym. CucreMa KOOPAUHAT BPaIaeTcsi BOKPYL OCH Y C YIJIOBOH CKO-
pocthio ). B »toii cucteme otcueta o He 3aBHCHT SBHO OT BPEMCHH, TaK HTO
WHTETPaJIOM JBIKCHUS SBIIASTCS dHEPTUs

E= %vg — %—I—éU— %927‘2,

e o« = ymim, <y — TPaBUTAIHOHHAS [TOCTOSHHAA, M1 — Macca 3emun. Cuna
sp— _ 00U

or
annmunTuaeckoil opoutsl JlyHsl. Bomelnas monyock smmunca ¢ = «/2|E| mpu

3TOM MOYTH HE U3MEHSETCA.

CxopoCTb H3MCHCHHSI BEKTOpa A CKIIAJbIBACTCA M3 JIBYX CllaracMbix Aq
u Ao, otBeuaromux 0F u F, (cp. ¢ 3anaueii 2.37). Cnaraemoe A, HalijieHO B
TIYHKTE a):

v cuna uaepuaa Fy, = mQ%r 4+ 2m[vQl] npHBOaAT K MCKAXKEHHTO

Aay = J0CAs,  Aa = 30CA,,

e ¢ = MQ2a/ . Tlockonbky 3kcneHTpuCHTET op6uth JIynst Mar e = 0,055,

TO
Q 295 1
M ~maiw, o= mwa® R — R o
’ R 365 127
I7Ie W — YIJIOBasi CKOPOCTh obpamnents JIyHbl BOKpyT 3eMiTH B NPUHATOH (Bpa-
[IAFOIIEHCS ) CHCTEME KOOPAUHAT.
Cuyta HHEPIUH IPUBOJUT K IIOBOPOTY BeKTOpa A ¢ yIIioBOi CKOPOCThIO —£2
(Tax kaxk B oTcyTcTBUE 0/ opOuTa OblIa OB HEMOJBHXKHON B CHCTEME OTCUeTd

Ozoyzn, OCH KOTOPOil COXPaHSAIOT NOCTOSIHHBIC HATIPABICHHS ).

A = —QA.., A, =0A,.

Takum 06pazom!

Ay =01 50) 4., A= Q1+ 304, (1)

"3amerim, uTo cormacho (1)

AA = ApAp + A, A, = —TBQCALA,.
Henonssys cootHomenns A = ae, e2 = 1 — M2 /mac, momem ouernts ¢ — Q2aM /o ~

~ 7,5e2¢Q < Q. Benuuuny ¢ B (1) MOKHO CHHTATh TOCTOSHHOH.
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WNurerpuposanue (1) maer

A, =Bcos(QUVt+¢), A.=DB (1 + % ) sin(Y't + ¢), (2)

e ' = Q1 %C), B u ¢ — noctosHubIe. B cucteMe Oxyz BekTop A Bpama-

eTCs1 BOKPYT OCH 4 ¢O cpeaHeil yriosoii ckopoctsio — Q. B cucteme Oxo1y2o oH
BPALLAETCS C YITIOBOH CKOPOCTHIO
Q= Q2 — Q' = 3¢0
MauneM, cornacuo (2), H3MEHEHHsIM |A| OTBeYaloT MaJible MYJIbCAIIHH JKC-
IICHTPUCUTETA OPOUTEI.

2.39. ®ynHknua Jlarparika CUCTEMBI (g — 3apsiA YACTHITHI)

_om? |« g [mr]
L_T+F+Er—3v

JTUTITE 0O03HAYEHUAMM OTITHYAETCS OT pacCMOTpeHHOMH B [2] (3amaua 2 x § 105).
VYpaBsueHUs ABUKCHUS

q

M — M
mer? (M,
. 3g(Mm
A= _[Am + Q(O—5)[Mr]
mor m-cr

PH YCPEAHCHUU 1O NIEPHOAY /' HEBO3MYIICHHOTO JABUKEHHS JTAI0T ypaBHCHUS,
ONHCHIBAIOIIHNE CHCTEMATHYECKOE M3MEeHEHHE BeKTOpoB M 1 A

: / / qm
<M> = [Q M]v Q = _cma3(l B 62)3/2’ (1)
Ay=oa], o-go Mm@ @)

M?

e ¢ U e — OOJbIas MOJIyOoCh U IKCICHTPHCHTET HEBO3MYIICHHONW OPOUTHI.
VpasueHue (1) MOKXHO mepenucarh TaK)Ke B BHUIE

(M) = |2M], (3)

Tak kak BekTop €2 — Q' mapamrenen M.
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N3 (2) u (3) BHAHO, 4TO J/IMIIC, MO KOTOPOMY JBIDKETCA 4dacTHIA, Ipe-
TMECCUPYET «KAK TIETI0e» ¢ YINOoBOi wacTotoii 2. JIpyras HHTEpIpeTaItus MOKeT
ObITh JlaHa Ha OCHOBE ypasHeHul (1) 1 (2): B cucreMe KOOPAUHAT, BpallaroIehcs
¢ yactoToit €', BekTop M, a ¢ HAM ¥ MIIOCKOCTh JBMKCHHS YACTHITBI, HCTTO/(BH-
’KEeH, BEKTOp ke A, a C HUM W TIepureNvii OpOUTHI, Bpamaercs ¢ MOCTOSHHOH
uactotoit {2 — €2’ Bokpyr HampasaeHus M.

VKaxkeM ele, uTo ycpeHeHHe BeIHdYHH 1/7° H r/r° ynoOHO mpoBOgMTS,
nepeias OT MEPeMEHHOMN ¢ K YOIy -

T 2w 2m
L> 1 dt — m do m R  27mm
<T3 - T/r?’(t) - TM/T(@) ~Tarp | LT ecoselde = ap
0 0 0
H
r
LN BA,
() =7
T 2w

1 Ar m COS @ 2mme
- _dt p— d - .
v AQTO/ R

2.40. [Ilpu ycpeaucHuu ypasHeHui (cM. dopmyiy (10) zaaaun 2.36)
i 1
yuteM, uto (F') = 0 1 4To, COTNIaCHO ypaBHEHHSAM HEBO3MYIICHHOTO TBIDKCHUS,

av | Sor(rv)

?,.3 7,5

. d -_d( r)_
mv=—mv=-—|-oa=]=—

Cdt dt 3

OTO maeT (CM. MPeapLAyLUYIO 3a1a4y)

(A) :_O‘_'6<[VM]> _ 05_5<A+ ar> :_2m 3raf3

m2\ 3 m2\p3 |l 2a3(1—e2)3/2

OTcroa BUAHO, 9TO CKOPOCTh H3MEHEHHs BeKTopa A HampasiicHa B CTOPO-
HY, TIPOTHROMOJIOKHYIO caMoMy BekTopy A. Kak H3BeCTHO, BeKTOp A HampaBieH
K OEPUTeuio opOHTHl M 1o BenuuuHe pasen A = ae. Taxum obpaszom, moda-
BOYHAs CHJIA HE BBI3BIBACT IIPEIECCHIO OPOHTHI, a MPHBOJANT K YMCHBIICHHIO
IKCLCHTPUCHTETA.

MoxHO Takke mokazarh (cMm. [2], § 75, 3agada 1), 970 BCAEACTBHE MOTEPH
SHEpPrUH W MOMCHTA YACTHIIA 33 KOHCUHOC BPEMsi yIafeT Ha LCHTD.
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§ 3. Ceuenue paccessHUs B 3aTaHHOM moJie. CTOJIKHOBEeHME
YaCTHIL

3.1. a) Kax nerxo Bujers Ha pHc. 105, yron or-
KJIOHEHHs 9acTHOBI () paBeH yjABOECHHOMY YyINIy HAKIIO-
HA KacaTcNbHOH K TIOBCPXHOCTH B TOUKE CTOJIKHOBCHHS.
Iloatomy

0 do b ooz
tg2f 77 — g Cos -
Otcrona ¢
o¢ = bt —a? thg Puc. 105
5§

0 do  _ _a’do
2 cos?(0/2) 10
2

do = n|dp®| = ma® tg
4 cos

Bo3MO:KHO OTKITOHEHHE YWACTHIH HA YIJIBI OT HyAeBOTO (TIpu p — b) 10 0, =

— 2 arctgg (ipu p — 0).

Hrtak,
2
—ado mpu 0 < 8 < 8,,,
do — 4 0034 =z
2
0 mpu Oy, < 6.
0) do = A2/(1—n) (n ctg g) (1+n)/(1-n) "

(1 — n) sin 0 cos® g

IIpu n — 1 npusBeacHHOE CEUCHUE PABHO

do { 0 npu @ > 0y = 2 arctg A,

do | oo mpm 6 < by.

DTOT pe’ynsraT omudoucH. [Touemy?

B) 2
Q(m/tgﬂ_ )L HpHO<9<9m2arctg(é> ;
4 2 20 . ¢
do — sin §Smt9

0 npu 6,, < 0.
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3.2. llapaGomoun BpameHua p? = %z.

COmwKaroTcs I TPACKTOPHH YaCTHI, PACCCIHHBIX B 110JIC H Ha mapadoJio-
uje Ipu r — 00?7

33. Ilpu E >V

¢ 6
e (n oS 5 — ) (n — COS 5) o2

-— t | do mpu( <0 <0y,
0 2 7 4
4cos2 (1—|—n —2ncos§)

. 0 mpu 6, =2arccosn <8 <,

s

do = <

e
n=+1-V/E.

UeM BBI3BAHO OTJIMUHE ITOTO CCUCHUA OT CCUCHHS PACCEAHHMS HA MOTCHITH-
ampHOU Aame (cm. [1], § 19, 3anaua 2)?

( 2 2
34. a (ﬁ - a_) a”
) ™\ 12 mpu F > ek
o= )
0 mpu B < &,
\ 43
Kak H3MEHHUTCS ceUcHHE TIPH M3MCHEHHH 3HaKa «x?
6)
U ( 2
st /v é) 5
7 (2 T F opu E > e
0= 4 .
E 0 npn F < —.
\ P Ay

l///;\;\— r 3.5. a) PaccMoTpHM JIBIDKCHHE ITydKa wa-
0 min

ctun B one U(r) = —%. Tpaduxu Usyy(r) =
r
Ep?
193 = ‘Z — & 3HayeHMAX MPHUIETHLHOTO MapaMeT-

e r
pa p npuBeieHBl Ha puc. 106.

IMpu Gosbiux 3nageHusix o (kpusas 1) ua-
CTHIIA pacCeMBAeTCs, MPHOMIKAsICh K LEHTPY TOMS HAa PAcCTOSHHC Tpmin(p),
onpenensieMoe ycnoBueM U,pg("min) = E. [IpH yMeHbIICHHH p yMEHbBIIACT-
€A M Tin BIUIOTH JI0 3HAUCHHUSA 1o, JOCTHTAEMOTO MPH p = oo (kpusas 2). [lpu
eI1¢ MCHBIINX p 4acTHIA TAaxacT B LCHTP (KpHBas 3).

Puc. 106
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Bemuaunsl rg B pg OMpenesaoTca YCIOBUAMU

Uspg(ro) = E, ;(pq)("“()) =0
W PABHBI

o — (n - 2)1/71(%) 1/”’ Po = \/ nT_L 2 [(n Q_EQ)Q}UH.

Ecmu R > rp, TO Ha LNApUK Majai0T YACTHIBI C rmin < [1, H CEUEHHUE

TIaIeHs
2 9 o
o =7p (rmm = R) =7R (1+ 2).
ER
Eciu R < rg, TO Ha IIapHK ITaJaK0T YaCTHLILI, KOTOPLIE YITAIH Obl B LIEHTP,
W CeUeHUE Ia IcHUs

— [(n — 2)0:} 2/?1-

":"Tpgznfz oF

0) o = 7('(2\/5 — %), ec 2+/vE > 3, ER* < ~.

Ecnu ske x0T Obl OAHO H3 3THX HCPAaBCHCTB HC BbLINOJIHACTCA, TO

=R (1+ — - b ).
o= ER' ER?

R*(1+ Ndo

3.6. a)do = >
4(1 1 Asin? g)

Iac

\_ ABE(RE + a)

(1’2

Kak 0OBSICHHTB pe3ynbrar, noidydaembli npu v + 2RE = (07

6) B mrocKOCTH TPAeKTOPUM YACTHIIHI BBEJCM JICKAPTOBBI KOOPIHHATHI
C OCBIO I, HAlIPaBJICHHOH BJIOJIb OCH IIyUKa, U OCBIO y — BJOJIb IIPHUIEIHEHOTO
napameTpa. JIBIKeHHe 9acTHIB! B 00macT v < R ecTh rapMoHn4eckoe koeda-
HUEC [0 KKIOH M3 KOOPIMHAT, MPHUYEM B HAYAILHBIH MOMEHT DTOTO KOJIcOaHU

(mput=0)yo=p, Yo =0, g = —+/R? — p?, o = v, TAK 4TO
x=—R? pcoswt+ Ssinwt, y=pcoswt. (1)
MOMEHT BLIXOJd YACTHIBI U3 OOIACTH JCHCTBHS CHJI OIPEACISACTCS yCIOBHEM

392 + y2 — RQ? (2)
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a YyroJ § MexIy CKOPOCTBLIO YaCTHIIBI B DTOT MOMEHT H OCBIC T — YCJIOBHEM

sinf) = = = —— sinwt. (3)

i _p
v (X

IMoxgcrasur (1) u (3) B (2), momyTaeM ypaBHEHHE

pt — pPPR3*(1 + \sin®8) + lR4(1 +\)?%sin? 9 = 0,

4
,UZ
e A — e Otcrona
2
pi2 = %(1 + Asin? 0 = Veos2 0 — A2 sin? 6 cos? 6),
U CCUCHHUE

R?(1 4+ A\ cos 26)do
do = n(|dpi| + |dp3|) = md{p] — p3) = —.
2\/1 — A2sin® 0

Ecmu A > 1, TO BO3AMOXKHO paccesiHHe TOJBKO HA YIVIBI, MEHBIIHE 0, =
2 2

it ;’ ,anpu  — 6, cCUcHHE 3—‘7 HEOTPAaHNYEHHO BO3pacTaeT. Takas

v o

0COOEHHOCTh CEUEHHS HA3BIBACTCA paoyyiCHbIM paccesarueM (cm. [11], . 5, § 5).
[Tono6uoro THIIA 0COOCHHOCTH CEUCHUS IIPUBOIUT K 00OPa30BAHHUIO PalyTH IPH
paccesHUN CBETA KarisAMH BOIBL.

ITpumepsl pagy:KHOTO paccesHus CM. Takke B 3amaqax 3.8, 3.10.

— arcsin

3.7. a) 0262 (0,, — 0)
mAT V
< = T—=
do _ ) Gog, g TSI =TE
do
0 npu 6 > 0,,.

©) Tlpu BeIuncTeHus yrina paccesHus (cM. [1], § 20)

o0

o_ / Fydz 72K'O\/R

2 2
2F T FE R?

— oo

y4TeM, UTO CHUia

2 2V
Vy 2Vp npu — v/ R? — p? < x < v/ R? — p?,

F,={ R R?

0 upu |x| >/ R% — p2.
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Otcroma HAXOMUM p7 5 = %RQ(l F+/1—02/02), tne 0,, = V/E, nostomy
do = w(|dp?| + |dp3|) = wd(p? — p3). Oxonuarensno

R do mpu ) < 6 < 6,,,
do‘: 29m'\/9?2n_92
0 upu 6 > O,

CpaBHHTE 3TOT OTBET ¢ OTBETOM 3ajaud 3.60, B KOTOPOil paccMaTpHBAJICS TO-
TCHITMAI, OTIIHYAIOIIHICS 3HAKOM OT JAHHOTO.

3.8. VYrom oTKIOHECHHS YaCTHIBI

:‘ 38 ma
4Ep*  2Ep*

(1)

JETKO BBRIMHCHIACTCA TI0 obmicit popmyne'. 3apucumocts 0(p?) MsobpaskcHa Ha
puc. 107. 13 (1) Haxoaum

e 6,, Ceuenne

12Eﬁ

do = m(|dp7| + |dps| + |dp3|) = md(—pT + p5 — p3) =

_ an (140/20m  270/0m )
REG? \/W V1-0/6,

Jliia copaBeUIMBOCTH MOAYYEHHOTO PE3YIILIAaTa OCTATOYHO, YTOOBI KaiK/10€ Clia-
raeMoe B (1) Ob17I0 MHOTO MEHBINE ¢/IUHUIBL. OICHKA MOKA3BIBACT, YTO JUIS ITO-
rO JOCTaTOYHO BEIMOJMIHCHUA ycioBud @ < 1. Beipaxkenue (2) mosyucHo A
0 < 0,,. Ecnu 0,, < 1, To qna 0, < 0 < 1 ceucHue

ar ( 1+8/20,
— 1) do.
8E93(\/1+9/9m ) ’

[pomie Beero B3aThL 06a cnaraemeix (1) us sanauu 2 k § 20 paotsr [1].

do — 7|dp| =
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do ,
do !
23 0
Puc. 107 Puc. 108
3aBHCUMOCTh 'fl—‘; ot # uzobpaxena Ha puc. 108, ITpu ¢ — 0 u npu 0 — 6,,
do

cewenue - HEOIPAHHHEHHO BO3PACTact. CeucHHe paccesHusi B UHHTEpPBaI yI-
O

0B, Tpwieralomuid K ¢ = (), 6ECKOHEYHO, TaK KaK pPaccesnue Ha MaJbIe YIJIbI
OTBe4acT OONBIIMM MPHIETBHBIM TapaMeTpaM.,

Ceuenme paccesiiusi B MHTEPBAN yrioB 0, — § < 8 < 0,

9 Try

2¢1/2
/ 27479 gg — 0?2
do 2E05

Om—0
KOHEYHO U CTPEMHTCH K HYJII0 mpu o — (.

Kaxk 3aBHCHT KOJIMUeCTBO paCcCeciHHBIX YAaCTHL, INOIIABINHX Ha CUCTYHK, OT
Pa3MepoB CUETUHKA, €CIH OH PACIIONOKEH MO/ YoM 6,y ?

3.9. CkOpOCTh 9aCTHIIBI TOCIE PACCEAHUSA IO CPABHEHHIO C IEPBOHAYAIB-
HBIM HAIIPABJICHUCM OKA3bIBACTCA IMOBCPHYTOM Ha yroJl

L m s _ o
0=m 1—a2/p2’ a ok (1)

CueTuuk paccesHHBIX YaCTHL] PETUCTPUPYET BMECTE € YaCTHLIAMU, OTKIIOHCHHBI -
MH Ha yrol |f| < m, TakKe ¥ YaCTHIB, CACTABIINE TPCABAPUTCIBHO HECKOIBKO
000poToB BOKPYT meHTpa (puc. 109, a). Habmogaemblil yros OTKIOHEHUS ) Jie-
*KUT B nipeienax 0 < y < 7 | cBsi3aH ¢ § COOTHOIICHUEM

0 =27l %, (2)
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p(z0+) plrl+)
[} b 2} < L1 el el o) ﬂ()[.!..-f\ P
p(Zala_) i [
¥ -
27
a) 37
-4z
Puc. 109
I7ie BepXHeMy 3Haky coorserctByer [ = 0,1, ..., a HmkHemy [ = 1,2, ..,

(puc. 109,6). N3 (1) u (2) nmeem

2
2 1) g2y T ( 1 1 )
O e I il v S P

Ceuenne

do — ”TZ |d102(X3 la +)| + WZ |d102(Xa la _)|
(=0 =1

dpz(Xa la +) <0 dpz(Xa la _)

> (), HAXO/ UM

YunThiBas, aTo

do = Wd[— P06 b )+ 070 s —)] =
=0

{ =1

do.

_ Wgagd( 1 l) _ ma?(27% = 27y + %)

2 2r—x X 2x2 (27 — x)?siny

Ceucrne 42 oOpamaercs B O¢CKOHEUHOCTh MPH Y — 7. B jlaHHOM cywae

do
3TO TIPUBOJIHUT K TOMY, YTO CEUEHHE pAcCEsHHUs B MaJbIH KOHEUHBIN TEIEeCHBIN
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yroit Ao = / 27 sin y dy = Tx§ paBHO
—X

w 0

2
Aa:g—ﬂ_ / @:a%(o:a? AO.

mT—Xo

[lossneHue ocodeHHOCTH AUt dHEPEHIHANTBHOIO ceaeHUs 00YCIOBIECHO TEM, 9TO
yTOJI OTKIOHEHHWS, PaBHLIA 77, NOCTUTAeTCS NPH 3HAYCHWSIX HPHUICILHOTO ma-
pamerpa p(m, I, +), OTIHUHBIX OT Hymsi. B TemecHsiii yronm Ao, mpomopimo-
HAJbHBIA KBAAPATy Manol BeauduHbl Ay = Yo, NONAAAKT YACTULIbL, JETEBLINUE
710 paccestHus uepes Iionaaxkd 27 pA p, NIOMAaaH KOTOPBIX TPOMOPLIHOHATBHBL
nepBoi creieHd Ap X xp. Takyio 0cOOSHHOCTh PACCeIHHS HABBIBAIOT CUSHUEM
(em. [11], om. 5, §5).

Takast ke 0COOEHHOCTh €CTh M B pacCesHHM Ha yron ¥ — (0, HO B jaH-
HOM CJIyJac OHa MACKHPYeTCsl OCCKOHCUHBIM CCUCHHEM M3-3a PACCEAHUS YaCTHIT
CO CKOJIb YIrOJHO OONBIOIMMH TPUICIBHBIMHE nlapameTpamu. CHAHHE TpH pacce-
SSHUH BIIEpEA MOTVIO OBl MPOSBHUTHCS, HANPHUMEP, NPH OTPAHUYCHHH JUAMETPA
HAJICTAIONIETO Ha [EHTP MydYKa YacTHL.

3.10. a) Ycnorue /£ > V NPHUBOJNT, KAK JIETKO BH/IETh, K MAJOCTH yTia
OTKIOHCHUS YaCTHIBI IPH paccesHuu. MIaMeHeHHE UMITybCa

QV

e r = #p.
Yron OTKIIOHEHNA

Q_Ap_Vﬁ 2
=5 = E:L‘e X

Paspeminte 3T0 ypaBHCHHE OTHOCHTCIBHO I B aHATMTHUCCKOH (opme He yaa-
2
ercsi. OnHako, I/ICHOJIBSy}I rpaduk GyHkun xe * (puc. 110), BuAEM, YTO TIpH

0 <0y % % — ypasHeHue (1) uMeeT aBa KOpHS.

HCHOJ’IBSyH COOTHOITICHHC
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do .
xe™ do I
L |
N2e[ T | |
EO-T— S . |
VT | i i i
3! L Yo |

V2 e:am 0

Puc. 110 Puc. 111
u yaursiBas (1), npeacrasuM ceuenue

do = m(|dp7| +|dp3|) = %(ﬂil dxy — a2 dx2)

B BHAE
do do( 3 N 3 )

20 \2x3 — 11— 243

Ilpu 8 < 0,, okasbiBaeTcs ©1 K 1, 20> 1M

do
do = ——.
7 234202

2
Ipu 0,,, — 6 < 0,, moxuO paspemnts (1), pazokus xe * B pajx BOIH3U
Makcumyma. llonydaeM

:1$\/1—9/9m do — do
V2 ’ 252202 \/1 — 0/,

I'padux do/do uzobpaxkern na puc. 111. Ocobennocts npu ¢ = 0, —
uHTerpupyemas (cp. ¢ 3ajjaucii 3.8).

CBs13aHO M MOABJICHUE O0COOCHHOCTH cedueHus npu 0 = 0, ¢ npulmmxen-
HBIM MCTO0M PCHICHHS 3aaawun?

X1, 2

?

 do (zmitai :1:'2+:1:'§) 1,2 (2E9)2
6) d0%292(12:1:1 220 — 1 > 1IE (1+ a1, 2)° C\av /)
Tipu 0 < 0,, = ¥
3V3E 7TV do

o = .
432 E§3
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Ilpu 8, — 6 < 8,
do — V3do
2254202, \/1 — 00,

3.11. a)Ilpu CTONKHOBEHUM YACTHUITA, HMERITIASA CKOPOCTh V, IpHOOpeTacT
ckopocTh v = v—2n(nv), rae n — eINHAYHBIH BEKTOP HOPMaJIH K TIOBEPXHOCTH
ymwnconga. Ioacrasnas

_ L(i Y i) I
7’0(050,1), an a2962962 3

NOJTygaeM

;o 2xz 2yz 222
M _(U(_Nza,zcw _N252C2’1_N2C4). ()

BRejem momnspHBIe YIUIBI, OUpe/eNsonie HanpasieHue v': v/ = v(sin 6 cos o,
sin @ sin @, cos @). Cpasuusas ¢ (1), Haxoaum

2

ey _ 222 o 22 \:(x% Y
tg@—%, 0059—1—N2c4, sin 9—( )(——{——) (2)

CeucHue

w—mw—% ‘ww,

IJIe 3aBUCHMOCTL X, Yy OT 0, © onpenenaercd u3 (2) u ypaBHEHUS SIUIHICOH-
na. s BeIIHCIEHNA SKO0HaHa OKa3bIBAETCsl YIOOHBIM BBECTH MPOMEKYTOUHYIO
MEPEMEHHYIO U TAKYH0, UTO

r =a’ucosyp, y=>b using.

N3 (2) nmonyuaem

22U o
N2 1 —cosf = N

sinf =

'Kak u3BecTHO U3 auddepeHuuanLuoil reoMeTpum
2
nocgrad(—+y—2+z—2—1),
@ b c

N onpenensiercst yenosdem n? = 1.
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H H3 YPAaBHCHHA JJUIHIICOHOd HAXOIHM

w2 = a%cos® p + b¥sin? ¢ + 2 tg? g
Jlanee,

a(.’E, y) _ J €x, y) a(uv 90) o CLQbQ 8?1;2

o, ¢)  Ou, )00, ¢) 2 90
OKOHYATENBHO

do — a?b?c2 do

>
4 cos? g (ag cos® ¢ + b2sin? p + ¢ tg? g)

C DoMOIBI0 KaKOTO MPEeAENBHOTO Mepexoja MOKHO IONYYHTH W3 ITOrO
pe3yibTaTa ceueHHe paccesiHus Ha rmapadonomnae?

272 2

6) do = a“b“c” do ;
) cos® 0(a® cos® p + 6% sin’ ¢ + ¢ tg” 0)?

B) do — cos ) a*b*c* do

sin® 0(a? cos® p + b2 sin® o | 2 ctg? 0)
3.12. a) M3MecHeHHE UMNyNbca MPU PaccesTHUN

oo

oU(x(t))
Ap = — / o dt. (1)

— 0o

ITpu paccesHUH Ha MaJible YIJIbL B [IPaBYIO 4acTh (1) MOKHO mojCcTaBuTh r(t) =
=p+vi,tne p L v;
a
Ap = -2 / Up + vi)dt — — 2 3PT 1 (2)
op
ITycTs oCh 2z mapannensHa v, OCh Y IEPICHANKYIsApHa K a. Toraa
Ty Pi Ty PxPy

—, Ap, = : (3)
v ,03 Y U p3

Ap:v:*

I3amena B (2) nuddepenmrposanus o r auddepenHpoBaHHeM no o (IPH YCIoBHH p L Vo)
HPHBOAHT K TOMY, 4TO TIOJTyYeHHas (GopMyila olpenelseT TOJIbKO KOMITOHEHTH AP, epleHanKy-
TSIPHBIE K Vg .
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HampaBnieHre cKOpOCTH IOCE paccesHHsA XapakTepHu3yeM yIaMHu B cdeprue-
CKOH CHUCTEME KOOP/JAUHAT

. Apy Ap
tgw—Apm, 0= — (4)

N3 (3) AcHO, 9TO paccesHHUe TMPOUCXOTUT TOJHKO B HHTEPBAT YTIIOB

s 3
5 <w< T
N3 (3) u (4) HaxoauMm
- 2
| Tay sinpcosy Ty COST g
Pe - E5p g P Tep T (5)
Ceuenue
Npzs Py) Tag\ 2 cosZ @
do =S " dp, dp, = ‘—‘d@d:(x) do. (6

(CymmupoBanue B (6) IpOBOAUTCA MO JIBYM BO3MOXKHBIM, COTJIAcHO (5), 3Haue-
HUSIM p.)

_laildo

0) do = Tk a| — KOMIIOHCHTa a, MEePMeHANKYIAPHAS K V.. Ceue-

HHUC OKA3bIBACTCA CHMMCTPHYHLIM OTHOCHTCIIBHO Vo, (XOT}I noJiIc OTHIONL HE
CHMMCTPHYHO OTHOCHTCIBHO 3TOI0 HaHpaBJIeHI/IH).

3.13. V3MeHeHHe yria OTKIOHCHHS 4acCTHIIHI (cp. ¢ 3axaueii 2.17)

1 Vi U (r) dr
s0(0) ~ 52 [ (1)
Ot P U
7 2
W3 ypasHeHus 6 = 0y(p) + 66(p) HaxOAHM
dpo(0)
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(cp. ¢ 3amaueii 1.8). 3nech 3aBucHMOCTE 6y (p) cooTBETCTBEHHO po(f), Ompeie-
nsercst ipu 0U (r) = 0. O1crona ceueHue

2
2] | ) — s @psotpton L
= 0 4 L L50(m(0)22).

3Hax mepen d/df npotusononoxen 3HaKy dpg(6)/df.

2) sdo _ 8 4 ®—60+2cos(8/2)
d9 — E db sin 6 ’
do _ 27 d (m — 0)*

6)5d6 =

=BT A0 \[3(37 —0)

3.14. IlpuoOGperaemas 9acTHICH YHEPrUs

p+Ap)?  p?
_ = ) —pmvap

OTpeJIeIAeTCS B MEPBOM MOPSI/IKS JTUIIb H3MEHEHUEM ITIPOJIOJIGHON KOMIIOHEHTHI
UMITYJTbca. Tak Kak OTKITOHEHHE YACTHUITH MOXKHO CIUTATH MAJTBIM, B BRIPAXKEHUH
JUIsL CHJIBI
oU(r, t)

or
JMEHCTBYIOIIEH Ha 9acTHL, NONMKUM (nocne aAuddepeHuupoBanus) r = p +
+v(t—7). 31ech p — NPHUCIIBHBIA HApaMeTp, & T — MOMEHT BPEMEHH, B KOTOPBILA
YACTHIA HAXOIUTCA HA MHHUMATHLHOM PACCTOSHHUH OT IIeHTpa. Torma

F—

W 42,2
= rVape <V p=wr,
a CeYCHHE pacCesHUA JUIsl YaCTHIL € JJAHHBIM T IIpHu cos ¢ > 0 (cos ¢ < () ectb

10
|l

do opu ) < &€ < gpcose (0> £ > g, cosp),

p%
de
0 npH || > £y | COS |
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B mamaromem myuke eCTh YaCTHIIBL C PA3IUYHBIMU 7. YCPEIHAA CEIeHHE 110
baze ¢ (mampumep, g £ > () mo hopmye

g
dE 277/ dy, = arccos m);

0Ty IHM . E
<d_a> Y R arccos z— - mpu lg| < em,
de
0 npu |g| > &,y.
3.15. AN Nsin6df V-
N cos®> 9\/1 —A2tg?4 2V

0<0<arctgA\™ !, eam V < wp,
(r —arctg A" <0< 7w, ecmn V< .

3.16.
6 Tm « — (T — Tmin
dN ( a )( ) dT,  Thin T < Thax,

N B (Tmax_Tmin)3
Toin = %5 (00 = V)?, Tnax = (0 + V)%
2
3.17. tgf = ctgly = E=""
E
vy = pv ’ Vo = Qv -
/02 | E2p2 o? |+ E2p2
3.18.
%g@gﬂ'npnm1<m2,
ngﬂpﬂmlzmQ,
0<60<Z npumi>mo.

2

3.19. B cucreMe HEHTpa Macc B pe3yJbTaTe
CTOJIKHOBEHUS COCTABIAOLLAA CKOPOCTH, HOpMab-
Hasg K NOBEPXHOCTH LIAPHKOB B TOYKE COTMPHKOC-

Puc. 112 HOBEHUs, OOpATHTCS B HYyJb, @ TAHTEHITHATBHAS V)
coxpauurcs (puc. 112). Ceuennie paccesanusi, BIpakeHHOE Uepe3 yIroJl Y OTKIO-
HEHHs YacTHUIbl B CUCTEME IIeHTpa Macc,

do = m|dp*| = 4a*x|d cos® x| = 4a* cos x do.
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Jlns mepexoaa K JTaboOpaTopHOM CUCTEME W3 PaBEHCTBA

v sin sin y cosy
vgeosx +vo 14 cos®y

tg 0 =

HAXOIAM
2 _ 3 2 1 2
COS™ X1,2 = 5 COS 0—1+ 50089\/9008 g — 8.

Yuutesigas 00e BOSMOXKHBIE CBA3U Y € , modydaem

do = 4mwa*(|d cos® x1| + |dcos® xz|) =

442 5 9sin®0

V1 —9sin®4é

— 4dwa’d(cos® xo — cos® x1) do,

mpuueM 0 < § < arcsin %

Ecrmu HaneTaronme [WapuKKH TOXKASCTBEHHEI ¢ MEPROHAYATHHO TTOKOUBIITHM-
Csl, TAK 9TO HE UMEET CMBICIIA PA3THIATh UX MOCE PACCESHUS, TO K MOTYYECHHOMY
CCUCHHIO CJieAyeT MOOABUTE CEUCHHUE BLLICTA IEPBOHAYAILHO MOKOUBIIHXCS IMIa-
PHUKOB B TeJEeCHBIN yroma do:

do’ = 4a®cosfdo (0 <0< m/2).

3.20. I(z) = I(0)e "%,
3.21. dN = O’?’Ll?’LQ|V1 — V2| dV dt.

3.22. a) B, = 27rmun f F(0)(1 — cos @) sin 6 db;!
0

6) (0% = 2%(%)2nl]rf(9) sin® @ dé;
0

3Mech [ — myTh, MPOIAEHHBIN wacTHuiedl macckl M, v — ee CKOpOCTh, a n —
KOHIEHTpAIM JTeTKHX YaCTHLI,

do
'Bemmunna / oo (1 — cos ) do Ha3BIBacTCA TPAHCTIOPTHEIM CEUEHHUEM (B OTIVYHE OT TIOJNHOTO
o

Ce4eHus /d_cr do).
do
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§4. YpaBHeHUs NBHKeHUSI. 3AaKOHBI COXPaHEHUS

4.1. Tlonaras x = 0 npu t = 0, Haxogum C' = 0, a U3 yCIOBUA T = @ NIPU

t = 7 naxomum B = & — Ar. Mcnonesys bynkiuio z(t) = At? + (% — AT) t,

T
BBIUHCITACM ,E[Gf/JICTBI/IG

_ N m .2 _mA?r®  mad®  FAr | Far
S—/L(:c,a:)dt—f(Q:c +F:c)dt— 5 T o T o

0

95
0A

SIcHO, 4TO 3aKOH ABIDKCHUSA

(1) = £ +(9&)t

2m T 2m

= (0, omnpe/e/I0Iero MUHAMYM NCHCTBH, HaxouM A = i

W3 ycnosua 5

B JAHHOM CITy9a€ OKa3bIBACTCSA TOYHBIM. (OJIHAKO MPHBEACHHOE PEMICHHE 3a]a-
YU MO3BOJAET TOJBKO yTBEPKIATH, 9TO 3TOT 3aKOH SABIAETCA B ONPEACICHHOM
CMbICIIE HAMIYUIUUM CPEH BCEX MBICIHUMBIX 3aKOHOB IPEAJIOKEHHOTO BH/IA.

YrtoOsl yOenUThCS, 4TO HAMACHHBIH 3aKOH JBIDKCHUS JIACT 3HAUYCHUC S MCHbB-
mee, yem 000 apyroit 3akoH x(t), T. €. SIBIACTCS MCTHHHBIM, HYXXHO TIPOBE-
PHUTH, UYTO OH V/IOBJETROPSACT YpaBHEHHIO Jlarpamka.

4.2. n vt — @ upu 0 < t < tg,
x(t) —
VvZ—2U/m(t —1)4+a mputy <t<T,
y(t) = at/T,

e ve = (2aU/m7m)/3, tg = a/v,.
4.3. W3 cooTHOlIEHHUA

E(Q, Q1) — L@ 1) d(Q. Q1 1) — L, 550+ G 1)

HAXOIHM

ddL _ 99 d 9L | 9L d 9q
dt ¢ T OQdt ¢ | g dt Q’

OL _ L 94 | oL 9q
o0 9q0Q = 9q0Q
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YIII/ITBIBEUI qT0O @ = — aq ITOJIvViIacmM
9Q g ag°
gai_aEZGQ(ia_L_a_L) 1)
dtpo  0Q  AQ\dtdq 0q)
TakuMm oOpazoM, CIIpaBeTUBOCTh YPABHCHUS %g—é’ — % = () npuBOAUT
K ClTpaBe,Z[JII/IBOCTI/I dHAJIOTUYHOTO ypaBHeHI/IH
d oL 9L
o0 0Q

B cnydae Heckonbkux cTenencii cBodonbl BMecto (1) momyaum

d 9L 0L _Zan(iaL B 8L)‘

dt 9O, Qi 0Q; \dt Oq,  Oqgy,
e dQ _ dq di
4.4. L(Q, d_Tj T) = L(q? ﬁ? t)%
31ech
_ dq _ dq dr
q - Q(Qa T)a dt dT dt
d,q 8(1 dQ + o4 dt _ Ot dQ
dr 8@ dr dr 8@ dr

[—m_& :  — dz
4.5. L_21+M: (1 4+ Xi)U(x), T =

= B dg
46. L——/1 (dT)

[Tpe/yoxkennast 3aj1aua nocrapiecHa YucTo GopMaibro. OJIHAKO, KaK J1aH-
Hasl ¢yHkims Jlarpamika, Tak U paccMarpuBacMoe npeodpazoBanue («HUCTIpaB-
JICHHBIC» BBEJCHUEM PAa3MCPHBIX MHOXHUTCICH) WMCIOT MPOCTOH (PU3HUCCKHM
CMBICJT B TEOPHHU OTHOCUTENBHOCTH (CM. [3], §4, 8),

4.7. JHna P, = a‘d—j;, B = ZPIQl — L maxonum
{

Pz—Zg—g;pk, =E— Zpkafk
k
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4.8. I/ICHOJIBBy}I (bopMyJILI rgpez[bmymeu 3aiaqH, 1oJIyJaeM
a) p, = mr’ =pp, P, =mr' (' + Q) =py, B = E - Qpy;

6) P, = py cos Ut — py, sin Qf,
P, = pg sin Qt + py cos Q.

(1)

U3 (1) cmenver p’ — P, a caMH 3TH paBeHCTBAa LPEICTABIAAIOT cOOOH 3aKon
npeobpa3oBans KOMIOHEHT BEKTOpaA MPH MEPEXoe K CHCTEME KOOPAHHAT, ITO-
BepHyToi Ha yron (2. [Tomquepkuem, uto p’ £ mv’ (¢p. [1], §39).
7 I .
49. a)E' =FE - Vp,p' =p;
2
mV
6)E’:E—Vp+T, p =p-—-mV.
J[Ba BBIPAXKEHHS 3HEPTHH OTIHYAIOTCS Ha
nocTosuanyo. OOBYHO HCIIONL3YETCsT BTOPOE BhI-
PaKCHHC, TaK KaK HMCHHO OHO COIJIACYCTCS C

OIIPEACIICHHUEM SHCPTUH B TCOPUU OTHOCHTCJIBHO-
CTH.

4.10. TIlycte ¢; = f;(t) onuckBaeT gBUKe-

HHE CHCTeMHI (TpaekTopust AB na puc. 113). Tax

{ Kak BHJI ICHCTBHS HC H3MCHSCTCS MPH MEPEX0/1e

K IepPEeMEHHBIM ¢;, t', paBencTBa g, = f;(t’) Tak-

Puc. 113 K€ ONMHUCHIBAFOT JICHCTBUTEIILHOE JIBIKEHHE CH-

cTeMbl. BeIpaskeHHBIE B MEPEMEHHBIX ¢;, ¢ ¢ TOYHOCTBLIO JI0 MEPBOTO IOPSIKa
O €, 3TH PABCHCTBA HMCIOT BH]I

qi(t — 0t) = fi(t) — dqq,

e
0q =eWi(f(1)t), ot =eX(f(1), 1)
(rpaektopust A’ B’ na puc. 113).
Manbie U3MEHEHHsS KOOPIHHAT M BPEMCHH HAYala W KOHLA JIBKDKCHHA TIPH
nepexoze ot Tpackropuu AB k tpacktopuu A’ B’ npuBoasT K H3MCHCHUIO JCH-

CTBHS: .
Sap —Sap = [%—f(— _5%)},4

3neck (em. [1], §43)

as _ oL . _ _ oS _ oL _
It = L Z Pl E(t)a .y pz(t)-
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C apyroii CTOPOHBI, COTTIACHO YCIOBHIO 3a1aul, Sap = S4/p/, TAK 49TO
E(ta)eX(qa, ta) — Zpi(tA)g\I'i(Q'Aa ta) =
i

= E(tB)EX(qB, tB) — Zpi(tB)E\I’i(QBa tB)a

WIIH
EX — qu;ll'i — const.

JlokazaHHas Teopema NpeACTaBIsACT coO0i, B CYIIHOCTH, CJMHBIA BBIBOJ
Pa3IUYHBIX 3aKOHOB COXpaHeHWs. Ba)KHOCTH €€ BO3pacTaeT B CBA3H C TEM,
uTo moxo0Has ke TeopeMa MMeeT MEeCTO M B Teopuu mois (teopema Hétep,

cM. [12, 13]).

oL ;.
4.11. (X —V,)—LX — f= t.
z@: 96, (¢ i) f = cons
4.12. a) Umnynsc;

0) MOMEHT HMITYJIbCa,

B) AHEPTHS;

r) M, + %pz = const, i — mar BUHATA;

n) Ex — p,t = const — MHETErpan ABWKCHUS IICHTPA WHEPLUH CHCTEMBI
(em. [2], § 14).

4.13. a) Horcuumanbaas sueprust U(r) = —Fr, a ¢ neii BMecte u jcii-
CTBHE, HE M3MEHAIOTCA NPH CABHUTAX B HANPaBIICHWH, NepHeHIUKYIApHOM K F,
U [IPU [IOBOPOTAX OTHOCHTENILHO OCH, MapaiuenbHoi F. [loaTomy unTerpanamMu
JIBIKEHUS SIBISIFOTCSI KOMITOHEHTBI HMITYIIbCA, MIEPIICHANKYIIpHbIe K F, 0 KoM-
MMOHEHTA MOMCHTA UMITYNIbca, mapamienbras F. Tak xak ¢gyukums Jlarpamxka we
3aBUCHT OT BPEMEHH, HHTETPAJIOM JBIIKEHHS SIBIISIETCS YHEPTHA.

YTBepKACHHE, 9TO Pa3IUIHBIC TOUKH B HCKOTOPOH 00NacTH «paBHOMPAB-
HBD», O3HAYACT, UTO BO BCEX ITHX TOUKAX PaBHBI 3HAYCHUA MOTCHUHAIBHOM 3HEP-
TUH (a HE CHIIBI!).

0) TIpeoGpasoBanme mogodus r' — ar MOxeET COXPausATh BHUA ICHCTBHS,
CCIIM OJIHOBPEMEHHO Tpeodpasyercs Bpems ' — [Ft. BKiaj B 1eHCTBHE KHHETH-

YECKOH 3HEPTHH
mv” o [ mo®
/ o =5 / Tt
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2

OCTacTCA HEH3MCHHBIM TIPH 6 = ', 4 BKJIaJ HOTGHL[I/IEUIBHOI;‘I JHEPIrun

—/U(r’)dt’ = —a“@/U(r)dt = —a"+2/U(r)dt mpu N = —2.

YtoOsl BOCIIOMB30BATHCA TeopeMoii, copMyupoBaHHoi B 3aage 4.10, 3a-
IHACBIBaeM OECKOHEUHO Masoe IpeoOpa3oBaHie MOT00Ms, MOIOKHB v — 1 + &,
e — O

r'=(1+e)r, ¢ =(1+2¢e),
Tak uTo W = r, X = 2f v vHTETpaNn IBUKCHUS

oL

a(VX—‘IJ)—LX:mVI'—QEt:C. (1)

2

M3 (1) moxkno HalTh r(t), YIUTBIBAS, UTO I'V = %%
P=2Lp et (2)

Ecmu E < 0, To wacTtuia najaet Ha neHTp (upu 3ToM 1 — o0). Ecmu B > 0,
yaodHee BBecTH BMecTo C, €} Apyrve KOHCTaHTHl 7, B u 3anucars (2) B BHAE

P -2LG 2 iB
Ipu B > 0 3aBHCHMOCTS r(t) Takas e, KaK A7 CBOOOAHOTO JIBUKEHHS TaC TUIIBE
CO CKOPOCTBIO 1y = \/2F /m u npuuensabIM NapameTpoM p = +/ B. [pu B < 0
Y4aCTHUIA 1IAJACT TId LCHTP.

[Tonst, nyIst KOTOPBIX BBITIONHSIFOTCST VCIOBHS ATOH 3aJauM, TIPHBEACHEI, Ha-
mpumMep, B 3anauax 12.6, 12.7u 8 [1], 3anaua 2 k § 15.

B) £/ — Vp = const;

r) rp — 2Et = const, e p = mv + %A, ccm Aar) = o tA(r);

n) F — p,Q = const.

4.14. mr — pt = const (cp. ¢ 3agauecii 4.12 ).
JBnserca A 3TOT HHTETPAN JBWKECHHUA JUTA 3AMKHYTOU CHCTEMBI BOCBMBIM
HE3aBUCUMBIM HHTETpanoM (kpome £, M, p)?
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4.15. a) Ilycte och z mapamnensia €. CABUT BAOIbL OCH Z H IIOBOPOT
BOKPYT Hee He M3MEHSIOT BuJia A, a clenoBaTenbHo, H Buaa AeicTBus. [losTomy

HUHTETpaNaMu JBIKEHUS SIBASIOTCS P, = %—L = miu M, = ap, — yp, =
Z

= m(zy — y&) + eg’f (22 + y?). KpoMe Toro, HHTCTPAJIOM JBMIKCHHUS SBIACTCS

sHeprus I = %(:U + 92 + 3%).

0) I = (CE + 92+ 22), Py = my+ %%)37, p.. = mZz (cp. ¢ 3anaueii 10.7).

C006pa>KeHm CHAMMETPHH ITO3BOISIFOT OMPEAETIATh PA3THYHBIE HHTETPAIIBI
JBHKCHHS B 3aBHCHMOCTH OT BBIOOpa BEKTOPHOTO IMOTCHIMATA JAHHOTO ot S .
Ho Bce semmunust: F, p, = pl,, M., p; — SIBJISIFOTCS MHTETpajaMU JBHKEHUS
HE3aBUCHMO OT BHIOOpa A

4.16. a) E =1 M2 9% +22), M, =m(zy — yi) + ﬁ (31€CH
OCh z BbIOpaHa mapasiensHoi Bektopy m). Cp. ¢ 3agaucii 2.31.

0) M3 cROMCTB CUMMETPHH JaHHOTO TONS MOXXHO TOIYYHThH CICAYIOIITHC
HHTErpajibl IBHIKCHUS:

] . e
p.=mz, M,=p,= m’r2cp+ —u,

m 2.2 .2
OaHaKko ABWKCHHE B 3TOM «IIOJIE» €CTh CBOOOAHOEC MBUKCHHE. J[CHCTBUTEIBLHO,

¢yukma Jlarpanxa

omu? | ep,
L="-+<¢

oTIM4aeTcs oT (yHKumH Jlarpamka CBOOOJHOH YaCTHILI TOIBKO Ha IIOJ-

HYH MPOH3BOJHYIO MO BPEMEHH (HYHKUHH ﬂ (pa3ymMeeTcs, B 3TOM caydac

JC —rot A = 0).
3aMeTHM, uTO B CJIyuae, Koraa (& eCTh (BYHKITMS BpeMeHH, p, U M, ocTarTes
HHTEIPAJIAMH JIBHKEHHS.

4.17. a) & + x = 0. Taxkoe ke ypaBHEHHE MOKET OBITH ITONYUCHO M3
dyukuun Jlarpamxka Lq(z, ©) — 22 — 2. Kak H3BecTHO, ecu nBe GpyHKiuu Jla-
TPaHka OTIIMYAIOTCS HA TIONHYIO TPOU3BOAHYIO PYHKIUH KOOPAUHAT  BPEMEHH,
TO OHH IPHBOIAT K OJIHHAKOBEIM ypaBHeHHsM Jlarpamxa. OOparHoe yTBEpK/Ie-
HUE HEBEPHO.

6) & + at + w?z = 0.
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4.18. a) Ypasuenusa Jlarpamxa jmg wactunsl B noje U B chepruueckux
KOOP/JMHATaX

m (7 — r¢?sin? 0 — r6?) + U _ 0,
or
m(r?0 + 2770 — r>¢% sin O cos 0) + %g =0,
m(r?@sin? 6 + 2ri@sin® 6 + 2r2f¢ sin @ cos §) + CC))Z 0
JIETKO TIPUBECTH K BUIY
m(v); = (F)s,
I71€ KOMIIOHEHTHI CHIILI €CTh KOMITOHEHTH — grad U
oU 10U 1L oU
F = — — F F —_— — -
" or’ TPT T P8 TP T T rsing op

OTcroma
(V)p = # — r¢? sin? 0 — ré?,
(V) = r6 + 276 — r? cos @ sin 6,
(V), = rgsin | 27¢sin§ + 2 cos 6.
Ohi .o hy i‘)hk).

1 (d D DNdS® o (o Ohi oy
0) (V)i = 2h; (dt d¢; aQi) dt? hit +k2=:1 (2(]@(]#; gk %, 9

4.19. a) Oyuxiusa Jlarpamka

3
L=75 ) gwdiic—U(q. a2, g3),
i, k=1

TAC

837; 8:{:;
g%kzzaq%a_qk ($1E$9 Lo =Y, :CSEZ)a

IIPHUBOJHUT K YPABHCHHUAM

mngqu +m Z Ls, wiGrdr — g(gj (s=1,2,3), (1)
k=1

rac

1/0¢sk  Ogis 8%)
T, = = = ,
K 2( Oqr i Oqr. ~ 0qs
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0) BBena obosmauenue g4z, t) = f, MOXKEM COXPAHHTH BCE BBIKIAIAKU H

3 4
(GOpPMYIIBL IPEABAYIIETO NYHKTA, JIMIIL 3AMEHUB »_ HA .
1 1

Kakoii cMbIc uMeroT B ypaBHeHHAX (1) unensl, conepxkanme I'y g4 (K =1,
2, 3, 4), ecnu ¢; — AEKAPTOBBI KOOPAMHATH BO BPANIAOMIEHCS CHCTEME OTCUeTa
(cm. 3amauy 4.8)7

4,20, Tak kak mpeuioxennas (yHkius Jlarpanka TONBKO ClaracMbIiM

eqg . .

Ly = ——¢cost onmuaercs oT dyukunn Jlarpamka cBoOOAHOH HacTUlIbL,
TO KOMITOHCHTHI CHJIBI B C(HEPHUCCKOM cHCTeMe KoopauHaT (cM. 3azauy 4.18a)
IMEFOT BHJL

F. =0,

7 10L;  egpsing
=700 cr
po_ 1 i(‘)Ll_egQ
Y rsin@dt 9 O

U JICUCTBUTEIILHO COBITAAAKOT ¢ KOMITOHEHTaMH CUibl JlopeHna

€ €g
=vi) = —[vr].
Eva] = Ll
oL mu*
ITockomnbky 9= 0 wHTErpaioM JBMKECHUSA SBIACTCS pHeprus [ = 5

Pazbepemcs, Kakum 00pa3oM BOSHHKAET HHTEIPAl IBHIKCHH

€ r
(I)YHKL[I/IH HarpaH}Ka HC H3MCHSCTCA IIPpH IMOBOPOTAX BOKPYI OCH Z, IMO3TOMY

HHTETPAIOM ABHKECHHSA SBIACTCS
2,5 ain2 €y
P — mr-psin®f — —cost — J,.

JIpyTHe ke MOBOPOTHI CHCTEMBI IIPUBOAT K M3MeHEeHHI0 (yHKIMH Jlarpamxka
HA TIONIHYIO TPOH3BOAHYIO (PYHKIMH KOOPAHHAT IO BPEMEHH, KOTOPask MOXKET
6biTh oTOpomtena’. 1103ToMy MHTErpaaoM ABHIKEHHS ABAACTCS M IIPOEKUMS .J,/
Ha JTIOOYIO APYTYIO OCh, 4 3HAYMT, U BeKTOp J.

"Hampumep, Opu MOBOPOTE BOKPYT OCH 2 HA Maublii yron dc Kk I jobasnserca 8L =

Y i(ctg 0 cos ).
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JeiicTBHe, cooTBeTCTByIONIEe AaHHOH (QyHKIMH Jlarpamka, He H3MEeHAeTCs
pu npeodpasoBadH moo0us. [TodToMy WHTETpaToOM JBHKEHUA ABJISAETCS

P — 2Et = mrr — 2E%

(cp. ¢ 3anaueii 4.13 0).

4.21. YpaBHCHUA JBHKCHUS
; 42
41 =9as—- s, O =B~ ¢a

BymeMm caurarh, 9YTO HCTOYHHUK HANpPMHKCHHs TPEACTABIICT co00il KoHACHCATOP
oucHb OonbITIoN eMKkocTH (Y, 4 3apsa ero B MOMEHT, Korja g1 = (), ectb (). DHep-

Q@+ q)?
2, T

+ %q% CMerras Hawalno oTcueTa BHEPTHHU U paceMaTpuBas npegen Cy — 00,

THA CHCTCMEI, BKJHO‘IE[K)IHGﬁ HCTOYHHK W HHAYKTHBHOCTBD, EO —

a Q/Cy = U, monyuaem

Q* 2
EF=Fy— — = —.
2C, Uqr + 5

HMMEHHO K TaKOMY 3HAYCHHIO JHEPTHH IMPHUBOIHT IpeIaoxKeHHas (yHKIHI Jla-
TPaHKa.
[Togo0mno >TOMy SHEPIHUs YACTHUBI 77 B OAHOPOAHOM IONe CHbl —F'(t)

.2
eCTh % + Fuzx.

K Takoii xe ¢yukiun Jlarpamxa MoxHO nupuiith oT (yHkiuu Jlarpas-
’Ka 3NEKTPOMArHATHOTO IMONsA M B3aWUMOACHCTBHA IOMA € 3apsaaaMH (cM. [3],
§§ 27, 28):

1 2 2 1 .
(B raycCoBOH CHCTEME CMHULL).

Boo0iie roBops, aMeKTpoMarHuTHOE IOJie €CTh CHCTeMa ¢ OeCKOHEUHBIM
qUCIIOM cTeneneid cBodoabl. Ho noms B konzeHcaTope U B CONCHOMIC OTIpe/Teis-
FOTCH 3apA7oM g2 M TOKOM ¢p. McTionmb3ys ypaBHEHHA

crot # = Anj, divé = dmp
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(¥ YIHTBIBas1, 4TO IIOJIL COCPENOTOUEHEl B OTPAaHHYEHHOM 00beMe), IToIyYaeM

/de_ ﬁ/wwgdv-

7L 1 ~ _L ) —i 2
=i div(e&)dV 47Tf£gradc,,dv 47?/8 dV,

L Ajqv=1L 2
C/AJdV—47T/J£ dv,

H adaJIOTHYHO

TAK 4TO
1 2 2
L= = T — EYdV.
&7 ( )
[losTomy ¢ynkuna Jlarpanka MoxeT ObITh BBEIPaXKCHA Uepe3 SHEPTUU HIICKTPH-
2
YECKOTO IO B KOHAEHCATOpE 8i7r f E2dV — g—é 1 MarHATHOTO — B HHAYKTHB-

HOCTH Siﬂ [H2dV — %fq% (e [3], §2.32).

[Mpy mamuuuu BHemHero noust ., co37aBaeMOro TOKAMH j., CIEAyeT 3a-
menuTh B (1) A, A, jua H# + H., A+ A, j+ jo. Nobaska k PyHKIMM
Jlarpamxka (1) ¢ yueToM ypasueHus ¢ rot #, — 47j, IETKO IPHBOIUTC K BUIY

1 2 1 .
S—W/%Oe dV+E/AeJdV

OtOpaceiBas cnaraeMbic, 3aBUCHIIIHC JTUITH OT BHEIIHETO MO, U YYHTHIBAS, UTO
IS ToHKoTO TipoBofa jdV = ¢ dl, tne dl — s3meMenT anuHbl IpoBOAA, TOMyHaeM

1 . g1 1 41
E/AeJdV:?/Aedlz?/rotAedS:?/%edS.

[py HANMHYWUE BHELIHETO SNEKTPHUECKOTO Mo &, (WK CTOPOHHHUX TONei) mo-

TyqaeM
—/%pdV == da¥ae

(qq ¥ (Pge — 3aPA)L ¥ TTIOTCHITHAI BO BHENTHEM TI0JIE @-TO TIPOBOHHUKA).

BaperpoBanue ¢; o NpeacTaBideT coboi, Takum oOpa3om, IPOM3BOILHOE
BAPBLUPOBAHUE 3aPSA0B U TOKOR, COMPOBOXKAAEMOE COOTBETCTBYIOIIHM EMY Ba-
PBUPOBAHUEM TTOTCHIMANORB. JIETKO BUACTH, UTO MPH TAKOM BaPHUPOBAHUH JTOJN-
’KEH OBITH CTIPaBeJTHB TIPHHINIT HANMEHBITETO AeHCTBHUA.
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©wp 22 2
422 a) L= - S5+ Ul —a);
_2¢ q
0 L==5-~5
2 2 2
_lgp 2 1lgpo  a @ (a+g)
B) L= 52141 + 5420 ~ 567 ~ a0y 20
mi*¢®  L§ e
4.23. a)l — 5 + 5 + myl COS @Y — 20(@) ;
_ ma® L (x)g” _ kx? . g
0) L=+ —3 -+ mgr— o5

4.24, TlycTh ¢ — yroa noBOpOTa paMKHU BOKPYT ocH AB, oTcuUTHIBaeMBIi
OT HAIPABIEHHS MATHUTHOTO MO, ¢ — TOK B PaMKe (JIIs HETO MOTOKHUTEIbHBIM
cuuTaeTcs Hanpasinenue oT A x D). dysakuus Jlarpamxa CUHCTEMEI

L — lma2gb2 + %53(}2 + AHa*sin .

2
VHTErpansl BIKCHUS — SHEPrHs
FE = %maQQbQ -+ %2(}2 (1)

U UMIIVIIBC, COIPSLKEHHBIN NUKIIHYECKOW KOOPMHATE ¢ K UMEIOIIHUK CMBICI 110JI-
HOTO MarHUTHOTO TIOTOKA Y€pe3 PaAMKY,

oL _
a4

[losTOMY TOK B paMKe OAHO3MATHO ONPEACTAETCS €€ MOT0KEHUEM
G=(Pg— Ha’sing)/ L.
[ToncTarnss 3to 3HAaueHUE ¢ B (1), momyuaeM

1 . .
E = §ma2<,02 + Uspo(¢), Uspp(p) = (B0 — Ha*sing)? /22, (2)

Taxum 00pa3oM, 3a/1aua O JBHIKCHUH CHCTCMBI CBOJAMTCS K OAHOMCPHOM.

Pacemorpum mioipobuee cnyuaii 0 < ®g < Ha?. Ipaduk Uspglyp) g
3TOrO chydas mpuBenen ua puc. 114. Buamo, uto mpu £ > Unax — ($g +
+ AHa?)? /2% neruxeHHEe paMKH TpencTaBaAeT coOoil BpameHHE, MpHIEM ()
SIBIIACTCS TICPHOAMICCKON PYHKLMEH BPEMEHH € TIEPHOIOM

L+ Fa’sinp = Oy,

w2

= TTa d{p
1= / VE = Uxe(9)

—7/2
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2

3
2

Puc. 114

[pu Upax > E > (§g — Ha?)?/2.% = U, paMmKa corepuiaeT MepHOIHIECKHE
by — V2LE

KoJIcOaHMs B MHTCPBAJIC YIVIOB (01 < (p < T — 1, TJIe (1 = arcsin —,

FEa
npuueM 0pH F — Upax TIEpHOA ABIDKEHHS BO3pPAcTaeT /10 OSECKOHETHOCTH (CM.

sapauy 1.5). Ilpu 0 < F < U,, BO3MOXKHB KoJicOauus nHO0 B WHTEPBAJC
w1 < @ < P2, THOO B HATEPBAIC T — Yo < (0 < T — (1, TAC

Oy + V2LE
5 .

a

(o = arcsin

Kak U3MEHHTCA 10 CPaBHEHHUIO ¢ OMHCAHHBIM XapaKTep ABHKCHHS PaMKH,
ecJIM oHa 00J1a/1aeT MaJILIM COLPOTHBIICHHEM?

4.25. a) YpaBHCHUS JBHKCHUA CHUCTCMBI MOXHO TOMYYHUTH U3 (BYHKLIHH
Jlarpamka ¢ no0aBKkoii, yauThIBaroniei cas3b (M. [4], § 2.4)

L* = %(532 + 5%) — mgy + Mz — az?),

II€ A — 3aBUCAMIMH OT BpeMEHW MHOKHTENb Jlarpamka. YpasHeHus ABHKEHUA

mi = —2Aax, (1)
mzZ—mg= A (2)

BMECTE C YPABHEHUEM CBSA3H z = aZ° MOJHOCTBIO ONpPEAC/IAIOT JBIKCHHE da-
cTHuBl. B ipasoii cropone ypasuennii (1), (2) cTOST KOMIIOHEHTHI CHITBI PeakLfK
IO COOTBETCTBYONNM 0¢aIM R, = —2Aax 1 R, = A. Boclosib30BaBUIMCH ypaB-
HEHHEM CBA3H, JICTKO BBIPA3UTH HX Uepe3 KOOPJMHATY U CKOPOCTh YaCTHULIBL:

(2ai? — mg)m

m + da?z>

R, =—2axR., R,=
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6) mi — Mg cos g — mrp? = A,
mr? @ + 2mri¢ + mgrsin g = 0,
r=1.

Cura peakiiy HaipaB/ieHa B/I0JIb ' H paBHA

A= mgcosp — mlp™.

4.26.

I = %(T%‘P +72) 4+ mgrcos  + M@ — Qt);

A = 2mriQ + mgrsin Ot — 0boOmieHHas cua, OTBEYAKONICTO KOOPAHHATE (p
(MOMEHT CHUTBI).

4.27. a)E_——+Z iRi.

0) 3akoH Hp606paBOBaHH$I JICBBIX YACTCH YPAaBHCHHMN JIBIDKCHHS TIPUBEJICH
B 3ajaue 4.3:

d 9L Zan(iaLE)L)
dt 90, 8627, 0Q; \dt i Oqr)”

TaxkuM >ke TOoMKeH OBITh M 3aKOH MpeoOpa30BaHHs MPABLIX YaCTEH:

e

Ecnu B 3akon mpeoOpa3oBaHus KOOPIHHAT HE BXOIUT SBHO BPEMs, TO CKOPOCTH
npeodpasyroTes o 3aKOHY

z 04 G,

oOpatHOMY (1).

Huaue roBops, KOMIIOHCHTH CHIIbL ff, 00pa3yroT KOBAPHAHTHBLIH BCKTOP,
B TO BpeMsl KaK KOMIIOHEHTHI CKOPOCTH — KOHTPABaPHAHTHBIH BEKTOP B S-MEPHOM
npoctpancTBe (cMm. [2], § 83).

TaxkuM 00pa3oM, 3Hast CHIILI PeaKLHME CBS3¢H M TPeHHsI B JCKAPTOBLIX KO-
OpJIMHATAX, MOKHO OTIPEASIHTH CHIbI F; B JIFOOBIX 0000MICHHBIX KOOPAHHATAX.
B qacTHOCTH, €CITH CHITHI TPEHUSA BRIPAKAFOTCS Te€pPe3 TUCCUTTATHRHYO (DYHKIIHFO

Ri=

TO r[peo6pa30]3aHHe F CBOOHUTCA K 3adMCHC NICPCMCHHBIX.

0
¢’
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4.28.  Vkazannele B YCIOBHH ypaBHEHUS MOJIydaeM, HCKIIOUas Ag H3
VpaBHEHUH

d 0L 0L
= A =1,...
dt aqﬁ aqﬁ }95 6 4 ? Tﬂ
d 0L 0L _
L — = 1,
4oL _JL_ ;%%,nr+ s

0L _ 8L _ ~— 0L
- - + —b 73
C)Qn OQn ﬁzzl aCIﬁ ?
Z Z oL abﬁm
dQn C)Qn P — Q,B C)Qn

TaxuM obpa3zoM, YpaBHCHUA ABUKCHUS CUCTEMbI ¢ HETOJIOHOMHBIMH CBS35I-
MM OTHIOJh HE COBNAIAIOT C YPAaBHCHUAMH Jlarpamxka, XOTA ypaBHECHHS CBA3ZH H
MO3BONSAIOT UCKIFOUNTE 13 QyHKUUH Jlarpanixa HEKOTOpbIE KOOPINHATEI H CKO-
pOCTH.

4.29. a) YuureBas, uTo ¢, BXoauT B L, u L, 1, DodTydaeM ypaBHCHHUS
Jlarpanxa

d 0L, OL, oL, 0L,

- = - AGn = Gn — Gn-1). 1
[Ipua — 0
100, 0% 10Ln _ 0%
@,  0(0q/0t) “dg,  Oq
_qam _3%H}ﬁ_@_@£_
CLO(Agn)  O(Agp-1) Oz 0(dq/0x)’
TaK 4TO VpaBHEHHA (1) MepexoasaT B YpaBHEHHE
Jd 0¥ n o0 o 0% (2)

Ot 9(dq/0t) Oz d(Dq/0z)  Dq
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3necs npousBojubie J/0t 1 J/0x orHOCATCS K GYHKIMHE ¢z, t) U ee IPOH3-
BOJTHBIM,

Cuctema N 00BIKHOBEHHBIX aU((PepeHTnampbHpX ypaBHeHui (1) nepexo-
IUT B OAHO YpaBHEHHNE B YaCTHBIX TIPOHU3BOIHBIX (2). JIsT HETIpephIBHOIH CHCTEMBI
TEPEMEHHAS & UIPACT POJTh «HOMEPa» TOUKH.

Mpu1 He OyjieM 0CTaHaBITHBATHCA Ha (PU3HIECKHUX CIEJICTBUAX ypaBHEHHS (2),
TaK KaK H3yUeHHE CHCTEM C O€CKOHEYHBIM YHCIIOM CTeIeHeH CBOOOIBI SIBIACTCS
MpeAMETOM HE MEXaHUKH, a Teopud noas (cm. [4], . 11; [2], §32).

o) F = f 8(1/81&)23 g}df”

2
4.30. dywkuus Jlarpamxa L = % ~U(r) + SA(r)v, e A(r) —

BCKTOPHBIN MOTCHIHAT MATHHTHOTO monis, £ = rot A (pasymeetcs, A (r) Bceraa
MOKHO BHIOPAaTh B BH/IE€ OTHOPOAHON (PYHKIIMH KOOPIUHAT cTereH 7 + 1). Ecmm

k
1-5 "
npH npeoOpa3oBaHUM MOJoOMsA r — ar, t — « 2{, BeKTOPHBEIH MOTEHIHAT
peoOpasyeTcs Tak ke, Kak W CKOPOCTh, T. €. €CITH N, = g, t0 L. — o L. TTostomy

VpaBHEHUS JBIKEHHS] OCTAOTCST HEM3MEHHBIMH TIPH TakoM Mpeo0pa3oBanui |
BBITIOJIHAETCS IPUHLIMIT MeXaHU4YeCKoro moaodus (cm. [1], § 10).
W3 mpHRBENEHHOTO BHIBOJIA SCHO, YTO MPHHIMIT MEXaHHYECKOTO Moi00us

CHpaBCAJINB TAKKC NJIA MarouTHOI'O IT0JA, ITOCTOAHHOI'O U B TIPOCTPAHCTBE, CCIIH

k4
TOJILKO TIPH MPeoOpa30BaHMK IT000HI €ro BENMHUYMHA H3MEHACTCI B o2  pas
(cM., nanpumep, 3ajaun 2.30-2.33, 6.36).

mMav
4.31. Kunetuueckas aHEprus cuctemot I — > %
@

27 = Z aa—z;va = %(Z mavara) — Zrama\}a.

[Ipn  ycpenHeHuH 3a OONBIIOW TIPOMEKYTOK BPEMCHH — CIAracMoc

, MO3TOMY

% > Mg VTa, TPEACTABISIIONICE COOOH NMOIHYIO POU3BOHYIO 110 BPEMEHH OT

OTPaHUYIEHHOH (DYHKITHH, O6paTI/ITC}I B Hynb (cM. [1], § 10). [loacTasass Bo BTO-
oU
or,

poe cliaraeMoe Mg vy = — + Ee [vaﬁi?] U YCPEMHSAS 110 BPEMEHHU, MOJTyyaeM

<2T + > ey, > — k().
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3nech ckoOku ( ) 03HAUaIOT yCcpeArenne Mo BpeMenH. B 4acTHocTH, eciH Mar-

€a €
HHUTHOC ITOJIC gyf O,I[HOPOI[HO, TO m—a ~ m> TO

2{T) + ot (M) = k(U),

e M = > mg|rqve] — MOMEHT HMITYIIBCA CHCTEMBL.

4.32. a) 3anumem Cil—‘;l B BUJIC JIBYX CIAracMbIX
P [m(ﬂﬁlezCU:a + T1Z2X3 + 55’135'2933) — X1U93 — T2U13 — I3 12]—

— (#1Uaz + &2U13 + &3Ur2). (1)

Hcnonb3ys ypaBHEHUS JIBHKCHA

mx1 = Fio + F13, mis = Fo1 + Fss, mis = F31 + F3o, (2)
F' = —F ;= —— e 3
ik ki C)$@ (IL'@' _ iﬁ'k)B ( )

H BBCAA OTHOCHTCIBHBIC PACCTOSHIA
Il — &9 =T, o — Tz =Y, XN —¥Iz3 = 2,

3aluilieM BTopoe crnaraemoe u3 (1) B BHIE

20°1/1 1)\ 1 1 1\1 1 . 1\1
G R ) Rl G R ) bl G R ) P B O

CobOupas ciaraeMbic ¢ OJMHAKOBLIMU CTCIICHIMH 2, nepenumieM (4)

20z —y) 1 P rayty’  wly
m ($3y3 22233 Ba2y2 )

[Toxcrasnsist croga z = x -+ ¥, JIETKO YOeANTHCS, YTO 3TO BRIpaykeHHe oOpamaercs
B HYJb.
IIepBoe ciaraemoe 13 (1) oOpaniaeTcs B HyJIb IS IPOU3BOJIBHBIX CHIL YTo-
OBl TOKA3aTh 3TO, AOCTAaTOYHO MCTIONB30BATh YPaRHEHUS NBHXKEHHS B (hopMe (2)
W TIOACTABUTh
Uk

Tk = (i — ) = —(d; — &) Fik.
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VikaxeM, HaKOHeIl, 4TO B JAHHOM Ioje npeodpa3oBaHue MOMO0HS He Me-
HAET BH/IA JIEHCTBYS, U TIOTOMY KPOME TPEX YKa3aHHBIX €CTh €I1e M YeTREPTHIH
HHTErpa ABMKeHHS (cM. 3ajauy 4.13 0)

m($1j§'1 + Toko + CU3$'3) — 2F¢. (5)

4.33. Tlpu commxenun M000H Tapbl 4acTHL IHEPTHS HX B3aHMOACHCTBHA
HEOTPaHWYEHHO BO3PACTAET, [I03TOMY YaCTHIEI HE MOTYT IIPOHTH «O/THA CKBO3b
APYIVIO» H HOPSLIOK HX PACIIOJIOKEHHU Ha TIPIMOU COXPaHsIeTCH.

[IpH cTONKHOBEHUH JBYX YaCTHI[ PABHOH MAacCChl, HO C IPOU3BOJIBHOMN 3HED-
ruei B3auMoAeHcTBHSA (00eCeunBaIONICH JINNIL HEMPOHHUIIAEMOCTE YaCTHIT) 3TH
YACTHULBI POCTO OOMEHUBAIOTCS CKOPOCTIMH. {JTO CIEIyeT H3 3aKOHOB COXpa-
HEHUA SHEPIUU M UMIIYIIbCA.) ECIN CTOJNIKHOBEHHA TPEX 4acTHUL IIPOMCXOAT I10-
OYEePETHO, TaK UYTO BO BpeMs COMDKEHUS JBYX YACTHIT TPETHS HAXOIUTCS JIATeKO
OT HUX, TO OyIET MPOUCXOAUTE TIPOCTO OOMEH CKOPOCTIIMH, TIPHUEM COYAapEHHSI
3aKOHYATCs, KOTAa Briepean OyneT HaX0AUThCs camast ObICTpast, a o331 — camast
MeEJJICHHasI H3 9acTUll, T. €. B 3TOM Clydae

/ / !
V] = U3, Uy =1Ua, U3=U1. (1)

B obmeM xe cnydae, kora cOMKAIOTCS BCC TPH YaCTHIBI OJIHOBPEMEHHO, Be-
JUYHHBL CKOPOCTEH OTHIOND HEe OYyIYT COXPAHITHCS.

Tem yauBHUTENBHEE, UTO A8 YKA3aHHBIX B MPEABIAYINCH 3aaaue CHIT coXpa-
usieTcs oTBeT (1). DTo MOKHO TIOKA3aTh, UCIONE3YS BCE TPH MHTErpana JBIKE-
uusa: P, E, A. YuurtsiBas, uto npu t — +oo dyuxkuun Uy, — 0, 1 cpaBHHBas
P,E, Auput — 400 u npu t — —00, HOIYIUM TPH YPaBHEHHS:

vy +vh + vy = v1 v | ovs,
(01)" + (v3)” + (v5)" = vf + v + 03, (2)
VI URVS = V1203,

Pernas 3Ty cHCTEMy OTHOCHTENBHO ¥, MBI IO IIOIY4YHM, BOOOIIE TOBOPS, LIECTh
pasiuyuHbIX pereHnil. OJIHaKo BCE 3TH PEHISHUSI MOXKHO YI'aIaTh.

Jlerko mpoBepuTs, 4TO pemenne (1) ynoBmeTBopsieT cucteme (2). [lanee,
TaK KaK ypaBHEHHs (2), 04eBHAHO, CHMMETPHYHBI OTHOCHTEIBHO BCEX LICCTH
BO3MOKHBIX ITePEeCTAHOBOK YaCTHII, TO SICHO, 9YTO OCTalhHBIE KOPHH CHCTEMHET (2)
MOTYT OBITH TONYYEHBI TPOCTHIME TepecTaHoBKaMu U3 (1),

ITocne »TOrO HETPYIHO VOEIHMTHLCS, YTO TOJBKO OTBET (1) MOXET ocyie-
CTBUTHCS TIpH ¢ — —+00, W00 MO0 Apyrodl BapuMaHT mpegnonaracT (B cHUly
YKa3aHHBIX HEPABEHCTB U3 > ¥y > ¥1) BO3MOXKHOCTh JAANBHEUNIMX CTONKHOBE-
HHW YACTHII.
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§ 5. Maable KoJ1e0aHUA CUCTEM € OJHOM CTENEHbLI CBOOOABI

2 _ Va2 (P .
51, a)w® = -+—4/1 ; min U (x) cymecrsyeT nput F < Vi,

m Va

4 [(3/4)\2
6) w? = 8% Vﬂ% g(rglﬁ 4%) , TAC aMIUIHTYAA & OMPEACICHA PAaBCHCTBOM
. 2
E - M5 4 Wvatst = Lvatal,

5.2, @yakmua Jlarpamxka cucteMsr (M. [1], § 5, 3a1aua 4)
L =ma?6%(1 + 2sin? 0) + Q% sin? 0 + 202 cos 4],

rie BaeaeHo obosHauenme 23 = 2g/a.
ITpu Q > )y MOTeHUMATBLHAS YHEPTHA CHCTCMBbI

U(0) = —ma*(Q%sin” 0 + 202 cos 6)

uMeeT MEHAMYM TipH cos g = O3 /Q?. Pasnaraem U(6) s6nmsu 0y, a B Kuetu-
TeCKOI SHEPTHH [TONaracM

. . Qo \* M
1+2sin260 — 1 +2sin2 6 :3—2(—) = _M_
i i 0 Q 2ma?
TOTHA
_l bt '2_1, 2
L_QJUQ: QA:U,
tne k = U"(6y), © = 6 — 0y. Otcroma
04— Of
W B g2 0 (g5 ),

M 30% 208

[pu €2 > 2y wacToTa KoNeOaHHi IPOITOPLHOHANBHA YTIIOBOH CKOPOCTH Bparie-

HHUSA w = LQ, afy=Z.B ciyuae 2 — € Manble KoyueGaHusa COBEPUIAIOTCS

V3 2
¢ wacToTori w — 0, a g — 0.
Ecmu © < g, To MOKHO paccMaTpuBaTh Konebanua BOmsH fy = 0 mpu

YOPYTUX COyAapeHHsaX GOKOBBIX MACC

WQIQ(%*QQ (Q<Qo)
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IIpu Q = €1y norenmumansHas 3Heprus U uMeer MuHUMYM 1ipH 6y = 0
U TIpe/IcCTaBuMa BOIM3H HETO B BHJIE

U = ma*Q3 (2 + 9744),

T. €. KoJiebauus CYICCTBCHHO HeauHEeHHBL. OCTaBlIAS H B KHHCTHYECKON JHCPIHH
YJICHBLI A0 YCTBCPTOI'O IIOPAaKA, ITOIYYHM

Om
2r _ g [ V1T 26%d8

W
3neck 6,, — ammumTyaa konedanuii (cp. [1], § 11, 3ana=a 2 a).

5.3. OGosHaunm s = (¢2/8mgR?)"/3,
I[Ipu s < 1 noJioeHHe YCTORIMBOIO PABHOBECHS (g OLPCCIACICS YCIIO-

. 3
BHeM sin 22 = 5, w? = 29 (1 — 5?).

2 R
Ilpu 5 > 1 monoxcHHE YCTOHUMBOrO paBHOBecHMA — Touka A, a w? —
= 2958 1),
5.4. r =719+ acosw(t— ty),
2aQ) .
© = o+ Qt — tg) — ,rgw sinfw(t — tg)],

e 7o, Yo, @, tog — KOHCTAHTHI HHTErpUpOBAHA {a <& rq),

= %T()_(n+2)/2, w=0Qv2 - n.

5.5. B touke 8 = 6y sddexrusras moTennmanbHas sHEPrus g (0) =
2
= % — mglcos@ (em. [1], § 14, 3anaua 1) uMceT MUHUMYM, IO3TOMY
2ml© sin“ 0
Uspp(fo) = 0. Orcrona naxoamm

JWE = m2239 sin? o/ cos by,

4 9acToTa MajblX KoJieOaHui

»op(o) 1+ 3cos? 6
w(fo) = de)l2 :\/Q + 3C0% Bo.

m [ cos B
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JUis npHMEHHMOCTH 3TOTO pacdeTa HeoOXOAHMO, ITOOHI

1 1
LU (00} (A0)° > LUt (80)|(20)°,

rne A8 — ammutyna xKonebanmit. Ecium 6y ~ 1, 3T0 yCIIOBHE BBITIONHACTCS TIPH

Af < 1. Oanako upu 8y < 1 oka3eiBaeTCH ;gq)(Qo) o< gl U KonedaHus o 6
0

MOKHO PacCMaTpHBaTh Kak Manbie, Tombko ecnu Af < 6y, Tem He MeHee B
HTOM CIy4ae MONYYCHHBIH Pe3ymbTaT w = 2\/g_/l cripaBenus U it A6 ~ 6,
Korna Konebanus mo § mepecTaroT ObITh TAPMOHUICCKAMHE. JICHCTBHTEIBHO, IO
OCSIM = W Y B 3TOM CIydae TPOHMCXOASIT MaJble TaPMOHHUYCCKHE KoJeOaHMs ¢
qacTOTOH +/¢/[, T. €. MAATHHK ABKHXKETCS MO 3JUIMIICY, COBEpLIAsi 32 OAHH 000poT
nBa komebanms mo yriay 6 (eM. [1], § 23, 3anaua 3).

5.6. DddexTrBHAS NOTCHUIMANBHAS YHEPIU A paiHaTbHBIX KoneOaHMii
MOIEKYIIBI

1 M>
Uspg (1) = —mwg(fr — 7’0)2 +

2 2mr
I7I€ ¥ — PACCTOANME MEXKIY aTOMaMH, a 1 — TpuBeneHnHas macca. J[oGasie-

HHC BTOPOro 4jicHa, IpCAIloJaracMoro MaJIoH HOHpaBKOfI, IIpHUBOAHUT K MAJIOMY
CMCIICHHIO ITOJIOMKCHHA PaBHOBCCH

2’

M?
0o = 5 2.3°
m=wagry

M3MeHeHHE 9acTOTHL onpeaenuM, pasnaras Usge(7) B psaa BOMM3H TOUKH 7+ 67g:

72 12
Uspgp (1) = lmu)g(fr — 1o — 0rg)? + M 5 + 3]\14 (r —rg — drg)?.
2 2mrg  2mrg
Orcroa HonpaBsKa K 4aCToTe
3M?2 30?2

dw =

— 3
szworé 20—’0
e 2 =M / mrg — CpeAHas CKOPOCThL BpallleHHI MOJIEKYJIDL,

5.7. a) CMelueHHE W3 TIOJNOKEHUS PABHOBECHS

5.2

Ty . &
:U::Bocoswtﬁ—wosmwt: :c%—l——Ecos(wt—}—cp),
w
&g > _ 2k



160 Omeemut 1 pewreniis [5.8

0) llyctr mHaTskeHwe onmHol mpyxuHKM f. I ManeIx cMemieHHi
ly| < +/f1/k, xoneGanns rapmornueckue y = Acos(wt + @), w? = 2f/ml.

[Ipn f = kl wacrora komebauuii Ta e, 9TO U B IyHKTe a). Ecim mpy-
KHHKH He HATAHyTH (f — (), xomeOaHud HENIHHCHHBI, BO3Bpanmaronas CHiIa
F = —ky3/1%; wactota (cM. 3amaqy 5.16)

_ VAlB/4) \ 2k Ym
I'(1/4) m ]
(Y — aMIIIATY/Ia KoJicOanum).
Ecnm wacTmia MOXKeT ABHrarkCsl B IUIOCKOCTH &Y, TO €€ JBIKCHHE
npu f # 0 B MaJbIX CMEIICHHAX MpeACTaBIsier co0oi rapMonudeckue Koyeda-

HHS BIOMb OCCH 2 M Y € YacToTaMu w; = 2k /m u w? — 2f /ml cooTBeTCTBCHHO
(cM. 3amauy 6.3).

5.8. Ilycrtb y — KoopaWHaTa 9acCTHIlbI, OTCUHUTAHHAS OT TOUKH BEPXHEIO
noaseca. PyHKIHS Jlarpamka CHCTEME

.9 .2 2
my 5 my ( g)
L - — — —_— = —_——— J— _——
5 E(y —10)* +mgy 5 k 5, + const
coorBeTCTByeT OCIMJIIATOPY C YACTOTOH w? = ?n—k H IIOJIOKEHHEM PABHOBECHS

=+ 29 % , IO3TOMY iy = 1o + A cos(wt + ¢).

3amMeTHM, UTO, BRIOMpPas B KA9€CTBE KOOPAWHATHI OTKIIOHEHHE OT ITOJTOKEHUA
paBHOBECHA, MBIl HCKIIFOuaeM u3 GyHKINK Jlarpamka Mmojie TSKECTH.

5.9. VYron oTKIOHEHWs MasTHUKA OT BEPTHKAIH

a)? aQQ

p = ———— cos {2,

<1
gle“ q — ‘

(cm. Taoke 3anmaqy 8.3).
Bo3moxHE Takke KoyieOaHws MasTHHKA BONH3H HATPaBICHNS paInyCa-BeK-

_ g & 2, 9
Topagofﬂtﬁ—a?smﬂt,ﬂ > 2.
5.10. Tok B KoHType

dq Up sin(wt — ¢) . wf —1/wC
— 4, — Y g¢¥ —
dt  \/RZ+ (w¥ —1/wC)? R
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MOKHO [IOJIYYHTh, pemas ypasuenwnd Jlarpamwka mr g. Oynkuua Jlarpamka cu-
£ ¢

2 2C
(em. [3], §48).

cTeMbl . =

(cM. 3amauy 4.22) nuccumatuBHAS QYHKIHS paBHA %ng

5.11. OOwmee pemieHue ypaBHeHWs aBMKeHws (oM. [1], §26; cM. Tak-
xe [14])

:E+2A:ic+wg:£ = %cosw

TP YCA0BHE w? = wi — A? > 0 uMeeT BUjL

Fl(wg — ~+?) cos~t + 2\ sin ]
ml(wg —77)% +43%7]

x(t) = e (acoswt + bsinwt) +

b

T7Ie @ U b — KOHCTAHTHIL, OIIpeeaeMble U3 Ha4aIbHBIX yCIoBHid. 1lomaras x(O) =
= #(0) = 0, HaifaeM OKOHYATEITBHO
F 2

x(t) = (wi — 4% )(cosyt — e M coswt)+
m(wg — ) + 4277 &

wg + '72 o>
2vw

+ QA'y(Sin'yt — tsinwt)]. (1)
HccneayeM 1oydeHnoe pemenune 3oJm-

31 pe3oHanca y = w+¢, |£| < w. Bcmu tpe-

HUE TIOTHOCTBIO OTCYTCTBYET, T.€. A = (), TO

B OKPECTHOCTH PE30HAHCA JIBHKEHUE OCIIHII-

JATOpA IpecTaBsieT codon Ouenus:

et

Foo. .
Miwge S - sin wot, (2)

o=

TIPUYEM BEJMYHHA AMIUTATYABI U 4acToTa Ou-
CHUH ONPEIENAI0TCH CTENEeHbI0 OMM30CTH K
pesoHaHcy (puc. 115,a). Korma xe v = wy
(T.€. UMeEeT MeCTO MONHBIM pe30HAaHC) TIPHU
e — 0 nomyuum

x t sinwyt, (3)

- 2muwg

T. €. kKoyeOanus, aMIUTHTYIa ¢ (f) KOTOPBIX HEOTPAHWYEHHO BO3PACTACT O 3aKOHY
a(t) = Ft/2mwq (puc. 115,6).
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P

“““ ﬂ WA
[ _U AVATRVAVATAVER

2\/_ma)0|g|

Puc. 116

[Mpu Hamuuuu paxe mamxoro TpeHus (A <€ wqg) KaprvHa ABWKCHUS Kade-
CTBEeHHO MeHsieTcs. Tak, mpu A << |¢| m3 (1) Aerko moxy4nTh BMecTO (2)

x(t) =

V1 — 26 coset + e=2M cos(wyt + ¢1(£)). (4)

QmeE

3neck 1 (t) — HEKOTOpAsk MEIICHHO MEHSTIOLIASCS BO BpeMeHH (pa3a KonmeOaHww,
AMITTHTYZA KONeOaHui MEAICHHO OCILIHPYET ¢ YacTOTOH |£| OKOMO 3HAMCHUS
F/2muwgle|, mocrenerHo nmpubmimkasce K HeMy (prc. 116, a). 3ametarenbHo, 110
BO BpeMsl LIEPEXOIHOIO IPOIECCa aMIUTUTYIa MOKET TOCTUTaTh 3HAYEHHH, TOYTH
BABOE OONBIIMX AMIUTATY/Ibl YCTAHOBUBIUUXCS KomeOaHwmid. 1IpU COOTHOILICHUAX
o] € A € wp nomyvaem

F(l

Imwen T e M) cos(wot + p2(1)). (5)

=

B »>Tom ciydae pOMCXOAWT NEPEXOAHBIA MPOLECC € TNIABHO PACTYIICH aMILTH-
TynoH, acCHMITOTHUECKH NPUOMDKAromeiicss K 3HadeHuo F'/2mwgl, onpeze-
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maeMoMy KoadhduimentoMm tperusa A (puc. 116,6). M, HakoHeIl, eCal € H A —
BEJIFUHHBL OJTHOTO MOPSI/TKA MATOCTH, |¢| ~ A < wy, TO OCUHUTSAINAE AaMITITHTY BT
BOKPYT 3HA4YEHHs, OTBEUAIOLLET0 YCTAHOBHBIIHMCS KonebaHmaM F/2+v/2mwyq e/,
BeChMa HerNyOOKHU (1 caydast € &~ A, cM. puc. 116,8).

Takum 0Opa3oM, CHCTEMa TIPHXOINUT K YCTAHOBHB-
mUMCs KodeOaHuaM 1T 3THX TpeX ciyvaeB (puc. 116) B
3a BpeMs ¢ mopsinka 1/\ (310, BOpodYem, OYEBHAHO W
u3 (1)).

KauecTBenHnoe wmccnmenoBaHMe MpoIlecca YCTAHOB- A
NeHWs KoaebaHu# (TepexoTHOTO nporecca) npu A << wy
Y/00HO 1POBOAUTH C NOMOLIBIO BECKTOPHBIX /AIPAMM X
(puc. 117). BpiHyxjeHHOe koJsicOaHue u3zoOpaxkaercs

- —_—
npoeknuel Ha och x Bekropa OA, BpallaloIIErocs ¢ Puc. 117

—_—
YINIOBOM CKOpOCTHIO 7. Bektop cBobGoaHoro konebanus AB Bpamaercs ¢ yrio-
BOi CKOPOCTBIO w, ¥ JUTHHA €T0 YOBIBAET IPOTIOPIHOHATBHO e~ . B Haua bHEIiI

—
MoMmeHT AB + OA ~ 0.
Karos xapakrep nepexognoro mporecca, ecnu x(0) = 0, £(0) #£ 0?

5.12. a) Dueprus, nproOpeTeHHAad OCIHILIA-
TOPOM, E

7F2

_ mk* _1 2} _______
E= I, T eXp|: 2((.&)7’) Emax

CYIIIECTBEHHO 3aBHCHT OT TOTO, KaK OBICTPO BKITO-
gaeTcs cuiaa (o1 mapamMerpa wr ). IIpy MTHOBEHHOM
yaape (w7 < 1) Wi npy 09eHb MCITICHHOM BKITFO-
YCHUH CHIBL (W7 3> 1) mepemadd 3HEPTHU MAbl,

2
MaKCHUMYyM IIepejiady sHEePIrun Fia = uddl — Jo- Puc. 118
CTHTaeTCs TpH T, = V/2/w (puc. 118). % €
6) Ecim ¢ — a cos(wt + ¢) npu t — o0,' 10

2
A _ 2 _ 24 .
AFE = E(+o0) — E(—x) = 2—7'26 Wr)™/2 _\frawrFe™ @) /tgin o,
m
B 3aBECUMOCTH OT BEIMYHHBI (0 OCIALIATOP IPHOOPETAET MM TEPAET SHEP-
THIO. DTO W3MEHCHHE IHCPTHH MOIOOHO TIOTIONIEHAI) HITH BHIHYKICHHOMY HC-
ITyCKAHHI0 CBETA aTOMOM.
Ilpu yepeaunenun 1o $Gase ¢ MOMydHM TOT XKE OTBCT, 4TO H B IIYHKTE a).

1(,5 HUMeeT CMBICT «ITPHUENBHON (asbi», T. . Toil (a3sl, KOTOPYIO OCHIIIIATOp HMel ObT ipu ¢ = O,
ecnu Obl He ObLMO BRIHYKAAIOMICH CUEIL.
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503 @) a(t) = g_[61(1) + & (1)), e
51,226 [/% i‘”dT—l—:coqE)uxo] )
0

- t -
6) =(t) = %Im{e“’t” Lf %F(T)B)\T_mnd?' + dg + (iw + A)wg} },
e w = yJwi — A2

5.14. Ha ocouusitop JieHUCTRYET cuia

F(t) = = 20 (| = ro(t))) (1)

rie r(t) — OTKIOHEHWE OCHWIIIATOPA, a rg(f) — paanyc-BeKTOp HalleTaroleil
wacTuilel, TIpenonaras OTKIOHEHHE YACTHIBI MAJIBIM, TOaraeM ro(t) = p+ vi
(p — TPHUIEABHBIA TApaMeTp, BEKTOPHI p U V B3aHMHO OPTOTOHAJBbHBI). CunTas
TAKKE MaJOK aMILTUTYAy KoJieOaHHE ocIuiaTopa, nonaraem B (1) (mocine gud-
bepenrmposanus) v = 0; Torna F(£) = —2:2V (p+vi)-exp(—»2p? — s2vi2).

Konebanusa 1mo HampaBlICHHAM p U V HE3aBHCHMBI U BO30Y)KAaKTCA 10

SHEPrun
+o0 5 +oo
L —iwt L —iwt
m‘/Fp(t)e dt| n Qm‘[Fv(t)e dt

COOTBETCTBEHHO. 31¢Ch [, U F), — KOMIIOHEHTHI CHJIBI 110 HAIIPABICHUSM V U p.
lloaHas 3Heprus Bo3OYXK/CHHS ocHuaasTopa’

2

(2)

. 7TV2 —r—a
£ = 5F ——(z + a)e \ (3)

rac

2
E = %me?, a = %(%) . x=2(sp)?.

Hurepecto ormernts, 4T0 3aBHCHMOCTh €(w) TakKas e, Kak W 3aBHCHMOCTH CIEKTpalbHOM
IIIOTHOCTH M3nyuenus OnicTporo exrpouna B mone U (r) (em. [2], § 67).
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Ceuenne B0O30yKAeHHS OCIHHILIATOPA A0 3HEPIHH, JIeKAIIEH B HHTepBaJje
OT £ 0 € + d¢,

d a+ x(e
dcr:7r2|dp;%|: B[ 52‘1 (4)
k

a — 2 ) ’

[JIe Tf — Pa3IuYHBIC KOPHHU ypaBHCHU: (3).

c £
El-
//i\‘ i
] I 3 6‘1 gll 1
; 7l
/ | / i
/ | / i
—a —a+1 * —a l-a .
a) 6)
Puc. 119
do do -
de de i
|
(cl-] & ((’I‘l é‘Q ¢
a) 6)
Puc. 120

HaneHeitee uecnenoBaHue yao0HO IPOBOINTS, penras ypaBHeHUe (3) rpa-

dbraeckn, kKak 510 jaenamoch B 3amaue 3.10a. Ilpm ¢ < g9 = io:e @

2K
yaeM do = 2'” de (8 ypasuenuu (4) nomaraem zp(s) > 1, xx > a). dua
%

TOJTy-

OOJIBLIKX £ PE3YIBTAT 3aBHCUT OT BETHYHHBI ¢. Ecu ¢ > 1, TO BO3MOXKHO JTHIIE
e < g1 (puc. 119,a; nns ceuenus — puc. 120,a). Ecam xe ¢ < 1, TO BOZBMOXKHO
71'V

2Fe
CKauOoK, a MpH €2 — £ € £9 UMEET HHTCTPUPYyEMYI0 0coOeHHOCTh (puc. 120, 6)

do = T _dt 1

V25 2 v/ 1— 6/62.

£ < gg = (puc. 119,0), npraeM nupu £ = £ rpaduk do/ds ucHbITHIBAET
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5.15. Ecnou oCruIIsaTop HMEET KIPHIEILHYIO Gas3y», paBHYIO (¢ (CM. 3a1a-
gy 5.126), TO, TOBTOPSIS BRIKIAIKHA MPEABITYIIECH 3a0aud, TIONYUYHAM TSI YHEPTHH
OCHIJUIATOPA BBIPAKCHUE

e=e1e720)" £ 2 Erzge P cosp + eq, (1)

1T IE (vw) eXp{_z(zz)Q }

ITpu cos ¢ > 0 1y1s BCeX p OKA3BIBACTCS € > £, a IPH Cos ¢ < () cyleCTRy-
10T TaKHE p1, 2, 11 KOTOPBIX £ < £¢. Paspemas ypasHenue (1) otHOCHTEIBHO p2,

Hax011uM
A/ £1 /80

rie

pQ:%ln Ipu € > &g,
7 —cosp + \/(6/50) —sin?
1 Vel

pi2: 5 1n npu cosp < 0
> \/%|COS@\i\/E—EUSin2@

HEQ > E > Emin = €0 sin? @. Orcroa

(s de (2)

2372

E—egsin2gp—cosgo-\/££g —E%Sillzgp

Npu & > cg MU

1 g0 | cos | de
” (g0 — 5)\/550 —elsin? g

TIPH Emin < € < g B cos < 0.
VYepenHsist 1o BCeM BO3MOXKHBIM TSI JAHHOTO
e hazaM @, MOTYINM

da> T
agN _ " 4
<d5 2% g — €] 4)

(puc. 121). YcpenHeHue npoBoauTCs 10 (GOpMy-

Puc. 121 am o
d_a 1 [do,
dzs 27 de

0

do = wd(— p1 + Pz) = (3)

()

Y
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A £ > g H
T+

do\ _ do
de _ZW_/ v

s € < gg. 3mech v = arcsin \/e/eg.

Pacxoaumocth ceuenmii (2), (3) m (4) ipy £ — £( ¢BA3aHA C TEM, UTO IPH
JMHOOBIX QOJIBIINX P OCHHILISTOP BO3OYKIACTCS.

C gemM cBs3aHa JOTOTHUTENBHAS OCOOCHHOCTD B (3) M moueMy ee HeT B (4)?

5.16. JIna ¢yrkoym Jarpamka L = %mi:Q — %mw%Q + zF(t) sueprus
CHCTEMBI
F(t) iF(t) 12 F?%(%)
_m 2 _ _ e —
19 (=
t
£ =3 tiwe = et / e_m’r%F('r) dr (1)

— O

(eM. [1], § 22). XoTs BeIpaKeHUE JIsl HESPIHUU UIMECT OLPE/ICICHHBIN IIPEe Py
t — o0, mHTETpaN, onpeaensomui £(1) opu t — 00, He EMeeT mpeena (Tak
kak (1) — kg npu 7 — 00). UaTeTprpys (1) mo gacram, TOTyduM

gty = LU et [ #werar 2)

— 00

rae /(1) — 0 mpu 7 — 00 W HHTETpAT CXOOUTCs TpH ¢ — 00. 13 (2) BHIHO,
YTO JABIKEHHE OCIMILIATOPA MpH [ — 0O TPEACTABIAET COO00H TapMOHHIECKHE
konebanus (Bropoe crmaracMoe B (2)) OKOJIO HOBOIO IIOIOKCHUS PaBHOBECHSA

Ty = cinaraemoe B (2)). IlepenaHHas OCHLIATOPY SHEPIHUs B

T
COOTBCTCTBHH C 3THM UMCCT BH

oo 2

/ F'(t)e ™“tdt

— 00

Fy 1
E(—H)O) B _2mw2 + 2mw

2
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5.17.

E2 At F2 2k
AE = E(to0) — E(—o0) = ——2° 0 _ aXFocosy

+
2mw?  2mw? (A2 + w?)? A2+ w?

Ey = Lmw?a?, ¢ — «apruenbras dasa» (oM. cHocky k 3aade 5.126).

2

T

5.18. TIposona B dopmyne £(7) = £(0)e™™ + %eiWT/F(t)e—iwtdt

0
(cm. [1], § 22) n-kpaTHOE MHTETPHUPOBAHHUE MO YACTAM, TIOIYUaeM BEIpaXKESHHE

_ iwT ZFh F(n) (+0)eiwj— - F(n) (T - O)

T
T

€ (n+1) —iwt

F .

+ m(iw)(“ﬂ) / (t)e dt
0

3nech |£(0)| = aow, TAC Gy — aMmIUTyAa KoneOaHuit 10 MOMCHTA BKITFOUC-
Hus cuisl. TIpeanocieuuii uieH B 310 QopMysie N0 NOPsIKy BETHUHHEl paBeH

F _ .
=% (w7) ™, a nocreaHuii, BOOOmE rosops, ropasno MeHsie (ecm F T (t))
(2
-9 ZFO
M3MEHSCTCA MIaBHO). KBagpar aMImIuTy el KoxeOaHus w ‘5 — 2| mput >

(w)”)?

Fo
10 OPSAAKY BEIHYHUHEI paBeH (ag + 5
mw

Takum 06p330M, €ClIn CHJIa BKIHOYACTCA MCIAJICHHO H ILIdABHO, IIEpciaaqda
SHEPIruv OHCHL MaJia,

5.19. a) B mpoMmexyrok BpemeHH 0 < ¢ < 7 koacOaHus UMCIOT BHJ
x = Fi/mw?t + Bsinwt + C coswt.
JIBHOKCHHE OKAXKCTCS YCTAHOBHBIITUMCS, CCIH

DTH yCIOBUS NPUBOAAT K CHCTEME YpPaBHEHHH

L1 Bsinwr + Cleoswr — 1) =0,
— (1)

B(coswt — 1) — C'sinwr = 0,
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ompenensgromeil nmocrosaHuele B u €. Takum obpaszoM, mpu 0 << < 7

2(1) I [E sin(wt — wt/2) . ()

mw? T 2sin(wr/2)

Ecau xe ¢ meskur B npoMmexytke nt < ¢ < (n + 1)7 (tme n — memoe), To
B TipaBoii yactu (2) cnenyer samennth t Ha t' =t —n7 (0 <t < 7).

Ilpu wT, OIU3KOM K [IEJIOMY KpaTHOMY 27, BTOpOI uieH B (2) oka3bIBacTCs
OueHb OOJBIIMM — Chyuai, Omm3kui K pesonancy. Ilpu wr = 27/ ([ — uenoe)
YCTaHOBHBIIUXCS KolebaHuil ObITh He Moxker (cucteMa (1) mporusopeunsal).

0) x(t) = %Im[;?i + m()\}—?I— %_w)e” + Aeéwt} w0 < t < 7 30ech

Ia 1 — e—)\fr.
m(\ +iw) 1 — et

A=—

i nT <t < (n+ 1)7 B upasoii yactu cnepyer 3aMeHuTh ¢ Ha t' =t — nT.
B) Ipu wy = (£0)~Y/2 > X\ = R/2% ycraHosmBLumiics TOK

1 Vv e 1 _ _ ]2 e
I(t) = w%—Agfflm(leat—i—aT)’ a=—-A+iy/wi— A2 (1)

s 0 <E< . dman < =2 € n+ 1 HyxHO B (hopMyJie IJIT TOKA 3aMEHHTH T HA

L
-
t' =t —mnr.

MoxkHO 1, ucHoib3ys (1), HOJNYYHTH BHIPAKECHHUE JUIsl YCTAHOBHUBIICIOCH

TOKa TIPH Wy < A WX TpHA wy — A?

T
5.20. a) A%/F@ﬂﬂ&:
0
W’ { /i n Af3
M (WP — W) 40 (W — 4w+ 1602w

lnpeHCTaBHB CUITY B BHJIe psiad Dypee

BHIVIM, UTO pe30HAHCHYIO packatky koreGanuit MOKeT BRI3BIBATE KaKaas TAPMOHIKA BETHY K aaronieH
cunsl. [Ipu 7 = 27l /w mnst nocrarouno GonbMX ¢ (KAKUX UMEHHO?)

_ Ft
2rmwl

x(t) ~ sin wi.
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T. . KOKIA9 H3 JBYX FAPMOHHK CIITH ITepefiaeT SHePTHI0 He3aBHCHMO OT APYTOii
(3neck nepuon 1’ = 2%).

6) A _ 4)\&)2 i ‘Q|2n2
m — (w% o n2w2)2 + 4)\2(.02?12.

B) (A) — A { fiwt f3ws }
ML (ws — w?)? +4X 2w (W@ — w3)? + 4030
ITpu ycpenHennn 3a OONBLIOH TPOMEKYTOK BpeMeHn 1 > % OKa3bLIBAET-

cs, UTO Kaxkjaasd U3 ¢l f1 coswit U fa cOswaf mepenaeT 3HepPTrHi0 OCIIILIITOPY
HE3aBHCHMO. DTO CBA3AHO C TEM, YTO JHIIb CPEIHUE KBAAPaThl TPUTOHOMETPH-
JeCKUX (QYHKIH OTIHIHE oT Hys. [pu T — o0

1
2?

T
%/s‘m2w1tdt — %—}— 4w11T(1sin2w1T) —
0

a CPC/IHUE 3HAYCHUSA TEPEKPECTHRIX MPOM3BCACHUI THUMA Sinw1l - cOswit U T. L.
ucuesaror. Hampumep, mpu 7T’ — o0

1 —cos(wy —w2)T N 1 —cos{wy +wa)T
2((4)1 — wg)T 2((4)1 + (,UQ)T

— 0.

T
1 .
— t- tdt =
T /sm w1 COS Wo
0

r) CMEmeHNE OCIUISITOpa
(w)e™tdw

wi — w? + 20w’

— o

o=

oTcroaa nomHas pabota cunel F(t) paBHa

A- / (O F() dt — 3T ()]

dw.
m / (Wg _w2)2 —|—4A2w2

(1)

HpI/I JOKA3aTCJIBCTBE MTOCIIECAHETO PABCHCTBA HCIIQJIB30BAHO 06paTHoe Ipe-
oo

obpaszoratne Dypbe / F(t)e™dt = 2n* (w).

— o



5.21] § 5. Manwie konebanus cucnmem ¢ 0OHOU CMEREHBIO CBODOObI 171

Ilpn A < wg OCHOBHOM BKIaJ B mHTerpaj (1) maeT OKpecTHOCTL BOIH3H
COOCTBEHHOM YaCTOTHI OCHHJLIATOPA W = w(.
ITosTomy

Am |1 (wo)[*wo dw?
A m A 2 _ 2\2 2 2|
/ (Wi — w?)? + 4\ wj

HpI/I 3TOM COMHOXHTC/IB, CTOHH_II/Iﬁ B KBaJIpATHBIX CI{O6KaX, JCIrK0 BBEIYHC-

2 2
JM€TCS KM OKAa3bIBACTCA HE 3aBHCAIMM oT A\, A = %;:0)' (cp. ¢ hopmy-
moit (22,12) u3 [1]).

5.21. VYuwureBas, 4TO OTKIOHEHHE OCHULUIATOPA & €CTh MaJiasg BEIHYHHA
[EPBOTO HOpsAAKa 10 F, HoJIyduM

o0

AE — jo F(x, )i dt ~ / f() dt,

APU/F@JMNw/Tﬂﬂ—ﬂQ%CM

HHterpupys Bropoe ciaaraeMoe o 4acTsaM, Hallaem

Apszwm+%£

B wactHOCTH, eciH / f(t)dt =0,Tr0o AE =VAP.

TTosICHUM YCIIOBHE MAJIOCTH @ HA IPEMEPE JICHCTBHS HA O CIEIUIATOD TPyTI-
ubl BomH f(t) = fe |*/7 cos~t. Mansim mapamerpou B pasnoxenun F(x, t)
sensercs /A, tae A = 2wV/~ — XapakTepHas JIHHA BOJHEL, T. C.

|zl fy

= < 1.
A 2em|w? —

“l
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§ 6. Majable KoJ1€e0aHUA CUCTEM ¢ HECKOJIbKUMMU CTENEHAMU
cB00OILI

6.1. TIlycth x; — OTKIOHEHHWE i-H YACTHIIBI OT IOJOKCHUS PABHOBECHS
(z =1, 2). ®dynknem Jlarpamxka CUCTEMBI

L2 (a3 +3) — Ead + (51 — 22)?). (1)

YpaBHCHuUs OBUKCHUS
mi + k(2x1 —x2) =0, mis+k(ze —x1) =0

TIOACTAHORBKOH z; — A; cos(wt 4 ) cBOaATCA K cHcTEeMe anreOpanieckux ypas-
HEeHWHI

(—mw® +2k)A; kA =0, kA +( - mw®+Ek)A=0.  (2)

J1a CHCTEMa HMECT HCTPHUBHAJIIBHOC PCHICHHUC, CCIM CC ONpPCACTIHUTCIIE PAaBCH

HYITIO:
(—mw? 4 2k)(—mw?® + k) = k* = 0. (3)

Otcrona nojiydaeM COOCTBEHHBIC YaCTOThI

3+ V5

k
2 m’

2 _
W1 o =

W3 apyx ypasHeHwmil (2) B cuiy (3) auiub OaHO He3aBHCHMO. llojpcTaBnsis
3HAYCHUA W1 U wo B (2), TOTYYHM COOTHOIMICHUS MEXAY aMITIHTYIaMi

A1: 2 AQEA I W — W,
V41
A = — 2 A>=B TS W = Wwa.

Vb —1
Taxum oOpa3oM, cBOOOAHBIE KOJEOAHUS CHCTEMBI CYTh

1 = Acos(wit + ¢1) + B cos(wat + ©2),

VG +1 VB —1 (4)

5 Acos(wnt +¢1) — 5 B cos{wat + p2).

Yo =

TocrosHabe A, B, 1, (2 onpeaensrorcs HauadbHbBIMH YCITOBHSIMH.
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CBoboaHbie konaedaHma (4) MONMHOCTHIO OMHCHIBAIOT ABIDKCHHE CHCTEMEL.
OHaKO TpH peLUEHUH MHOTHX 347149 YI0OHEE MOIb30BATHCA HOPMAJTBHBIMH KO-
OpAVHATAMUE, HalPUMEP B 3ajadax ¢ BolHYy:KAaromeild cumoi (cM. 3axauu 6.20
u 6.24), mpyu MOCTPOCHUH TEOPHH BOSMYLLEHUI (CM. 3anauy 6.34), mpu nepexose
K KBAaHTOBOI MEXaHWKe. DTO CBI3daHO C TeM, UTO HOPMAJbHBIC KOOPAHHATH ¢,
OTPECIICHHBIC PaBCHCTBAMK

r1 = q1 + G2,
VE+1 51 (5)
L2 = —FH— 41 — ——H 42,
2 2
npusoaat dyHkmuro Jlarpanka (1) Kk cymme KBaaparTos
5+vh . 5-vV5 .
L= "—r=m(di — wiqi) + ——m(d3 — w3q3). (6)

4 YPABHEHHUS JBWKCHUSA JUTS 1 H o PA3AETAIOTCS:
G + wiqi = 0.

ITogoOHBIM ke 00pa3oM 3amaya O ABHKECHUM ABYX B3aUMOACHCTBYHOIMX
TEJI CBOJIUTCS K 3aJadyaM O JBMKEHHUH IICHTPA HHEPIUHA U O ABMIKEHUU YaCTHITLI
C TIPUBEICHHON MAacCOU B 3aJaHHOM CHUJIOBOM MOJE.

OTMeTHM, HaKOHEI, yTo Ooee 0O0MmMi caydail cucTeMbl /N 4acTHIl ¢ OJHOK
TOUKOH TIO/IBECA PACCMOTPEH B 3aade 7.2,

6.2. @yskmusa Jlarpanka cHCTEMBI

L="2 (33 +43) — E[(@1 — a) + (21— 22)%).

Ecnmu o10pocHTh WicH %kag(t), HPEACTABIAIOMUE COOOH MOMHYO MTPOU3BO/I-

HYIO 110 BPEMEHH, T0 L MOXKHO TIepenucarb B BUJC
L=1Ly+ AL AL = z1ka(t), (1)

e Lo — ¢yHkua Jlarpamxka CHCTeMBl ¢ HETOJBIKHONW TOUYKOU TosiReca (CM.
dopmyny (1) u3 npeasiaymed 3agaun). Takas 3anuck yobHEe TeM, 4TO cpazy
IIO3BOJIAET BBIIMCATh «BEKTOP» BHEMIHEH CHIIbI

()= (0")
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a) YpaBHeHH BHIKESHUA
mi1 + k(221 — x2) = ka cosyt,

(2)

mro + ]f(il’:g — $1) =0

[IOJACTaHOBKO#!

x1 = Acos~vyt, xo= Bcosyt

[IPUBOAATCA K JIMHEHMHOK HEOAHOPOAHOU CUCTEME
JIBYX ypaBHeHUiI otHOCHTEIRHO A n B. Otcrona

A ak(—m~? + k)
T 2002 2ya2 2]
m=(y wi)(n w3)
B_ ak?
m?(y? —wi)(7? — wi)
e wig — 3;—2\/3% — HOPMAabHBIC YACTOTBI
CHCTEMBI.

3aBucuMOoCTh amMiutyst A u B ot yactorsl ~y
n3o0OpaxeHa Ha puc. 122, a.

I[Ipn nepexone depes TOYKH PE30OHAHCA
v = wi,2 aMIuTyAsl A B B MeHsAT 3HaK, 4To
OTBEYaeT M3MEHenuIo (pa3nl Konebanwii Ha 7. [Ipn
qacToTe v = +/k/m KondeGaHus BepxHeil Macchl
MOTHOCTRIO neMmngupyroresa: A = 0.

Ha puc. 122,6 wn3obpaxeH TpUMEpHBIH BUI
3aBUCHMOCTH |A| OT 4acToTH BHIHYKIAKIMEH CH-

Puc. 122 7Bl TIPU HATTHIHHE TPCHHS.

Ha xaxux gactoTax ~y OyayT memMidupoBaThes KoneOaHus BEpXHEH YaCTHIILI,
eCITM K HMKHEH TIOJIBECHTH elIe OJTHY YACTHIY Ha TaKOH K¢ TIPYKHUHKe?

0) Beoist HOpMaJIbHBIC KOOPAHHATHL ¢1 2 (M. hopmyy (5) n3 npeasitymeit
3ajaum), mpeactaBuM yHkipto Jlarpanxka (1) B Buae

L = Ll((]l, q1) -+ LQ(QQ& 42)9

1

Ly o= Tm(‘ﬁ o — wi 2(1%,2) + q1,2ka(t)

(cp. ¢ opmynoii (6) mpeaplayIci 3a1a9H).

'O61ee pelteHne cUCTEMBI (2) SBILETCS CYMEPNO3ULMCH CBOGOAHBIX U BLIHYKISHHbIX KoneOa-
Huii. TIpy HamMUK qaske Majloro TpeHHst cBOOOIHEIE KoJle(aHHs 3aTyXakoT, T03TOMY Noclie GOJBILOTO
HPOMEKYTKA BpeMEeHH pellleHHe cHCeTeMbl (2) He 3aBHCHT OT Ha4alIbHBIX YCJIOBHI U IIpencTasiser
coboli BoIHYKAeHHbIe Komebanug (3).
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Taxum oOpazoM, 3amada CBOAWTCH K OTHICKAHHIO YCTAHOBHBIUKXCH KOJe-
OaHMH JBYX HE3aBHCHUMBIX OCIHHJUIATOPOB, Ha KaXJBIM M3 KOTOPBIX JIEHCTBYET
nwiooOpazHas cuna (cM. 3azaqdy 5.19a).

Pazymeercs, u B TIyHKTE a) MOKHO OBUIO pelllaTh 3ajaqy, nepexojis K HOp-
MaJIbHBIM KOOpAHHATaM (Cp. ¢ 3aiauck 6.24).

6.3a. Bpoaum cHCTEMy KOOPMHAT ¢ HAYAJIOM B TOUKE IIOJBECA H OCBIO ¥,
HanpasIeHHON 10 BEPTUKAIM BHu3. B KkauecTBe 0OOOMICHHBIX KOOPAHHAT BHI-
OepeM KOODJMHATH 71 U Tz Touek A n B, B BeIpaxkeHHe js MOTEHIMATLHOM
sHepruu U = —mgy1 — mgys noacrasimsieM i1 (x1) u ya2(x1, T2) ¢ TOYHOCTHIO
10 BTOPOTO MOPSIIIKA 10 1, 2/1:

L7

N = 4[2—.’13%%2[—1,
2 2
y2—y1+\/12—($2—$1)2%3l—%—%,

a B BBIPAYKEHHE /s KHHETHUECKOH »Hepruu I’ — %(QZ‘% + 9} + 43 + ¥3) non-

CTABIIIEM 1 U Y2 € TOUHOCTBIO JI0 IIEPBOTO MOPAJIKA:

T3 o (w2 ) (de )
o U == z

Y1 = — ~ ().

IMocne sroro ¢gyuakmms Jlarpanxka

-2 a2y D92 D a)? + 5mgl
2 21 21

coBmaaacT ¢ pyHkuuei Jlarpanixa cuCTeMBl, pacCMOTPEHHOI B 3aaue 6.1, ecnu
upuHATe k = g/l u oTOpOCHTE HECYHICCTBECHHYIO MOCTOAHHYO Hmgl. Tlo-
ITOMY HaiJeHHas B 3ajgade 6.1 3aBHCHMOCTH ¥ (1) B 22 (7) crpaBeauBa U 114
JIBOMHOTO MasTHHKA.

Ecnu Touka mojaBeca MasTHHKA JBHIKETCS 110 3aKOHY g = a(t) < [, 10,
Kak JIerko yOeuThCs, MBI BO3BpamaeMcs K GpyHkuuu Jlarpanka, pacCMOTPEHHOM
B 3agauc 6.2.

6.306. TIlyctb ¢ W i — yIIBl OTKIOHEHHS BEPXHEH WM HHIXKHEH YaCTHIIBI
oT BepTHKaan. HopManbHBIEe KOJNIeOAaHHs TAaKOBHL 1) = 2¢ ¢ 4acToTol /4g /5l

" ) = —2¢p ¢ gacroToit 1/4g/3l.
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6.4. 3axoH JBIDKEHHA

r = acos(wit + @), y = bcos(wat + ¥).

Puc. 123

IlocrosaEbIE @, b, , 1 OTIPEACHAAIOTCS Ha-
4aJIbHBIMH YCIOBUAME. TpacKropus pacmoo-
KEHA BHYTPH npsiMoyroibanka (puc. 123):

—a<x<a —bgy<h.

BooOmie roBopsi, TpacKTOPHs «3aIl0IHs-
€T» BEChb HPAMOYTONBHUK. To4yHEe, eclu wi
W W9 HECOU3MEPUMBI, OHA MPOXOJIUT KaK yToJi-
HO ONH3KO K 000 TOUYKE 3TOTO TIPSAMOYTOJh-
HUKA. JIBUKEHUE TOUKHU B 3TOM CIy4dae HE SB-

AAETCA MEPUOAUIECCKIM (XOTS ABIDKCHHUC €€ MPOCKIMH HAa OCH KOOPAWHAT Tic-
proandeckoe). Ecam ke w; 1 wo comMepuMsbl (w1 = nws, THe [ U N — TIe-
JBIE YHCJIA), TO TPACKTOPUS IIPEICTABIACT COO0H 3aMKHYTYR KPHBYIO, HA3bIBA-
emyro ¢urypoii Jluccaxy. [[BrkeHHE B 3TOM Ciydae IMEPHOAHYECKOE, MEPHOZ

pasen 271 /w1.

@

Puc. 124

6.5. a) Jnsa maHHOM CcHCTEMBI MEpexom K HOp-
MaJIbHBIM KOOpIHMHATAM €CTh HPOCTO IIOBOPOT B INIOC-
koctu (x, i) (puc. 124):

x=0Q1cosp —Qosing, y=Q1sinyp + Q2cosp.

(1)
JleHCTRUTEIEHO, KHHETHYECKAS 3HEPTHS TIPH MOBOPOTE
HE MEHJIET CBOETO BHJA, a B IOTCHIHAILHON SHEPTHH

koaddumpeHT mpu ()1, ()2, paBHBII

(Wi —w3)sin2¢ — arcos 2,

DI | =

MOHO 00paTuTh B HyJlb, €CIM OLPE/ICIUTL HApaMeTp ¢ U3 YCI0BUS

2 2
Wy — Wq
ctg2p = “on

3aBHCHMOCTh ¢ OT Wy MOKa3aHa Ha puc. 125; mmupuHa 00MaCTH YacToT,
B KOTOPOH MPOMCXOMUT mepexo oT ¢ = 0 K p = 7/2 nopagaka a/wa.
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Ilpu cnaboii ceszm, o < |w? — w3| HOpMab-
HBIE KONEOAHUS JIOKAIM30BAHBI, T. €. IPH w1 << W2
okazeiBaerca ¢ ~ 0 mw xz ~ @1, ¥y = Qo
a IPH w1 > Wo TIONYYAEM @ AY % Hzr~—Qo,
Y~ Q1.

Ipu |w? — w3| < o HOpMAJLHEIE KOIeOa-

HHA [ICPCCTAKOT OBIThH JTOKAJIHU30BAHHBIMU: QY ~ %,

T~ %(Ql —Qu)y~ %(@1 + Q) (em. [1],

§ 23, 3amaua 1).
HopmanbHBIE 9aCTOTHI

1
02 5 = 1w? +uwd /(3 - 0])? + 4o 2)

mexar BHE MHTEpPBATA NMapiyambHEIX wactor', T.e. Q) < wy u Qo > ws (ans

OIPEACICHHOCTH CUNTACM W1 < wa). COOTHOIIEHUA ITO00HOTO POIa A1 CHCTEM
CO MHOTUMH CTEIIEHAMH CBOOOIBI W3BECTHHI MO HAa3BAaHHEM «TEOpeM Pames»
(em. [15] m 3apauy 6.23).
3aBHCUMOCTD {11 2 OT w1 IOKa3aHa Ha puc. 126.
BuaHOo, 4T0 OTIHYKME HOPMAJBHBIX 4acToT {11 2 OT Q,
[APIHANBHBIX W1, 2 (PAaBHO KAK W HOPMAJbHBLIX KO-
opjuHat (J1, (J2 OT KOOPAWHAT X, §j) MPH MAJBIX
HECYLIECTBEHHO BCHOJY, 3d HCKIKUCHHUEM 00nacTu
BRIpOAKICHHS |wi — w2| < a. Ilpu moctatouHo Mma-
TBIX W1 OJIHA W3 HOPMAJBHBIX YACTOT CTAHOBHTCSH
MHHMMOI — cHCTEeMa 1epecraeT OblTh YCTONUHBOM.
B koopjunarax Q1 v (Jo 3aKOH JIBHIKCHHS W
TpaeKTOpUs TaKHe JKe, KaK B TIPCeABIAYINCH 3a1adc.
0) HopMaIbHbIEe KOOPIHHATEL MOYKHO TTIOTYYHTh
B 3TOM CIYY4E U3 PE3yAbTATOB NIPEABIAYILECH 3a0aun
IIPOCTOM 3aMEHOH w%’ o — M1, 2, IPHYEM HOPMAJILHBIC YACTOTHL JAHHOKH 34144
oOpaTHBl HOpMaabHBIM YactoraM {1 o mpensiaymei 3agaun. [louemy?
MoxkHO i 00HAPYKHTH (aKT HE3aBUCUMOCTH HOPMATHHBIX TaCTOT OT 3Ha-
ka « (mm [3) u3 Buja ¢yHknun Jlarpamka, He Haxons $21 o B siBHOM Buje?

LCienys Marpensmravy [7], mapuraibHON qacTOTOH MBI HA3bIBAEM HacTOTY KOJNeGaHHN cHcTe-
Mbl, KOTOpasi moayyaeTes M3 ucxofHol npu x = 0 (unu nmpu iy = 0).
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6.6. a) Oysxina Jlarpamxka cucteMsl (cM. 3agauy 4.22)

2 2
q q1 +4q
(££1q1+££2q2)—%[a 0—22_|_(102) }7

wlr—l

I7Ie g1 B o — 3apsjibl HA BEPXHHX IUIacTHHAX KoHzacHcaropoB (7 m (. Bie-
JI1 HOBBIE TIEPEMEHHBIE /. £1q1 = T B /ZLoqo = 1, MBI TIONYUUM (QYHKITHIO
Jlarparka 3azadm 6.5 a ¢ napaMerpamMu

=5t 8) 4=5678) sz

0) 3ameHoi mepeMeHHBIX ¢ — /C1%, go = +/Cay MoxHO dyHKIH0 Jla-
TpaHXa AaHHOMH cuCTeMBI CBeCTH K (yHKuu Jlarpanxa 3anaqdum 6.5 6 ¢ mapamer-
paMu

mi 2 =(L+2L1,2)C1,2, F=ZLCiCh.

MoryT au JJaHHBIC CHCTEMBI CTaTh HEYCTOUUYNBBIMU?

6.7. Ilycrb 1 W 2 — OTKIOHCHHS YaCTHUIl 17t W My OT IHOJOMKCHUA
paBHOBecHA, CIENaB 3aMeHy /M 11 = T M \/M2T2 = Y, TOJyYHM JJI CHCTEMBI
dbyHkmo Jlarpamka, paccMOTpPEHHYO B 3aja4e 6.5 a.

B paznuyHbIX NpejieibHBIX CIydasxX OTBET MOXET ObITh MOJyYeH 0e3 pe-

IMeHus ypasHeHuit. Hampumep, ecmu Bce k; = k u my << meo, TO BO3MOKHO

3k _ 1 i
Sy’ U1 = 572 (ua

CTHI[A ™M SBISAETCH KaK Obl 3IEMEHTOM MPYKHHKH, & YaCTHLA Mo KOJIeOmeTes

HOpMAJIbHOE KOJleOaHue OueHb HH3KOM dacToThl ()2 =

MEKIY UPYIKHHKAMH KCCTKOCTH %k cIcBa W k cupasa) v O4YCHB BBICOKOH 4a-

crotel )5 = 31—‘%1 (KOrjla yacTHia mo MOYTH HOKOHTCS). AMIITATYY KOJIeOaHHM

BTOPOM YACTHIIBI MOKHO HAWTH, PACCMATPHBAA €C JIBMKCHUE KAaK BBIHY/KJICHHOC
TOJT ACHCTBHEM BHIHYKIAIOMICH CHITBI k1 BBICOKOH wacToTH (cM. [1], dopmy-

ma (22.4)): x2 =

m1
2mo
[To00HBIM 3Ke 00pa30M HHTEPECHO PACCMOTPETH CIIyYan

a) my = ma, k1 = ko < ks;

0) BCE KECTKOCTH PaznWyHBIe, HO OJHOTO TIOpAAKA, a | << Mo;
B) ko > k1 — k3, a Maccel m, H Mo OJHOTO MOPSIKA,
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68. a) x,2 = %(w% sinwit £ w%sinu@t); upu k1 <€ k xomeOaHus

UMEIOT GopMy OMEHHI:

v . v .
T1 — ; €os et -sinwi, X9 = — o sin et - coswt.

0) 1,2 = %(coswlt + coswet); mpu k; < k

r1 = acoset-coswt, o — asinet - sinwt.

ko2 itk ki
w5 = , £ = Zk , W=

6.9. Dueprusi, nepe/laHHAS OT NEPBOM TACTUIBI KO BTOPOH 34 Bpems df,
paBHa pabote cunstl F' = kq(x1 — x2)

dE = ]f1(5!71 — ZEQ) d(Eg = kl((El — $2)i’2 dt,

Berony w? = (w1 + w2).

[\DI»—«

a TIOTOK 3HEPTHH % = kq (331 — 332)5&2. s mpenenbHOTO cioydas ky <€ k

B 3a/1ade 6.8 a NOTOK BHEPTHUU, YCPEOHEHHBIH 110 nepuoay ObICTPRIX KomeOaHuH,

TT?/U2
4

paBeH w1 Sin 2ef 1 MEHAET 3HAK € 4aCTOTOH, pPaBHOH YIBOCHHOH YacToTe

OUcHMUIL.
6.10. VYpaBHCHUA ABMKCHUSA

ma1 + k1(x1 — x2) + kzy + ady = 0,
mTo + kl(CCQ — Zl?l) +kxo +ato =0

IPU 3aMEHE T1 9 = % (g1 & ¢2) pacnasarTcs Ha 1BA ypABHEHUS U HOPMATb-
HBIX KOOP/IHHAT
61 + wiqi + 2Mg1 = 0,
Go + w3go + 202 = 0,
e wi = %, w3 = %, 2\ = = Ilosromy mpu A < w2 (e [1], §25)
T1,0 = e*)‘t[a, cos(v1t + @1) £ beos(yot + o),

e 1,2 = w/W1 5 — A%

Hnast cuctembl puc. 22 Tpu HATWYIHH TPEHHS XapPaKTEPUCTHUIECKOE YPaBHE-
HUC He OWKBapaTHOE, a YCTBEPTOU CTETICHH, MOITOMY HAalTH CBOOOAHBIC KOJE-
OaHUs TOPa3aA0 CIOKHEE.
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6.11. Oynxuma Jlarpamka ABOMHOTO MasATHHKA

M .
2

2 B My 22 _ myg
2T LT g
¢ €1 U To — OTKIOHCHUA ToueK A W m OT BCpPTHKANIH, NPOXOAALICH uepes
TOUKY mojiBeca (cp. ¢ 3azadeil 6.3a). 3aMcHOM

L==a1+2 -] + (22 — 21)7,

T - Yy
M Jm

thyHKIEA Jlarpamka CBOANTCA K BHIY, PACCMOTPEHHOMY B 3aja4uce 6.5a, IpHieM

xr =

w2 > 2myg 9 /m
! 27 Ml LM

B stom cmyuae

r = :}E(Qh'_(g2)v Y= ;%5091'+692%

e (J; — a; cos 2t + b, sin ;¢

_ 9.7 _ /g
Q“’_\fﬁz’ TN M

1vm , Q1,2
=183

ol
= F cosyl cos \/;t

TakuM 0Opa3oM, MASTHHKH KOICOMIOTCS «TI0 OUEpeIn» U aMIUIMTYa BEpX-
Hero MasgTHUKA B /M /m pa3 MeHbIIle, 4eM HIDKHeTo.

6.12. ak(ky + k — m~?)
X1 =
m? (7% — wi)(y? — wi)

Qkkl

C yuetoM HadalbHEIX ycrosuil Q1 2(0) = (0) = 0 nonmyuaem

cosvyt,

To = cos vy,
m*(v?* — wi)(y? — w3)
e w? — £ o3 — EE2R
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6.13. x4 =20 = ka—kz cosyt, rae T; — CMEUICHHE BAOJIb KOJIHIA M3

MOJIOKCHUA PABHOBECHA ¢-U YacTHLBL. Pe30HAHC BO3MOMKEH TOIBKO HA OJHOH U3
HOPMAJIbHBIX 4acTOT NpH 2 = k/m (cMm. 3apaay 6.24).

6.14. Ilyctb x; — cMeELIEHHE BJOJb KONbLA U3 MOMOKCHUS PABHOBECHS
1-M 9aCTHLbI, TOT1a

ak(w3 —+°) .
T, = T3 = cos vt,
m(y* — wi)(y? — w3)
B 2ak?
Ty = 5 55 cos i,

mz(’YQ - wl)(’Y2 — ws)

I71I¢ COOCTBCHHBIC YacTOThI W; PABHBI wi 3= (2F \/5)%, w3 = %,L—k OopaTtum

BHMMAHHME Ha TO, 4TO NPH ¥ = Wo CMEMEHUA 1 = x3 = 0, & x9 = —a cos L.
[Nouemy 4uCIIO PE3CHAHCOB B CUCTEME MEHBIIE YHC/Id HOPMAJIBHBIX YacTOT?

6.15. VYpasaeHMA ABUKeHHA (Cp. ¢ 3aja4er 6.12)
miy + aiy + kxy + k(1 — 22) = kaRe et
mfég + Oéig + kﬂ?g + l‘Cl(SEQ — 331) = 0.

WNmeum pemenne B Buae 77 = Re Ae!, 29 = Re Be*?!, Jina A u B nony4aem

ypaBHEHHs .
(—my” +2imMy + k+ k1)A — k1B = ka,

— k1 A+ (—mfy2 +2imMy+k+k)B =0, 2mi=q,

OTKy/a
A= ak(k + ki — m~? + 2iAmey)
m2(72 o 27:)\,.}/ B w%)("y2 - 2?:)\")/ — w%) ’
B = ak‘kl
m>(y? —2idy — wi)(y? - 20y — i)’
2
ak\/(fyg -5t - %“’%) +4X2y? cos(yt + @1 + @2 +¥)
I = |
m\/[(72 = w)? + AN [(4% — wB)? + 4N
€T akkl COS(’Yt + ¥1 + 6,02)
2 = |
m?/[(72 — )2 + D2[(72 — w3)? + 43%7]
; k+ 2k 2\ AN
CU]Q_%? CU%: m 1’ tg@l,Q:%’ tgw: f}/

VWi wi +ws — 277



182 Omeentol u peutenust [6.16

Mexny Koned0aHUAME JBYX JaCTHI BO3HUKAET CABHT (ha3 1), IOIHOIO jIeMII-
¢rrpoRaHuA KoeOaHWH NEPBOH TaCTHIRI HET. AMIUTHTY/Ia KoJeOannii Kak (PyHK-
ISl YaCTOThI BEIHYK/JAIONICH CWIBL y UMEET OJMH W/IW JBA MAKCHMyMa B 3aBU-
CHMOCTHU OT COOTHOLICHHS NapaMeTpoB Wi, wa 1 A (cM. [16], § 1).

6.16. Dyukmmsa Jlarpanika cucTeMbl (x U Yy — CMCELICHHS U3 MOTOXKCHUA
paBHOBECHS TIEPBOH M BTOPOW TaCTHII)

. o k1t k ko + Kk 2k
L= %(1’2 + % — %3:2 — %yg + 22 2y) + kiax cost

m

omnuaercs oT gynkuuu Jlarpasxka, paccMOTpeHHoH B
3ajiade 6.5 a, JMIb ciaaraeMelM Tk cosyt, OTBEYalO-
Qs WM CHIIE k1@ COS ~vE, ACUCTBYIOLIEH HA TIEPBYIO YaCTH-
Q, Ly Hmwxe mbr OyzeM Mmoyb30BaThCS 0003HAUEHUAMH 3a-

F, p ;
v . faum 6.5a. TlapumaneHas 4acToTa wy g = @

oy

7 F COOTBETCTBYET HOPMANBHOM 9aCTOTE CHCTEMBI, KOTOPAs
: TTOJIYUHTCS, €CITH 3aKPEMUTh BTOPYIO {TIEPBYI0) YACTHITY
Puc. 127 B NOJOKCHUH PABHOBECHS, T. €. MONOKUTE y = 0 (co-

otBeTcTBeHHO 2 — (). [Ipm mepexoae K HOpPMATBHBIM
KoopamHaTaM (1, (Jo QyHKIEA JlarpaH:ka IpHBOJINTCS K BHAY

L= %(Q% —Q{QT + Q3 — Q30Q3) + (MQ1 + F2Q3) cost,

e 1 = kiacosy m o = —koasing — NPOCKUMH aMIUIUTYAbl CHIbI [ —
= kjacos~yf Ha HOpMadbHBIE KoopawHatel ()1 m (Jo (puc. 127). dms xo-
Op/MHATEL ()1 9 MBI MOJIYYaeM YPaBHEHHE JBHKECHUA OCHIUIATOPA C TacTo-
TOH Ql, 9 110/, ICHCTBHEM BBINYK/TAONICH CHIbL 1 o cosyt. HauanbHble yenosus

Q:(0) = Q;(0) = 0. TTonyuaem

F1, o(cos~yt — cos$y at)
m(Q%,Q - 7’2) '

Q1,2 =

VY JaHHOW CHCTEeMBI B IPHOIIIKEHHUH CTad0i CRA3H

ko

— = 1
— £ K
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(11 ompeneneHHOCTH k; < k3) HHTEPECHO paccMOTpPeTh Pe30HAHC HAa BIOPOii
HopMabHO# vacToTe. [Tomaras v = Qo1 + £1), uMeeM

k
Ql = ﬁ(cos LUQt — CO8 wlt)J
kias . W2 .
@2 =  mwieq Sm(51 775) sinwsf  mpH |gq] < 1,
2<]
k i
Qs = — 27{;32 et sin wot mpu £, = 0.

TakuMm obOpazoM, gaxe NpH cnaboil CBI3W aMILTHTYaad (Jo MOXKeT OBITh OONb-
IIOW MJIM PACTH CO BPEMCHEM, OJHAKO CKOPOCTH €€ M3MEHCHHUSI [PH >TOM Oy-
neT Maia. IlockombKy yroi moeopoTa Mal (sing = £), JUIs CMEIeHHH HMMeeM:
r=01 —cQouy = Qo.

KakoBa ckopoCTs pocTa aMIIATYABl KOJIEOAHMH MPH PE3CHAHCE HA MIEPBOU
gacToTe v = 217

Kak m3mennrcs xapakrep koimebaHui, ecIu Ha o0e JacTHIIBI Oy/IeT 1eicTBO-
BaTh Majiasl CHja TPEHUs, IPOMOPLFIOHAIBHAS CKOpoCcTH (cp. ¢ 3aaadceit 5.11)?

6.17.

Fpcosy cost, = Fysinp

a) r = cos i,

m(wi —~?) m(wi — v?)

mew? =M 2= ko yron mexay Ha AB

1= 7> Ws = 35, — yroia Ay HalpaBICHHECM CHJIBL H OCBIO ,a’r
Wy — CMCILCHUSA W3 MONMKEHUS paBHOBecus Baoab oceid AB n C'D. Yactuua
KoJIeOJIeTCSA BAOMb MIPSAMOM, IPOXOIAMICH Yepes neHTp.

HutepecHo, uto npu 2 = w? sin? ¢ 4 w3 cos?  3Ta npaAMas meprieH TH-
KyJsipHa K BekTOpy Fg. B 3TOM cimydae paboTa BRIHYXKIAIOMIEH CHJIBI paBHA
Hy1t0. [TosToMy, Ka3amock Obl, HATMYME JAXKE MATOrO TPEHUS JOKHO NPUBECTH
K 3aTyXaHuto konebanuid. Tak jam 3107

0)x — % cosvil, Yy — 2F 5= sinyt. TpaexTopusa — anmarc
m(wi — %) m(wz —
C NOJIIYOCAMHE ¢ = % b= % Ecom seimumnnbl (wi — +?)
mlwi — 77| mlws — |

u (w5 — 7?) TpPOTHBOTIONOKHE! MO 3HAKY, TO JBHKEHHE YACTHIIBI MO HLIHICY
MIPOHCXOTUT TI0 YACOBOH CTPEIKE, a BEKTOP CHIIBI BPAMIAECTCS MPOTHB YACOBOM
CTPEJIKH,

Kak w3MeHsATCS OMMCAHHEBIC BRILIEC KAPTHHBI JABIDKCHUA YACTHIIBI, CCTU HA-
TSKEHHUE TIPYKHHOK B TIOJIOKEHUH PABHOBECHS HE PABHO HYIHO?
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6.18. Ilyctp z; — cMmelenne ¢-¥ 9acTHUNBI BAOMb KOMbIIA M3 IOIOKEHHSA
paBHOBECHA. TpH 9acTHLBI MOTYT BPAMIAThCS MO KOJBLY C MOCTOSAHHOHU YITIOBOH
CKOPOCTBIO, IIPH 3TOM

1 =22 =23=Ct+Cy =q(t), w1 =0. (1)
Konebanus e gactun | u 2 HaBcTpedy apyr APYrY ¢ paBHOH aMILIUTYIO0H
21 = —x2 = Acos(wat + ) = q2(t), z3=0, we= % (2)

IPOUCXO/ISAT, OUCBUAHO, ¢ TOH K¢ 4YACTOTOM, UTO M KojcOaHus yactui 2 u 3
HaBCTpeuy APyl Apyry

21 =0, 2x2=—x3=Bcos(wst+3)=qs(t), wz=uwo. (3)

r, r,
Puc. 128
BBGL[GM ((BGKTOp CMCILCHHA»
I
r—\|xo|,
xr3

toraa komebanus (1)-(3) MoxHO npenctaBuTh B BHAE (puc. 128),

1 1 0
r = 1 1, s = —1 go. r's = 1 3.
1 0 —1

JIrobas uHelHas KOMOMHALUSA BEKTOPOB T'o W T'y TAKKE Hpe/CcTarisier coOoi
KOJIEOAHHsI ¢ YAaCTOTOH wo. Takmm 00pa3oM, B MPOCTPAHCTIBE C ACKAPTOBBIMH
KOOPJUHATAMH T, Lo, 3 COBOKYMHOCTb PCUICHHUM, OTBCHAIOWIMX KOJICOAHHSIM
C JABaKABl BBIPOXKIEHHOW YACTOTOM wo — ws, OMpEAeIseT MJI0CKOCTh, ITPOXO0-
JANLYI0 Yepe3 Bekropbl rs K r3.' Kak serko sujers u3 (4), o6a aTh Bexropa

LOrmerim, uro B 570H MITOCKOCTH NMHelHas komGuHAUMA Buaa ar (t) + bra(t) npencrasiser
coboli mubo konebauug mo npaMoil (mpu o = 3, G+ ), 160 ABUKEHUE 10 IIMACY (MpU o # [3).
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(a cienoBareldbHO, H BCE BEKTOPHL, JIEXKAIIHE B 3TOH IULIOCKOCTH) OPTOTOHAIBHEI
BEKTOpY I'; (00IIee cOOTHOLIEHHE OPTOTOHATLHOCTH CM. B 3aj1aue 6.22).
Dyukuust JlarpaHxka CUCTEMBI

L=+ i3 +33) - Zllon —22)" + (22— 23 + (w5 —20)]. (5)
HopmajibHBIE KOOpAMHATHI TOJKHBI IMAaTOHA/IM30BaTh OTHOBPEMEHHO 00¢ KBAI-
patuaHble GOPMBI — JIi KUHETHUECKOM W IJ1 MOTEHIHAIBHONW 3Hepruu. [lo-
CKOJBKY B (5) KMHETHYECKASI SHEPTUs yKE IPOMIOPLUHOHATEHA CYMME KBAIPATOB
CKOPOCTEH, TO Mpeodpa3oBaHre OT ; K HOPMAaIbHBIM KOOPIHHATAM, HE MEHS-
0IEee €€ BH/IA, JIOJDKHO OBITh OPTOIOHAJIBHBIM, 4 BEKTOPBI COOTBETCTBYIOIIHX
HOPMAaJIBHBIX KOJIEOAHWH — B3aMMHO OPTOTOHAJIBHBIMH. BEKTOpHI I; HE3aBHCH-
MBI, HO HE¢ OPTOIOHAIBHEL JIPYI' APYTY: r'1re = rirg = 0, HO rorg # 0. UroObt
ITOJIYYHTh HOPMAaJIbHBIE KOOPAMHATEI, TOCTATOYHO B IJIOCKOCTH BEKTOPOB I'y U I'3
BHIOpATh JBA B3aUMHO OpPTOTOHAJIBHBIX BEKTOpa. DTO MOTYT OBITh, HampuMep,
BEKTOP I's W OPTOTCHAJIBHBINH €MY BEKTOD €¢3, [7I€ CANHUYHBIA BEKTOP € HallAcH
U3 yCI0BUA €rq = ery = (). B utore HaGop HOPMHPOBAHHBIX BEKTOPOB!

1
ri=-—, r,=-—=, ri=eq3=—— 1] g3 (6)

VB \ o

MO3BOJHICT OIPCACINTh HOPMAJIBHBIC KOOPAUMHATHI!

;

T = —¢1 + (o +
f \F \F
1 1 1
{ T2 = —=(1 — (s + q3, 7
V3 V2 V6 (7)

2
3 = —=q1 — —=
\ V3 V6

KoTOpHIe TpUBROIIT PyHKIHto Jlarparxka (5) k BUIY

L= 3(d1 + 3 — wies + 45 — w3g3). (8)

Pa3symeertcs, moOble KOOPAMHATHI, TOMTYYCHHBIC U3 (2, ¢3 OPTOTOHATBHBIM
npeobpa3zoBaHueEM (T. €. IPOCTHIM MTOBOPOTOM BOKPYT ' )}, TAKXKE SBISIOTCA HOP-
MaJIBHBIMK KOOP/IMHATAMMH,

"Mnuosurern 1/+/3 u 1/+4/2 BBenens mis Toro, 4T06L HOPMHPOBATH BEKTOPBI T; YCIOBUEM
rir; = d;% q?, [IPH 3TOM YCIOBHM IIpeobpasopanue (7) opTOroHaNLHOE,
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6.19. HauannHble ycioBHA U CMEIIEHHS X; BAOJIEL KOIbIA
21(0) = a, x2(0) = x3(0) = 2;(0) = 0.

OTcroaa it HOpMATbHBIX KOOPAUHAT ¢; (M. opmyy (7) npeablayeld 3a1a49m)
HalJIeM HA4JIBHBIC YCIOBUA:

@(0) =%, @0)=-%, ¢0)=-"L §0)=0
(0) Ve (0) NG 3(0) NG (0)
Ilostomy
a a
g1 = (a2 = —= coswat, (3 = ——= coswast,

V3 NG NG

coswot.

W=

6.20. TIlomb3yemcs oOo3HaueHuAMH 3a0a9d 6.18. DyHkus Jlarpamka cu-
CTEMBI

L= %(a’c‘% +2&5 + 3d3) — %D(fﬁ —9)” + 6(x2 — z3)” + (x5 —21)°]. (1)

VYpaBHCHUS ABIWKEHHA IMOACTAHOBKOM T; = A; cos(wt + ) CBOAATCS K CHCTEME
TPEX AIMcOPAHICCKUX VPABHCHHU:

(—mw2 +5k)A; — 2kAy — 3kAs =0,
—2k Ay + (—2mw® + 8k)As — 6k Az = 0, (2)
—3kA; — 6kAgy + (—3mw® + 9k)Az — 0.

2JTa cucreMa HMeceT HCTPHBHAJILHOC PCUICHHC, CCIH €C OIPCAC/INICIIL PaBCH

HYITEO!
w?(mw? — 6k)* = 0.

OT1croma HaxoouM COOCTBEHHBIE 4aCTOTHI CHCTEMBL:

oy ZO, Wo = Wg = ?n—k
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3uadeHH0 w1 = () oTBeYaeT OYEBHJIHOE pellieHHe — BpallleHHe M0 KOJIbILY
C IIOCTOSHHOW YITIOBO CKOPOCTBIO

1
ri—|1]aq, ql(t)zct+01. (3)
1
s coBMajlalomux 9acTor woe = Wi B cucTeMe (2) auuls OJHO ypaBHCHHE
SABIIAETCSA HE3ABUCHMBIM
Ay + 245 +3A3 = 0. (4)

JTio0ble HAOOPHI BEARYNH A;, VIOBICTBOPIIONINE YCIOBHIO (4), 1AI0T KOIeOaHHs
C 4acTOTOH wo. B 4acTHOCTH, MOXIHO BLIOPATh TAKHE KOMCOAHUA, YTOOBI ITepBad,
WITH BTOPAsl, WIH TPEThS YACTHIIA MTOKOMITACH:

0 3 2
ro=| 3|¢q, r3s=| 0]g3, ra=|-1]aq. (5)
—2 —1 0

qi = Cicos(wat + @;), =23, 4.

CornacHo (4) mo0ast THHeHHas KOMOMHAIAA BEKTOPOB (5) OpTOrOHAIbHA BEKTOPY

Jlerko ybeauThes, 9T0 HAOOP BEKTOPOB

=|-1]a (6)

Lo ™~

Iry, Io, r

IIO3BOJIIET, KaK U B 3asa4de 6.18, onpenennTs HopMaJibHble KOOP/IUHATEL, KOTOPBIE
npuodaT GyHkmuto Jlarpanka (1) kK guaroHansHoMy BHAy. Bektopsl (6) yuo-
BIETBOPSKOT HE MMPOCTOMY COOTHOMIEHWIO OPTOTOHAIBHOCTH (Kak B 3axadc 6.18),
a COOTHOMIEHHUI0 «OPTOrOHATBHOCTH ¢ BecOM» (CM. 3amaudy 6.22).
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6.21. DBexTopbl HOpMAILHEIX KOMeOAHMH

1 0
r L 0 q r L L q
1= ——= 1s 9 — —— 2,
\/§ —1 \/5 0
0 —1 (1)
1 1
—1 1
rs = % 1 43, rqy = % 1 44,
—1 1
q = Ajcos(wit +¢1), 1 =1,2,3; qa= Ast + As,

W, — wWa — %,];f, 2\/%

@yHKMs JlarpaH:ka cucTeMBI
L=3(d7 — 45 +d5 + 4 — wiei — wigs — wigs).

3TO, KOHEUHO, HE €IMHCTBEHHBIA BBIOOp. JIFOOBIE BEKTOPHI, MOIYYCHHBIE
U3 JAHHBIX MOBOPOTOM B MJIOCKOCTH, ONPEACNICMOA BEKTOPAMHE I'y U To, TAKKE
OynyT BeKTOpaMH HOPMaThHBIX KoIeOaHWii, HapruMep:

1 1

1 1 11 -1
rflzﬁ 1 qllv r,2_§ 1 qu, s =r3, Iy=TI4 (2)

—1 1

(mosopot Ha 7/4). Ho BeKTOpSL I'1, 'y, I's, 'y XOTS M HE3ABUCHMBI, HO HE LIPH-
BOAAT (PyHKuFIO Jlarpamka Kk cymMMe KBaapaToR.

6.22. AMILUIATYOB HOPMANBHBIX KONEOAHANA YOOBIETBOPSIOT YPABHEHUAM

i Z mi AL+ Z iy A = (1)

J 7
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YMmuoxkuM ypaBHenue (1) Ha Ags), a ypaBHcHHE (2) — Ha A?(;l). B3sB B 000HX
VPABHEHUAX CYMMY I10 7, TTOJIYUYHAM

~w? Y m AV AT 3 ki AV AP =g, (3)
iJ %]

w2y m A AP 1S kAP AN <o, (4)
1] 2

Berarem ypaBHEHHE (4) U3 ypaBHEHUA (3), yIUTBIBASA, ITO M= ; U kij=kj;,
TTOJTY M
(w? —w?) Z mijA,ES)A(.I’) =0,

J
(]

T. €. IPH Wy 7 W)
S AP AY — o, (5)
ij
U OJHOBPEMCHHO U3 (3)
S kAP AY = o0, (6)

ij
VYi100HO BOCTOIB30BATECS TEPMUHOJIOTHEH, NMPHWHATOH B JIMHEHHOW anrelpe.
HaGop amruntyn nanHoro kojiebanust OyaeM Ha3bIBaTh BCKITOPOM aMILIHTY/IBI
Al = (Agl), Ag), e A(l)). JlokaszaHHBIe cooTHOMmEeHHs (5) u (6) o3HAYaIoT,
qro aMmmmTye A8 A{Y) B3aUMHO OPTOTOHAJIBHBI, CCIM CKATSAPHOE MPOH3-
BEJCHHE OIPEIEIATh ¢ [IOMOMIBI0 METPHYECKHAX TEH30POB 171;; WIH K.

B ciyuae BRIPOKICHAA {ecii we = w;) ammntybl AG) u A me o6asausr
V/IOBJIETBOPATE COoOTHoWeHuAM (5) ¥ (6). Ho B aTtoM caydae Bcerna MOKHO
BEIOpPATH, ¥ TIPHTOM HE €AWHCTBEHHBIM CIIOCOOOM, TaKHe aMILTHTYABI, KOTOpPEIE
yaAOBIETBOps Obl (5) W (6) w npuBoImIM Obl yHKUMKO JlarpaHxka K cymme
KB4 IPATOB.

6.23. Ilepexoast K HOpMaJTbHBIM KOOpPAWUHATAM
!
Zj = Z Ag(, )QEa
]

npeoOpasyeM YpaBHEHUE CBSI3U

SThg =0, b= a,AY.
i i
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VpaBHEHHUS IBIKEHHs ¢ HEOPe/eIeHHBIM MHOKHTEIeM Jlarpamka \
MG + QFq) = b
MOYKHO PEIINTh, TIOJIArast
q = Crcos(wt + ), A= Acos(wt + ¢).
Beipasus C) U3 ypaBHCHHA
M — w?)Cr = bA
W MOJCTABHB B YPABHEHHE CBS3H, MTONYTAEM IS HOBBIX TaCTOT YpaBHEHUE
b;

A =0.
Zl: ]WE(Q% — u)2)

I[JIH HCCICAOBAHHUA JTOr0 VYpaBHCHHA

Yy \ . . ya00HO mIpencTaBuTh rpaduk (puc. 129)
E ) i w; E A/[l(Qgg . wQ) '

2 l
) @
/ OOpaTiM BHHMaHHe, 4TO (YHKIHUSA

y(w?) MensieT 3HaK, IPOXoas Uepe3 Hec-
KOHeyHoe 3HayeHue mpu w> = 7.
[Tocae aToro pacrmonokeHue KOPHEH wy
CTAHOBUTCS OYEBHIHBIM. ECIH Kakoi-
HUOYOE 13 KO3(Q(HUIHEHTOB b; paBEeH HY.IK0, TO COOTBETCTRYIOMIEE HOPMAJIBHOE
KOJIe0aHKEe (M €ro 4acTOTa) HE M3MEHAKOTCS TIPH HAJIOXKEHUU CBSI3H.
PaccmoTpeHHOMY B 3TOMH 3a1ade (pakTy MOSKHO J1aTh IPOCTYIO TEOMETPHYC-

CKYIO HHTeprpeTanuio (cm. [6], § 24).

6.24. TlopcramB x; = ) | )\(E)Agl) cos~yt B ypaBHEHHUS JIBIKCHHA
]

Z m@-jfi?j -+ Z k@'jil?j = f@ COS"}/t,
J J
NONTYYHM CIACAYIOIIYK) CUCTEMY YPABHEHWU st ompexaeimeHus KoddduimeH-

ToB \(V); z z
Y mg AV AL 13 kA0 AP — ;. (2)

2% 7l
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Ee mpomie Bcero pelinTh, HCIONB3YS COOTHOMIEHUA OPTOTOHANBIHOCTH (5), (6)
3amaun 6.22,

ns1 5TOr0 YMHOKHM ypaBHEHHS (2) Ha Ags) 1, MPOCYMMHPOBAB 10 , ITO-
TYIUM OKOHUATENBHO

Fs

A& —
AJS(”? - ’7’2)

9
I7ie

_ (s) I A8 4(3) _ 4(9) (9
FSZAi fi MSmeAi A Ko=) kgAY ALY,
2 2,7

2]

a BenWuIHHA ws — +/K/M sBUseTcss s-ii HOPMAIBHOH YacTOTOW CHCTEMBI
B cOOTBeTCTBHM ¢ hopmymoii (4) 3amaun 6.22.' 3asucumocts Al®) oT ~ mmeer
PE30HAHCHBIH XapakKTep.

JJ1s1 HOpMaIbHBIX KOJICOaHUH ¢, BBEICHHBIX 110 (JOpMyJIe

= AP q(1), (3)

S

BMECTO (1) TIomyTaeM CiueayromHe YPaBHCHHS NBHIKCHISA:
Mis + Kyqs = Fs cosHt. (4)

OTcrona, €cIu BEeKTOP CHITBI f; OPTOTOHAJIEH K aMIUTUTY/Ie HEKOTOPOTO S-TO HOP-

6 A g, =0 .

ManpHOTO KonebaHus Y | A.™ f; = 0, To COOTBETCTBYIOMIAs HOpMaIbHAs KOOP/IHU
)

HaTa y/IOBJICTBOPSET YPAaBHCHHIO CBOOOIHBIX KOJieOaHui, B Pe30HAHC HA JIAHHOM

JacTOTE LIPH W = Wy HE IPOSIBISCTCS,
OtMmeTuM, 4YTo paboTa BHENTHEH CHIBI B 3TOM CIIy9ae paBHA HYIO

(Z Jidzy =3 Fi AP dg, = 0)-
1 1
ITycTh BEKTOp CHIIBL MApajuIeaeH KAKOMY-THOO HOPMAIbHOMY KOICOAHHMIO:
fi
Al
2
HOPMAlbHBIE KOJIE0aHHs?

= const (i = 1,2, ..., N). Moxker i Takas cwia BO3OYIUTB IpPyruc

'Ecim HexoTOpEIE HOPMATBHBIE 9ACTOTHI BRIPOKAEHB], TO COOTBETCTBYIOLIHE HM aMITHTY/IE! HOP-
MaIBEHBIX KOJIe0aHHiT MBI CHHTaeM BBIOpAHHBIMH Tak, 4TOOBI OHH YIOBJIETBOPSIIH COOTHOIICHHAM
opToroHansHoOCTH (5) u (6) 3amaun 6.22,
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6.25. DBriHyxeHHBIe YCTaHOBHBIIHECS KOIeOaHUA MOXKHO IIPE/ICTABUTh B
BH/IE (CM. TIPEJIBIIYIIYTO 33/1a9V)

€Ty — Zﬁijfja
J

rac
Agl)A;l)
ST

l

Teopema B3auMHOCTH OTpaxkacT TOT QakT, 910 [3;; = [3;;.
Kak m3MennTcs GopMyanpoBKa 3TOH TEOPEMBI, ¢CJIM KOOPAWHATHL T; U Tj
MMCIOT Pa3HBIC PA3MEPHOCTH (HALIPUMED, I MICKTPOMEXAHUICCKOW CHCTEMBI)?

6.26. Hopmasbable KosTeOaHus

1 1 0 1

1 0 1 —m/M

1 q1, —1 g2, 0 43, 1 44,
1 0 —1 —m/M

2k 2 _ 2k

Tae ¢p = At + B, g, = A@ COS(wz‘t + Of@'), 1= 23 37 49 w% — M Wg = M’
2k(M
w2 — (M +m)

5 =
mM
HAXOIWTCS W3 YCJOBHS OPTOTOHATLHOCTH K MepBBIM TpeM. [IockombKy mMacchl

JACTHI] PA3MHYHBI, YCIIOBHE OPTOTOHATBHOCTH ABYX HOPMANBHBIX KojaebaHuii A
u B umeer sun mA1B1 + MAx By +mAsBs + MA;By — 0 (cM. 3anaay 6.22).

. TpI/I MmEPBLIX Ko1e0aHUs JIETKO YIraabelBAKTCA, a MOCICaHES

6.27. IlycTtb x; — cMemieHue ¢-i YaCTHIHI BAOTb KOTbIA. J[Ba HOpMaThHBIX
KOJICOQHMA JICTKO YTaJIbIBAKOTCS:

1 1
1 0
ry = 1 q1 (t): Iz = 1 Q2(t)5 (1)
1 0
o - o 2k
qi(t) — Cit + Ca, qa2(t) — Az cos{wat + w2), w3 — ™

JIBa npyrux BEKTOpa JODKHBI OBITh OPTOTOHAJIbHBI K BEKTOpam (1) B MCTpHKE,
orpenensieMoi ko3 puimeHTamMe KBagpaTUIHOH HOpPMBI KHHETHUECKOH SHEPTHH
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(cM. 3amauy 6.22), T. e. IMETh BH/|

_,_b
“= 35

[oacrapnstst (2) B ypaBHCHUA ABHKCHUA 1IEPBOM K BTOPOM YacTull
maq + k(?ﬂ?l — X4 — 1132) —0, mig+ k(2$2 o Cl?g) =0,

NoTydaeM YpPAaBHEHUA IJisi ONPEACTICHUA BEJIUIHH ¢, b U HacTOT

k

2
—mw” + 3k)a — b =0,
| " ®)
—2ka + (—mw? + 2k)b = 0.
N3 (3) Haxonum w§’4 _3 :':2\/3%, bsa— (1 £ \/5)a3,4 HIN
1
1++v5
r3 4 = 1 q3,4(t),
_3.. 5
5 T 73

q3,4 = Az 1 cos{ws 4t + ¢3,4).
6.28. a) Ilycrs x5, ¥, z; — OTKIOHCHME ¢-H YaCTHULBI OT ITOJIOKCHHSA
paBHoBecusa. DyHKiMA Jlarpanka cucTeMbl HMeeT BHA (cM. 3anaqy 5.7)

L— Li(z, &)+ Li(y, ¥) + L1(z, 2),

La(e, &) = (33 + 33 1+ 33 + a3+ a2) — S[a? + (21 — 25)?+

(s —x3)” 4 25 + 25 + (w2 — 35)° + (w5 — 24)” + 27],

MO3TOMY KONEOaHUd MO X, Y U 2 NPOUCXOAST He3dapucumo. Jlerko yrajgate Tpu
HOPMAaJIbHBIX KOTeOaHuda mo T:

1 0 1
0 1 1
ri=|-1]q, ro=] O0]q, r3=] 1]aqs, (D
0 1 1
0 0 0

2
¢ = Ajcos(wit + p;), w) =wy =wz = m‘lﬁ
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/IBa OCTaIBLHBIX HOPMATBHBIX KOJIEOAHHS JIOKHBL OBITH OPTOTOHAIBHBI K BEKTO-
pam (1) ¥ noTOMy UMETh BH

a5 = q4,5.

R R R R

[lomcTaBmsis 3TOT BEKTOpP B VpaBHEHHS IBIKCHHS ISl MEPBOM W IATOH

TACTHI]
may + k(2x1 — x5) =0,

mis + k(dxs —x1 — 22 —x3 —24) = 0,
MOMYYHM /1B YPABHCHUSI JUISL OMIPENICICHHS ¢, ¢ U 9aCTOT Wy 5
(—w?m + 2k)a — kd = 0,
—4ka + (—mw? + 4k)d = 0.

Permus (3), HalimeM wig, —(3F \/5)% mdys = (—1% \/5)a4,5.
OKkoH4aTeILHO

—_ = =

rys = q4.5- (4)

?

1
1445

Jns KonebaHW| 1Mo OCAM Yy M z MONYYArOTCA TAKHE K€ PE3YNIBTAThI, YTO H
no ocu x. TakuM oGpa3oM, B CHCTEME HMEETCsl BCErO TPH Pa3InYHbIC YACTOTHI:

2 2k
Wi = 5 — HACBATHKPATHO BBIPOXKJICHHAS M JBE TPCXKPATHO BBIPOXKJICHHBIC

wis=(3F \/5)% (O CHATHH BHIPOKACHHSA CM. 3amady 6.41).
0) Konebanunsa BIONb OCH 2 JIETKO YrajbIBAFKOTCS

1 0 1
B 0 B 1 | F!
ry — 1 g1, T2 — 0 q2, T34 — 1 3,4,
0 —1 +1
2f f
q; = Ajcos(wit + ), w1 =wr=wz= S wa= Ao

Myers ra5 = (a, b, ¢, e, d) = r, Torna yenoBust oproroHameHOCTH (r, 1) = (r, ) =
= (r, r3) = 0 matt cooTHowEeHUs a = b = ¢ = e.
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rae [ — HaTsHKeHHe MPYKHWHOK, a [ — JUTHHA ONHOH MPY)KHWHKH B IOJIO0XKCHHH
paBHOBeECHS.

Ecim f = ki, To koncbanusa B HampapieHUH OCH 2 (WIH 1) AMEIOT TaKOH
K€ BHI, KaK B HAMPABICHHU OCH Z, €CNM CUHTATh r = (1, T2, T3, £4) (MU
r = (Y2, Y1, Y4, Y3)). BEcam xxe f £ ki, 10 BRIpOXKIEHHe cHEMaeTcs. [IBa HOp-

2
MAJTBHBIX KOJeOanusi ¢ 4acTOTaMH Wi = 14/ % H Wo = \/—J; COBIIA/IAIOT C T'p
m

Hro. I[Ba APYTHX 110 YCJIOBHKY OPTOrOHAJIBHOCTH JOIKHBI HMCTh BHA

cos(wt + ©).

o R o R

I[JIH X HAXOXKIOCHHA JOCTATOYHO ypaBHeHI/Iﬁ ABWKCHHUA ,I[BYX JACTHII
mxy + ]{(2.’51 — 2135) — 0, mis + %(2$2 — 2135) — 0.

3nech

[l{:(ml + x3) + %(m + $4)}

()

— KOOpIHMHATA TOYKH COCOUHEHUS MPY:KUHOK, OIMpeleisieMas 13 YCIOBUA MaK-
CUMAJIBHOCTH IMOTCHUMAILHOK JHEPTUH 1IPH 3aJJaHHBIX L1 2.3 4.
Penras ypaBrenus, monyuaem

rs —

o [Tkl _
Wy = "7 bz = 18
2k f ki

2
Wi — 550 b4 — Q4.
m(f + ki) f
6.29. B pganHOM cllyvae OTBET MOXKET OBITh ITOTYYIEH TIPOCTHIM 0000IIEeHH -
€M pe3ynbTaToB 331344 6.20 0e3 BHOrO BBIYMCIIEHHs COOCTBEHHBIX YaCTOT W;.
[Iycte B cucTeMe mmeeTcs BuIpokicHHE: wi = 0, a wo = wsz. Yacrore
w1 = ( oTBe4aeT BpAIllCHHUE YACTHI] MO KOJIBILY

1
rp= 1] (Ct+Cy).
1
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N3-3a BEIpOXKAESHIS 9aCTOTHI Wy JIFOOOM BEKTOP

Ay
r; = [ A | cos(wt + ), (1)
As
V/IOBJICTBOPSIOIIHH YCIOBHK
mi1 Ay + moAs + mgAz =0, (2)

NPEACTABISIET COOOM HOPMANIBHOE KOIEOAHUE € YACTOTOU w = wo. (PareHcTRO (2)
€CTh YCITOBHE OPTOTOHATEHOCTH BEKTOPY 'y B METpHKeE, onpeaensieMoil koaddu-
IUEHTAMK KBaAPaTHIHOW (POpMBI KMHETHUECKOH 3HEpruH — cM. 3agaqdy 6.22).
B wacTHOCTH, MOXKHO BBIOPATE Takoe HOPMAJIbHOE KosieOanue (1), 4uToOnl nepeast
JACTULA ITOKOWIACK!

A= 0, maoAs +msAsz = 0. (3)
IMoncrasiss (3) B ypaBHeHUA JBUKCHUA

(m1w2 — kg — ]{3)14.1 -+ k3A2 -+ kQAg — 0,
kA1 + (mow® — k1 — k3) Az + k1 A3 =0,
]{‘214.1 -+ ]{11A2 -+ (m3w2 — ]{71 — ]{‘2)14.3 = O,

MbI HEME/UIEHHO MOJIy4deM, YTO OHH MMEIOT peLleHHE LG [IpH
kAo + koAsz = 0. (4)

CpasuuBas (3) u (4), HAX0IuM, 9T0 Moke — mgks. [IoBTOpsIS MopoOHBIC paccy-
KICHUS JUTSL CTYUAEB, KOT/IA TOKOMTCS BTOpAsl FUIH TPEThS YACTHIE, ITOTYUAEM,
ITO [PH BBIPOKICHUH TacTOT KOIQPuumeHTh k; ¢ HeOOXOAMMOCTBK) V/IOBIIE-
TBOPSIOT YCIOBHIO

mlkl = mgkg = mgkg. (5)

C opyroi CTOPOHBI, 13 MPHBEICHHBIX PAcCY:KACHUHA BUAHO, UTO (5) sBIsIETCS U
JOCTATOYHBIM YCIIOBHEM BBIPOKICHHS 4acToT. B caMoM Jene, ecii BBIIIOJIHEHO
ycioBue (5), To B cHCTeMe CYNIeCTBYIOT TPH Pa3iMiHBIX HOPMATBHBIX KoTeOaHusa
¢ 9acTOTaMH, OTJIMIHBIMK OT Hyss. M3 oTHX Tpex konebaHuil B cwry (2) nniib
J[Ba IMHEWHO He3aBUCUMBL. OTCHO/Ia OTHO3HAYHO CIEAYET, YTO 3TH TPH KOIeOaHHs
UMEIOT OIHY H Ty K€ YacTOTY.

Takum oOpazom, (5) garmsieTcsi HEOOXOAMMBIM H JOCTATOYHBIM YCIIOBHEM
BBIPOXKIEHUSA YaACTOT.
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6.30. [1s pemenus yanoOHo BOCIOIb30BATLCA METOAOM, H3I0KCHHLIM B
3anave 6.27.
a) HopMmalibHbIe KoJIcOaHUA

1 1
ri = | 1] (Cit+Cs), ra= | —1] Aszcos{wst + ¢2),
1 0
1
ry — 1] Az cos(wst + ¢3), (1)
—2
(3 + 2¢)k 3k ok
Wy = Wi =y =7

Onu3KKH TpH MajblX £ K KojcOanwaM (6) 3amaun 6.18 — aMIIUTYOBl BEKTOPOB
KOJIEOAaHWH COBMNAIAI0T, OTHAKO YACTOTHI pasInuHEL. [1oaToMy, ecnm B 3a/1aue 6.18
K06asT CyTIepHO3UIUS BEKTOPOB Ty K I'y JIABAIA TAKKE HOPMAILHBIC KOJICOaHNS,
TEeMnepb BHIOOP BEKTOPA I'o U I'z BIIOIHE OIHO3HAYCH.,

0) HopManbeHBIe KOTEOaHHs

1 1
ri — | 1] (Cit+Cs), 1ra— | —=1] Aszcos{wat + ¢2),
1 0
1
rs = 12 Ag cos(wst | ¢3), 2)
14¢
wp=3k W=t TiE =

OnMM3K| Npu ManblX € K KomeOaHwmsM (6) 3apaum 6.18. Ecom neperpysok Obur
n00aBJeH K JacTuie 2, TO HopMajbHbIe KomeOaHus

1 1
ri— |1 (Clt -+ Cg), o = 0| As COS(wg?f + 992),
1 —1
1
2
r3 = | =732 | Ascoslwst +3),
1

ONMM3KK K CYNepro3uLUd HOPMANBHBIX KojieOaHult (6) 3agaum 6.18,
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1
B) ri =11 (Olt 4+ Cg),
1
0 —2
ro3 = { (2.3 1] +b23 1 cos(wa st + ¢2.3),
—1 1

rac

bag £1—¢eat \/5% + 23 —e169

o 3
2 ey feaFA/eT + 3 —ee0
2 k 3 £ 2 2_ o
Wy 3 =~ oy — &1 —E2 F /] +E5—¢E182]),
Ei =
a
6.31. a) Bektop HavaneHoro cmemieHns r(0) = 0 | mpencrapnsgem
—a

B BHJE CYLEPIIO3HIMK BEKTOpOB T; (cM. gopmyiay (1) npeapiaymieil 3anaumn),
B3SATHEIX B HAYaJIbHBIM MOMEHT BpeMeHH ¢ = ():

r(0) =r1(0) +12(0) 4 r3(0). (1)
AHAIOTHYHO TPEICTABHM BEKTOP HAYa bHOH CKOPOCTH
I‘(O) =r (O) -+ I‘Q(O) + I‘3(0) (2)

N3 cucremnl yparnernuid (1) u (2) momydynM clienyroniie 3HAYEeHHs KOHCTAHT:
A2:A3:a/2,01 202:@22@3201/1.11}1

6(.4)3t /
cos waol + coswst COS 6 COS W3
a
=51 ~ . swat .
r 5 coswal + coswsl N
—2 coswst 6
— coswsl

TakuMm oOpasoM, gewkeHue dacTun | W 2 UMeeT xapakrep OueHUM, uyacrora
KOTOPBIX OIpeAeseTcs BO3MVYIIEHHEM &k, a4 4acTUUd 3 yYacTBYET B IPOCTOM
KOTeOAaHWMH C YacTOTOM ws. [loguepkHeM, 4TO Aa)ke O4YeHb Manas A00aBKa Ok
IPUBOANT K HAKATLTHBAIOMAMCS W3MEHEHHSM, KOTOPBIE IS AOCTATOYHO OOTb-
IITWX BPEMEH CTAHOBSTCS CYIIECTBEHHBIMU (cp. ¢ 3ajmadeii 2.36).
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6.32. a),6)
1 1 1
-1 1 1

= | q1 (t)a s — 1 QQ(t)a Is4 — $1 Q3,4(t);
1 ~1 T1

B) TO ke, 4TO W B 3ajauc 6.21, gpopmyna (1).

6.33. w1 =134 = i% CO 4/ wt + %COS \/ %I—Ict;

Ko1e0aHMs YaCTHI IMEIOT Xapakrep OneHni (CM. o ATOMY MOBOY 3anady 6.3 1).

6.34. MOXHO OKHIATh, YTO H3MEHEHHA YaCTOT U BEKTOPOB HOPMAIBHBIX
KOJTCOAHMA OKAKYTCS MATBIMH, B BOCHONB30BATHCA METOAOM MOCIEIOBATENb-
HBIX MpUONMXKEHHUM. YI0OHO MepeiTH K HOPMAJIBHBIM KOOpIHHATaM HCXOTHOM

cUCTEMBI (cM. 3a1auy 6.24)
!

[Ipw aTom 4 1. mpuHUMaeT BU/

oL = % ;(5]\/&3@343 - 5KESQZQS)7 (1)
TAC
oMy =Y om AVAY 5K =3 ok AV AL (2)
2] 2]
d YpaBHCHHWA ABIXKCHHUA
My (G + wiq) = = Y _(5Misijs + 6 Kisqs). (3)

&

[Ipeamonaras, 4T0 B HYJCBOM MPUOTHKCHIE BO30YKJ/ICHO TOJIBKO KOJICOaHHE ¢y, ,
MOKEM OCTaBUTh B IIPABLIX YACTAX YPaBHEHUS (3) TOJIBKO cCilaraeMble ¢ § = N.

Hnst onpeaencHust 700aBKH K YACTOTE Wy, JOCTATOYHO BBITUCATH OTHO YPaR-
HeHue (¢ { = n):

(]\/[n + 5A/Inn)£jn + (A/Innwi + 5Knn)@n — 07

oT d
e | Ml 1+ 0K

2
(wn + dwn)” = M, + M.,
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TaK 4UTO

_ 0K Wy, O M (4)
oM, 2M,

dwy,

VpaBHeHHS ¢ | % 7 MO3BOJSIIOT HAWTH MONMPABKH K BEKTOPY HOPMAILHOTO KO-
nebanus. [Ipu 3TOM IMpaBble YacTH YpaBHEHHH MOKHO paccMaTpHBaTh Kak 3a-
JAHHBIC CHIBI YaCTOTHI Wy. B030yXkieHne koreOaHWi ¢, KAK MBI B OKHAIIH,
OKA43hIBAETCA CIA0bIM, TAK KAK 3TH «CHJIbD) MAJIEL.

MOXKHO TOYYUTE M CJACAYIOMIFE TPUOIKEHUS, YTOYHAIOUING MTONPABKH
K Wy, U BEKTOpaM HOPMAJIBHBIX KOI€OaHWM (cM., HampuMep, [13], . 1, § 5).

[TonezHo 3amMeTnTh, 4TO BenmunHa O M, B (2) npeacraBnseT coO0OH n00aB-
KY K YIBOCHHOW KMHETHUYECKOH YHEPrHuHM CHCTEMBI MPH YCIIOBHH, YTO CKOPOCTH

Ty = AE”). Orcroga cienyer, B YaCTHOCTH, 9TO TPH YBEIHMYECHHH MAacC YacTHIL
oM, = 0 mn, cormacHo (4), dw,, < 0. ITogoOHBEIM ke 00pa30M JICTKO BHACTH, YTO
TIPH YBEITHYEHUH KOA(P(HUIHEHTOB )KECTKOCTH MPY)KHHOK COOCTBEHHBIE YaCTOTHI
MOTYT TONBKO BO3pacTath (cp. [6], § 24; [15]).

BaxHO NOHATH, YTO U3MEHHUTCS KOIAa Mbl HIIEM MOMPABKY K BBIPOKICHHOH
9acTOTE (MyCTh Wy = Wy,). B 9TOM cnyvae «cmiay B IPaBod YacTi ypaBHEHUH (3)
OKa3plBACTCA pe30HaHCHOH. [loaToMy KoOpaMHATA ¢, BO3PACTACT CO BPEMCHEM,
1 € TOKE HY)KHO VUMTBHIBATh B MPaBbIX YacTAx ypasHeHul (3). Takum oOpasoM,
B JTOM cJiydac HY)KHO HCIOAB30BaTh ypaBHeHws (3) coBmecTHO ¢ [ = n, P,

OCTABHB B ILIPAdBBIX HdCTAX TOJBKO CJIAI'dCMbBIC C 8 = T, P

A”fn(q.n + W?ﬂn) = —0Mpnin — 5]\’[n'pijp — 0K pntin — 5Kanpa
Myp(ép + widp) = —6Mpnén — 6 Mppiip — 6 Kpnn — 6K ppip.

~—~
ot
—

SICHO, YTO CKa3aHHOE OTHOCHTCS H K CAYIAI0 Wy & W,

Wrak, gyia onpeaeneHus MOMpaBoK KO BCEM COOCTBEHHBIM HacTOTaM (BKITKO-
qas ¥ BBIpOXKJIEeHHEIE) B Jo00apke (1) k gyHkuww Jlarpamka MoKHO OTOPOCHTB
BCE WICHBI, CO/ICPKANTHE TPOH3BE/ICHHS HOPMATLHBIX KOOPMHAT, OTHOCSTIHXCS
K Pa3iIHYHBIM 9aCTOTAM UCXOJHOH CHCTEMBI.

6.35. Hcnone3yem obo3HaueHHs M pe3yiabTarhl 3ana4 6.27 u 6.34. fcuo
3apaHee, 4To dwi = 0. [ OCTaNBHBIX YacTOT

Z(rn)iémij (rn)j

Wy ©6J

2 Z(rn)@'mij(rn)j

Sty — . n—2, 3, 4. (1)
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Marpria KHHETHIECKOH DHEPIHH 17;; AHATOHAILHA, [IPHYEM
11 = Moo = T3z = MM, T4 = 2m.
Marpuna 6m2~j AMEET €JIMHCTBEHHBIH OTIHYHBIN OT HYJIA 3JICMCHT

(5m11 = dm.

201

(2)

(3)

Ioncramisist B (1) Beipaskenust (2) u (3), a Takke KOMIIOHEHTLI BEKTOPOB HOP-

MaJIbHBIX KOJICOAHWH Ty, HAMJICHHBIC B 3a7a49¢ 6.27, MOTyYnM

375

Oy = — =W g 4 = ———— £Wa 4.
2 2» 3.4 40 3,4

»

6.36. BexkropHblii HOTCHIMAI BEIOUPACM B BHJIE

A= %(_yn €, O)J
dbyuxiums Jlarpanska
L= +§° +2%) = Fwiz® +wiy” +wiz") +
TS W, = %. JUist © 1y moay4aeM ypaBHCHHUS

F 4 Wit — Wyt = 0,
i+ wiy + w et = 0.
Vno0OHO uckars KoneOaHust B BHJE
z = Re(Ae¥?),  y — Re(Be™).
Cuctema ypaBHCHHUI
(wi — Q%) A —iw OB =0,
iw QA+ (wy —Q)B =0
TMPUBOANT K KOjicOaHrsIM
T = Re(Akem"‘t) = ag cos(Qkt + @i ),

B Zw%Qk it

DI
y — Re(Ak—e ) = ak% sin(Qt + @),

2 2 2
wy — Wy — 24

Ak — akew“, k=12,

T (v — i),
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C HaCTOTaAaMH

0o = 2wl —wf +wle = /(0] + Wi+ )2 — dwhed],

IUTST KOTOPBIX CPaBeATHBO COOTHOMICHHE (21§)s = wyws. [IyCTh i1 onpeaeneH-
HOCTH W1 > Wa, W 4 > 0. Torna neproe u3 HakaeHHBIX KOJICOAHUH IPEACTABISICT
co0ol ABIKCHHUE TIO IJLTHICY ¢ OOMBLIOH 0CHI0, HATIPABACHHON BAOIb OCH X, O
YACOBOH CTPENKE, a BTOPOE — MO ILIHINCY ¢ 00NBILONH OCBH, JIexkallel BIOIb
OCH Y, B 00paTHOM HanpaBJICHHH,

JIBrXKCHHE BJIOJH OCH 2 OKa3bIBACTCS MAPMOHUYCCKHAM KoeOaHueM, He 3a-
BUCAIIAM OT MAarHUTHOTO TOJIA,

z = a3 cos(wst + ¢3).

CBobOoaHOE NBIDKEHHE OCITHIDIATOPA IPECTARTSIET COO0H CYMepro3nITHI0 Hal-
JIEHHBIX KoeOanui. DTH KoineOaHWs MOKHO HAa3BaTh HOPMAaJIBHBIMH, 00001Iast
TEM CaMBIM IIOHATHC HOPMAILHOIO KOJIeOaHWs: ABIDKCHUS B HAIIPABICHHUSNX
OCCH T W ¥y NPOUCXOAAT ¢ OJHOW U TOH e YacTOTOH, HO CO CABHTOM a3.
[Mpusectr Qpyuknmio Jlarpamka K AHATOHATEHOMY BHIY € TOMOMIGI0 THHEHHOTO
peoOpa3soBanus TOJBKO KOOPAUHAT HEBO3MOKHO, TAK KaK MEPeXon K HOPMajih-
HBIM KOOPAMHATAM CBS3aH B 3TOM CIydae ¢ KaHOHHYCCKHM IIpeoOpasoBaHHEM
(cm. 3agaum 11.7-11.9).

a) Ecay MmarauTHOE Mojae Mano, w s K W1 — W2, TO JUIAIICEL HOPMAJIBHBIX

Wiewt 2
2Aw? — w3)
K w1 2. Tpaekroprs ocrppuuisTopa 6e3 MATHUTHOTO HOJS 3aMONHSACT IPIMOYTOJIb-
HUK CO CTOPOHAMME, MAPATIICHLHBIMH OCSIM KOOpAUHAT (CM. 3anagy 6.4); BuasHue
caboro MArHUTHOTO TOJI MPHBOAUT TOBKO K HeOombniol nedopmaunn odma-
CTH, 3anoiHseMoil Tpaektopueil. (Teopema Jlapmopa 371eCk HEPUMEHNMA, TAK
Kak 1ojie U He odnanaer CHMMETPHEH OTHOCHTCIIBHO OCH Z.)

0) B cunbHOM MAarHNTHOM MOIE W, > Wi 2 HOPMAIbHOE KOTCOAHHE ¢ Ya-
CTOTOH {11 ~ W ,,, MPOUCXOANT IO OKPYKHOCTH, & HOPMAIBLHOE Konebanue ¢ ua-
Wi
W
HBIX I | Y, PABHO Ws /w1 . Takum 00pa3oM, MPOUCXOMUT ABHKEHHUE MO OKPYIKHO-
CTH, LICHTP KOTOPOH OTHOCHTEILHO MCIUICHHO MBHKCTCA IIO JUIHIICY.

HN3BecTHO, 4TO NpH ABMKECHUAU 3aAPAKCHHON YACTHURI B CHJIBHOM OJIHOPOA-

HOM MArHHTHOM IIOJC B ILTOCKOCTH, HGpHGHI[PIKyJIHpHOFl K IIOJH, ITOABIICHHUC

craboro keasrogHopoaHoro noaa U(r) (T.e. takoro, uto cuna F = _oU MaJIo

or

KOJIeOanuii CHIBHO BBITAHYTH, @ 4acTOTHl {1123 ~ wia £ ONIM3KH

cToTol (19 =~

— MO JJUTUNCY, Y KOTOPOTO OTHOMICHUE OCSH, Mapasiieiib-
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F3MEHSETCS B IIPENEIAX KPYrOBOi OPOHTEI) IPHBOINT K MEATIEHHOMY CMEIIECHHIO
(petidy) nenTpa opOWUTHL B HATPABICHAH, NepIeHANKYyIsipEoM K F (T. e, mo -
aun yposus U (r)) (em. [2], § 22). 3ameTrm, 910 B HANIEM CIIy9ae TTOA00HBIH Ke
ApeHd NMPOMCXOMUT B B CHIILHO HEOHOPOAHOM OCLULISTOPHOM TOJIC.

B) Ecim w; = wo, T0 B II0cKOCTH (%, ) HOpMAadbHEIC KOJICOAHWS Mpej-
CTABISIFOT COOOHM IBIKCHHUSI TIO OKPYKHOCTSM B TIPOTHBOTIOJIOKHBIE CTOPOHBI
¢ wacTOTaMu §1 0 = & £ W, /2, e W = \/wi + w5 /4. Tlo3ToMy B CuCTeMe,
BPAMIAIOIIEHCA C 9aCTOTOH —w /2 00€ YaCTOTBI ITHX ABIKEHHUI OKa3bIBAKOTCS
paBHBIMH (. Takne JBIDKEHHS CyTh HOPMAJBHBEIE KOIEOAHUS H30TPOIHOTO OC-
HULISITOPA ¢ 9acTOTOM W, JIeHCTBUTEIBHO, CYMMa U PA3HOCTh TAKHX KOJICOaHMI

C PABHBIMH AMIUIATYAAMH
cos Wt cos wt
D I L
— sin wt sin wit

NPEACTABISIOT COOOH TMHEHHRIC KomeGamust Mo ocsiM x Win 3. (Mbl OTBICKaeMCs
OT CMEHICHHSI BIOJIbL MATHHUTHOTO TTOJIS.)

Ecnu MarauTHOE HOIE MaJo, W, < Wi, TO W & Wi, U BCE BIHIHHE N0
HA JIBIDKCHUC OCLIULIATOPA CBOJUTCS K IOSIBICHUIO BPAMICHUS («IIPCLICCCHH»)
BOKPYT OCH 2 € WacTOTOl —w ¢ /2 (Teopema Jlapmopa, cp. [2], §45). Ecnu xe
Wy = w1, TO UCTIOAB30BAHKE BPAIIAIOIICHCS CHCTEMBI TEPSIET HANISIHOCT.

6.37. VYpaBHCHUA NBUKCHUSA

. 2 .
T+ WwWiT — WY,

. 2 . .
Y T Wy — —WeT + WyZ,
. 2 .
Zt w3z = —wey,
e
_edty, _edt,
Wo = “me Wz = Tme

pelacM ¢ MOMOIILI0 TTOCIICAOBATSIbHBIX TpuOmmkenuid. Mniem koopaunarsl B
BHAC ¥ — 3;.(1) _|_ $(2), y — y(l) _I_ y(2)’ o A— Z(l) _I_ 2(2) rmie 37(2)? y(2)1 Z(Z)
MaJjIbl IO CPABHEHUIO C ;1:(1), y(l), 2. B TIEPBOM MPHUOIIIKCHIH TIpeHeOpeTracM
MAaJIBIME WICHAMH, CTOSIIIIUMH B MPABLIX Y4CTIX YPaBHCHHI:

M = Acos(wit + a),

y1) = B cos(wat + ),

B = C cos(wst +7).
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ompasxu =2, 42, 2(2) onpenensores w3 ypasmenii

7 4w y(2) w0t w2, (1)
52 4 w32(2) _ —wmy(l).
IMomyuaem
) — wywe B sin(wst + )
wi — w3 ’

)2 — wiw, Asin(wit + ) wpwsCsin(wst + v)

— 2
o Ao 2

2) Wewo B sin{wat + 3)
PARE .

2 2
w3 — W

TTompaBKu OKA3HIBAKOTCA MAIBIME, €CIA (W, | < |w1 — wal, |wa| < |we — wal.
Hopmaibabie koji¢0anusi CyTh KOJICOAHUSA IO ILIMIICAM, CHJIBHO BBITSHYTHIM
B/IOJE OCEH KOOPAWHAT.

Ecow e, Hanpavep, |w.| 2 |wi — wal, [we| < |wa — wsl, T0 23) 1 42,
cormacHo (2), y&Ke He Malbl. DTO CBA3aHO ¢ TeM, 4TO 4acTorsl «cmwm w.y(1) n
—w, 1) B (1) oxa3BIBAIOTCS OIM3KMME K COOCTBCHHBIM YACTOTAM OCLIIISLTO-
pa. B oToM ciyuae B ypaBHEHHSAX MEPBOTO MPHUOIHKCHHS CIEAYET COXPAHUTH
PE30OHAHCHRIE YWICHB:

§O 4 wza 4 gD o, 3)
50 42,0 _ g,

T. €. BIMSIHNG J¢, Ha JBWKCHHC HEOOX0MMO yuecth Touno. Cucrema (3) pac-
CMOTpeHA B 3a1a4e 6.36. L1 mompaBoK BTOPOTO MOPAIKAa HMCEM yPaBHEHUA

5 42 x(z) _0,
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Boimuiem cBoOoibie koaedanus, BO H30€KANHE TPOMO3JKOCTH OTPAHIIHB-
LIUCH CIYYAEM W1 = Wy = W

fﬂ ) lrs):
y | = Re< A4 s e +
“ wa — w?
. N 0 (4)
+A4, _:Lw ei(w_7)t + Aj ﬁ plwst
ws — w? 1

Wz
Hopmanbsasie kosebanus (4) ¢ wactoramu w + 5 ponCXoNsIT (B IPUHATOM 1IpH-
OIMKEHHK) TI0 OKPYKHOCTSIM, TIOCKOCTH KOTOPHIX COCTABIIIOT C TUIOCKOCTBIO
Wz .
(w, y) yrael T ——— (IIOBOPOT BOKPYT OCH ¥/), & KoNebaHue ¢ 4acToTol w3 —
Wy — W

IO CHJILHO BHITSHYTOMY BJIOJIb OCH 2 3JUTHIICY, JICKAMIEMY B ILIOCKOCTH (Y, 2).

6.38. Koaebanus MasTHHKA MPEANONIaraeM MaJTbIMH, VIO OTCIHTRIBAEM OT
BEPTUKAIH MPOTHB YACOBOM CTPEJIKH, B KAUCCTBE BTOPOU KOOPJAHHATEI BO3EMEM
3apsy] ¢ Ha IPABOH IUTacTHHE. 1IpH OTKIIOHEHNH MasTHHKA HA YIOJI (¢ MATHUTHBIN

MIOTOK 4Yepe3 KOHTYp paBeH ¢ — const — %ﬁ‘f 1%, moatomy Qynkiust Jlarpamka
(cm. 3amauy 4.21)

2
L= % ( 1252 4+ L6 — mglp? — % - m%q).
Ecau BBecTH KoopauHatel x = lp u y = /£ /myq, 10 dyukumsa Jlarpamka

HANICH CUCTEMBI OTJIMYACTCS OT pacCMOTPEHHON B 3azaue 6.36 (¢ mapamerpaMu
2_ 9 9 1 i
Wi = S, W5 = ==, Wy — ————

1 s W2 s W
Z0 2/ m

!
HYIO 110 BPEMCHH: %w g %:ﬁy IlosroMy ypaBHEHUA ABMKEHHUA M UX PEILCHUS B

npu z = () JuNIb Ha TOJHYIO TIPOU3BO-

3agade 6.35 cnpaBeaIvBE B U HANICTO CITyJast.

6.39. llycrts
r=Acos(wt+¢), A=A, As, ..., AN) (1)

— Kakoe-mub0 HopMansHOe KonmeOanue. TTOCKOARKY 3aMeHa x; — E SiiZ

j
ne MensieT Buga Qyuknmy Jlarpamka, o Hapsaay ¢ (1) JomKHO CyIIeCTBOBATH
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HOpMAaJIbHOE KoJleOaHue BHIA
Sr = SA cos(wt + ), (SA); = Z Si;A;. (2)
J

3necs S — MarpHma ¢ 3IeMeHTaMu S;;, KOTOpas MO YCIOBHIO 007a1aeT CBO-
ctBamu (£ — ejuapunas Marpuna, ST — TpancnonupopanHas Marpuna S):

ST S, SS-E. (3)

a) Ecii janHas 9acTora w HE BBHIPOKACHA, TO pemeHue (2) MOXeT OIn-
qarkCs OT (1) pa3se awuirb 0OIIUM MHOKHTETIEM:

Sr = cr.

Axayiornaao
SSr = ¢Sr = ¢’r. (4)

2

IMockomsky S8 = E, 10 m3 (4) HeMeUICHHO CICAyeT, 910 T' — c°r, Wi ¢ — 1

u ¢ = +1. llosromy Juisi HEBBIPOKICHHOM YaCTOThI
wi  Sr — +r, wim Sr = —r.

0) Ecam gacrora w BRIpoXacHa, 1O KoicOanud (1) u (2) MOTyT B HE COBIIA-
aarb. HO UX cyMma U pa3HOCTb

r+ St = (A + SA)cos(wt + )

TAKIKE ABIAIOTCA HOPMATBHBIMU KOJeOaHUSIMHA C TOH jKe 4acTOTOH, 0013 1aroniuy-
MH HEOOXOMMBIME CBOHCTBAMU CUMMCTPHH.
B) Jlo6aska ¥ ¢pyunxumu Jlarpanxa umeer Bug AL = > fix;, tne
i

f:(f1,f2a---:fN)

— BHCIIHSAS CWJIA, JICHCTBYIOIASl HA CHCTEMY.
[Mycts cuma f cumMmerpuyHa, a HOpManbHOC KomcOamue r, Bumaa (1) —
AHTHCHMMETPHYHO OTHOCHTEIIBHO NMpeodpa3oBanus S, T.¢.

St = +f, Sry,=—1,. (5)

Haunas cuja He BIuseT Ha KojaedaHHe Ty, €Cu BekToprl T 1 r, B3aUMHO OpTO-
TOHATBHBI {CM. 3axady 6.24):
(fa ra) = 0. (6)
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N3 (5) caenyer, aTo
(St, Stry) = —(f, ry). (7)

C npyroi CTOpOHEIL, IBYIO 4acThb (7) MOXKHO NIEPENHCATh B BHIE
(Sf, Sra) = (f, S*'Sr,).

U3 (3) ouennano, aro ST S = E. Cpasrmsas toraa (7) u (8), MOTyanM HeMe/-
JAeHHO (6).

OcCTaroTes 1M HeM3MCHHBIMU ITYHKTHEL @)—B) 3aJa4u, SCITH 3apaHee He Tpe-
Gopats yemoeua ST = §?

6.40. TIlycth x; — CMCIICHME -¥ YACTHIILI B/OJL KOJLILA U3 MOJIOKCHHUS
PABHOBECHA, JISI ONPEICTICHHOCTH CYNTACM THOJOKUTCIBHBIM CMEIICHUE MPO-
THUB 4aCOBOU CTpenku. CHCTEMA ABHO CHMMETPUYHA OTHOCUTEITBHO MOBOPOTA HA
yrox 180° rokpyr ocu AB, npoxosiieii uepes MOI0KEHIE PABHOBECHS BTOPOI
YACTHIEI M HSHTP KobHa. Tloaromy v dynkius Jlarpamxka cHCTEMEI

4
L="That + a5+ 43) + %(sti +il) — g [Z(mi — ie1)? + (w5 — :cl)g}

=1

HE U3MCHSET CBOETO BHAA NPH COOTBCTCTBYHOLICH TAKOMY NOBOPOTY 3dMCHC
Xo — —Xa, ¥ — —&3, L3 — —T1, Tq— —Iy, Xz — —&4. (1)

Hcnonp3oBsannie cooOpakeHMI CHMMETPHH (CM. IPEBIAYOIYIO 33,1a4y)
W OPTOTOHAIBHOCTH MO3BOJISICT OUE€HB ITPOCTO CBECTH 3Ty 33/1a9y C IATHIO CTe-
NeHsIME CBOOOBI K JIBYM HE3aBHCHMBIM 33Ja4aM C JByMsI CTCIICHSIME CBOOOBI
KK Jasl.

JelicTBUTEIbHO, BEKTOPH HOPMAJIBHBIX KOJICOAHUH, CHMMETPUYHBIC U aH-
THCHMMETPHYIHBIE OTHOCHTENRHO Npeo0pasoranus (1), UMEIOT BHJ

a c
0 d

rs = | —a | cos(wst+ ¢s), re= | c | cos(wat+ ©q).
b f
_} f

Kpome 10T0, OHO aHTHCHMMETPHUHOE «KOJICOAHHE» JIETKO YTaaslBACTCA — ITO
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BpAI[€HUE BCEX YACTHIL IO KOIBILY

1

(Ct+01)7 Wal = 0.

o1 —

e

JBa apyrux (IOMHUMO T',1) AHTHCHMMETPHYHRIX KOJICOaHUS TOJKHBI ORITH OPTO-
TOHATBLHBL K Tg) ¢ METPUYICCKUM TEH30POM, ONpeaessieMbIM KoddQpuimenTaMu
KUHETUYIECKOH SHEPIUH, T. €.

m(2¢+d)+2Mf = 0. (2)

B mrore B ry ¥ g OCTAIOTCS HEOMPEACIICHHBIME BCETO MO Ba KoY pduimenTa.
Jna ompenenenus MX AOCTATOMHO HMCIONB30BATH BCETO JIMIIL J1BA YPABHCHHS
JBYDKCHUS U3 IIATH, HAIPUMEDP TS IEPBOU U IISITOH 4aCTHII:

ma, + ]{(2561 — To — .565) = 0,

3
Mi5+k(2x5—x4—$1):0. ( )

IToxcraBisisi Croma ABHBIHA BUA I'g, HAHAEM JUIA JBYX CHMMETPHYHBIX KOacOaHHH

m 2
bl,Q — (—w81’2 — 2) 031,2,

k
W2, 2m%(zM +3mE /20 — m)? + bm2).
AHANOru4IHO, MOACTABISIS B (3) BEKTOP T M yUuThIBaS (2), HaligeM
C2,3 = (%Iwgz,:s - 1)f2,37 doj3 = —2¢23 — 2£If2,3,
Wag g = %% AM +m F \/%(4M —m)? + %mz

6.41. Paccmarpuaemas cucrema Onu3Ka K M3yueHHOM B 3amatuc 6.28 a,
Gyuxrms Jlarpanka B HallICH 3a1a49¢ OTUTACTCS HA MATYIO BEITUUHHY

0L = 6L1(z, &) + 0La(y, ¥) + 6Ls(z, 2),

SLy(@, &) = L (43 + (52 — w5)° + (24 — w5)” + 23],

I =1
!

£ = < 1.
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N B >ToM ciyuae xomebaHus No x, 3, £ IPOUCXOAT HezaBHcHMO. Hac mHTepe-
CYIOT TOJBKO KOJTe0aHHA 1O .

Jiist onpenencHus 4actoT KojacOaHuu yja00HO BOCIOIL30BATHECS MCETOI0M
NoCeIOBATCILHBIX NpuOmmKenuid (cM. 3agady 6.34). YacToTel w3 4 HEBREIPO-
XKICHHBIS, TAK 9TO K 3THM KOJIeOaHHAM HEMOCPEACTBeHHO MpHMEHHMa (HopMy-
na (4) u3 3apaqam 6.34.

Yacrora w; ucxomnon 3agaud {6.28a) TpeXKparHoO BBLIPOXK/ICHA, TOITOMY,
Ka3a10ck ObI, JuTsl OTIPeaSIeHHs TIOMPABOK K YacTOTE U BEKTOPOB HOPMATBHBIX
KoTeOaHM TIPHISTCS pacCMaTpHBaTh CHCTEMY ypaBHEHHH Thna (5) w3 3aaa-
qn 6.34. OHaKO CBOMCTBA CUMMETPHH CHCTEMBI ITO3BOJISIIOT CPa3y K€ YKa3aTh
T€ BEKTOPBI HOPMAILHBIX KOJIeOaHMil HCXO{HOM CUCTEMBI, KOTOPBIC MAJIO H3MCSHSI-
rorcst npu godasiacHun 0 L. D10 kak pas Bekropsl (1) u3 3a1aun 6.28, moToMy 9To
MMEHHO OHH 00Ia/1af0T OIIpeIeICHHBIME CBOHCTBAMI CHMMETPHH: KOJICOaHHE I's
CHMMCTPHYHO OTHOCHTEIBHO OCH AB U aHTHCHMMETPUYHO OTHOCHTE)IEHO (D),
r| — CHMMCTPHUHO, a I's — AHTUCHMMETPHYHO OTHOCHTCIIBHO 00eux oceid. ITo-
NPaBKKA K 9aCTOTaM ITHX KOJCOAHUH TOKE MOKHO BBIMHCIATEH MO Gopmyre (4)
13 3a7aun 6.34.

[loacrapmsist x1 = —x3 = 1, 9 = x4 = x5 = 0, HAXOOAUM

0K, = —20L1 =0,
TaKk 4T0 dw; — (. AHATIOTrHYHO

5K22 = —25141(:131 = X3 =T — 0, To — —Tq = 1) = f48/€,

Mg = 2L1(£i31 = £f33 = j?g, = 0, To = T4 = 1, Ty = 0) - 2m,
TaK YTO Own — —¢& k.
2m’
_ I _ _ ¢ |k
6K33 = —48%, J\/[g = 4m, 5(4)3 = —SA/ 7=
2V 2m
1)
0
T[Ipescrapisisi BEKTOP HAYaIbHOTO cMenienust r{0) = 0 | 1 BeKTOp HAYAILHOM
—a
0

ckopoctu 7{0) = 0 B Buzme r(0) = > r;(0) u #(0) = > _1;(0) coorBeTCTBEHHO,
HalijeM, 9To ¢ ¢

A1:A2:A3:%, Ay = As — ¢; = 0.
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Takum o6paszom, B JAaHHOM MPHOTMKEHHH YETBEPTOE H MATOS HOPMAILHBIE KO-
neGanrd He BO30YKIAFOTCS, M KOJIEOAHUA YacTHUI|

T1a =2 (+ coswit + coswst),

?

NE N

To4 = & (£ coswat — coswst), x5=0

HOCST Xapakrep OUCHHU (CM. IO 3TOMY MOBOIY 3axa4y 6.31).

6.42. B 10l 3a5aue y/100HO BOCTIOIBE30BATECS METOJIOM MOCIIC/IOBATCITH-
HBIX NpAOIIKEHIH (CM. 3a1a4dy 6.34). M3Menenne Macc IpUBOIUT K MOSIBICHHAIO
no0aeku K ¢yHkimw Jlarpamxa

Ee crmemyer BhIpa3uTh uepe3 HOPMAIBHBIC KOOPJMHATHI HCXOMHOW CHCTEMBI
(em. 3amaay 6.21). Ilpu sToM K0IPOHIECHT MPH IPOU3BSACHUN O000OMICHHBIX
CKOPOCTEHN (/1 (2, OTBEUAIOIINX BRIPOKICHHON YaCTOTE, OKA3BIBAECTCS PABHBIM HY-
at0. OcTaapHBIE MPOM3BENCHUS (s (I W) # Wg) MOXKHO OMYCTHTB, KaK 3TO
OTMeUueHO B 3aj7aue 6.34. [Tonyuaem

6Ly = $0m 47 + Foma i + %(ml 4 oma) (g2 + ).

®yuxows Jlarpamka L + 0L, xak u ¢pyaxuwus Jlarpamka nCX0IHOW CHCTEMBI,
pasaesseTcsl Ha ClaraeMble, KaXI0€ H3 KOTOPHIX COACPIKUT TOILKO OfHY H3
KoopauHar ¢;. Koopauuarst ¢; octalTtcs, TakuM 00pazoM, HOpMaIbHBIMU, a I8
BBIUMCIICHHS MTONPABOK K 4aCTOTaM MOXKHO BOCIONB30BaThCA (Gopmysmoi (4) u3
3apaim 6.34:

dwy = —ﬁwl g = —@w dws = —mw
4 ) 4 3 3 ] 33
57?%
dwge =0, g = T

Bce coOCTBEHHBIC YACTOTRI CUCTEMbBL CTAMH PA3IMYHBIMU, HCUE3JIA HEOJHO3HAY-
HOCThH BRIOOPA BEKTOPOB HOPMATBHBIX KOJEOAHHH: ¢ TOTHOCTRIO JI0 £; 3TO BEK-
Topst (1) 13 3anaun 6.21.

Hurepecno, aro mpu d1my = 0mo 9acTOTEl Wi + dwi U Wo + dwo BHOBB
COBMANAIOT JIPYT € APYroM (C TOYHOCTBHI) O TOIMPABOK BTOPOTO MOPSAKA
|61 — dws| ~ £2w1). B atom ciyuae dynkuus Jlarpamka L + § L cnosa npu-
BOIUT K HCOJHO3HAYHOMY BBHIOOPY BCKTOPOB HOPMAIBHBIX KosicOanuii, OgHako
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B TOYHOM PEMICHHH 3aJa4YH IpH 01 = 02 BEKTOPHl HOPMAJIBHBIX KOJICOaHHI
HUMEIOT BUJL

1 1

1 —1
= TV1+e+92 43¢ |
—1—=¢ +v1+ ¢+ 92 T 3¢

U Ipyu MaJBIX £ OMM3Ku K Bekropam (2) 3amadn 6.21 (C TOYHOCTBIO 70 OIIy-
LWIECHHBIX 3eCh HOPMUPOBOUHBIX MHOKHTETCH). Pe3koe U3MEHEHUE BUaa HOP-
MAJTFHBIX KOJICOaHU TPOUCXOANT B OUEHBb Y3KOM HHTEPBAIC M3MCHEHHS MAcC
|61 — dms| < e*m (cp. ¢ 3amaueit 6.5a). Jljns ONpENesICHUA BEKTOPOB HOP-
MAJIBHBIX KOJCOAHHN B 3TOM HHTEPBAJNE 3HAUCHUH Omy, dmo MOXKHO ObLIO
OBl BOCIIOJIL30BATELCS CICIYIONIHM NPHOIKCHIEM B METO/IC TIOCIICI0BATCIBHBIX
IPHOMIDKEHIH .

e

6.43a. OucBujHO, ABHKCHHS 4YaCTHL] B HarpasicHuu occid AA nw BB
HC3aBHCHMEL. byeM paccMarpUBaTh ABIJKEHUC B HANIPABIeHHH OCH AA.

J1 IepBOH M 4eTBEPTOH YaCTHIL IOJIOKUTEIBHBIMHA CHHTAEM OTKJIOHCHHA
BJICBO, JUTSI BTOPOU M TPeTheu — BIpaBo. COMTACHO pe3yapTaTy 3a7auM 6.39 Hop-
ManbHele KoneOamua r — (xq, X9, 23, £4) MOTYT OBITH BLIOPAHEI CHMMETPHY-
HBIMU HJIH AHTHCHMMETPHYHBIMY OTHOCHTSIBHO oceld AA u BB. [{ia cuMmMer-
PHYIHOTO OTHOCHTENRHO OcH AA konebanusa x1 = x4, 2 = x3. Ecin k ToMy xe
3TO KOJICOaHHE CHMMETPHYHO OTHOCHTETRHO OCH B3, T0 1 = X9, T3 = X4, TAK
4TO JUL ITOTO JIBAXK/IBI CHMMETPHYHOIO KosteOanust umeeM rgg = (1, 1, 1, 1)q¢ss.

st koneOanus, CAMMCTPHYIHOIO OTHOCHTCILHO OCH AA W aHTHCHMMCT-
PHUYHOTO OTHOCHTENbHO OcH B D, uMeeM 11 = T4, To = T3 U T1 = —T2,
T4 = —I3, TAK 9TO

Isq — (]-9 -1, -1, l)Qsa-

Ilono0ubIM 3x¢ 00pa3oM HaXOAUM
Fas = (17 1, -1, _1)QCL33 Yaa = (17 -1, 1, _1)QGa-

AHaJIOTHYHO HAXO/ATCSA BEKTOPH HOPMATHHBIX KOJICOAHWH B BepTHKATHRHOM Ha-
IIPABICHHH.

Yacrorsl Kosie0anuii MOKHO HAWTH, TTOICTABUB HAHACHHEBIC BCKTOPHI B yPaB-
HCHUSA JBIKCHUA.

Ilpu HaTMYME BRIPOKIACHHS, KPOME HAMICHHRIX HOPMATBHBIX KOICOaHWMH,
CYIIECTBYET MHOXKECTBO HOPMAJIBHBIX KosicOanuil, ne 001aJaronX yKa3aHHbIMHE
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CBOMCTBaMH CHMMeTpHH. HeTpynHo cooOpa3wuThb, HAIpEMep, YTO 4aCTOTHL SS
1 a6 KoIeOaHnl COBIANAIOT Wys = Wqeq = 24/ k /M, €CIIH HATSHKEHNE TIPYXKUHOK
HE IIPOU3BOJILHO, & paBHO ki (e | — JJIMHA KOKAOH U3 IPYKUHOK B TTOJIOKCHHH
pasHoBecHs). Ho Toraa nopmManeHbIM KkomeOanmeM Oyaer modas Cynepnos3umns
BEKTOPOB Ty, H I'gs, HarIpuMep BekTop (1, 0, 1, 0)qss.

AHaJOTHYHO MOYKHO HANTH BEKTOPBI HOPMAJIGHBIX KOJIeOaHUU B HAIIPABJIC-
nun ocu BB,

6.436. CooOpakeHusa CHMMETPUH TMO3BOJSIOT CBECTH 3Ty CHCTEMY C
7 cTeneHAMH CBOOOBI K HECKOJILKHM TPOCTHIM (He 00JIee UeM ¢ JIBYMSI CTerie-
HAMH CBOOOjIBI) cUCTeMaM. J[eHCTBHTEIBHO, BCIACACTBHC CUMMCTPHE CHCTEMBI
OTHOCHTEJIbHO IUTOCKOCTH, NePICHAUKYISIPHON II0CKOCTH BECORB, BCE HOPMAJIb-
HBIC KOJICOAHMS MOTYT OBITh BEIOpAHBI IHO0 CHMMETPHYHBIMH, JIHO0 aHTHCHM-
METPHYHBIMH OTHOCHTEIRHO 3TOM IITOCKOCTH. Jlanmee, HOpMaThHBIE KoeOaHuA
Pa3AeisioTCsl HA BBIBOISIING YACTHILI M3 IUIOCKOCTH BECOB H COXPAHSIONINE
BECHl ILTOCKUMH. PaccMOTpHM 3TH mOCeHHE KOaeOaHusl.

ITyctb x, 3 ¥y — YTJIBI OTKJIIOHCHHSI OT BEPTHKAJIN LICHTPA paMKH, HUTH B A
u HATH DD F cooTBeTcTBeHHO. KpOME OYeBHIHOTO CHMMETPHYHOTO KOTeOaHus
o = 0,3 = — cuacroroi v/ ¢/ 3l UMeeTCst IBa AaHTHCHMMETPHYHBIX KOJICOaHusl,
T KOTOPHIX 3 = ~y. Tak Kak BKIAIBl PA3NMMYHBIX HOPMATBHBIX KoaeOaHUi
B (QyHKIIIO Jlarpamka aaiATHBHEL, TO JUIA HAXOXKACHHS AHTHCHMMETPHUYHBIX
KosTe0aHMH TOCTATOYHO 3HATH JIMIIH CIaraeMoe

Lo = ml?(2a% + 98% + 3a3) — mgl(a® + 35°),

OTBEUAlOMIiee JIAHHOMY THIY KoJeOaHWH. B wmToTe moaydaem jBa aHTHCHMMET-
puaneIx Kosebanus: o = 3 = -~y ¢ wacroroll 1/2¢/7l m a« = =383 = —3v
C 4acToToi +/2¢g/3l.

Jist onucanus KoyeOaHui, BEIBOASIINX YaCTHIEI H3 IIIOCKOCTH BECOB, HC-
MOIB3YEeM JACKAPTOBBI KOOPAHHATH OTKIOHCHHS 4YaCTHI[ OT IIOJOKCHUSA PABHO-
BE€CHsl B HAIIPABICHHM OCH &, KOTOPYH) HAIPABUM IEPUEH/MKYJSIPHO PaBHO-
BECHOH INIOCKOCTH BeCOB. OUEBH/IHO, YTO CHMMETPHUHEIEC Kole0anua x4 = g,
Tp = Tp COBHAJAIT C KOJCOAHUSIMH JIBOHHOTO ILIOCKOI0 MasitHuka (cM. [1], 3a-
naua 2 k § 23 ¢ mapamerpamu mq = me = 2m, Iy =1/2, 1o = 3, 1 = 2zp/I,
w2 = (x4 —xp)/3l), nodromy w? = g(7 F \/ﬁ)/Sl, nry = (6+ \/ﬁ)xg.
Cpend 7ByX aHTHCHMMETPHUYHEBIX KoyeOamwii 4 — — g, rp — —Xp OJHO
OYCBHAHOC — BpALICHUEC BECOB BOKPYT BEPTUKAIBHOW OCU: T4 — Zp. HApyroe
AHTHCHMMETPHYHOE KOJICOaHIe OPTOTOHATRHO K YKA3aHHOMY H ITOTOMY TSI HETO
x4 — —xp — xp = —xp. Ho Tipu Takom koyieOanny HeHTP KAKIOH HUTH B
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MIEPBOM TIPHOIMKEHNH HE CMEIAeTCs, CASMOBATENLHO, 4acTOTa TAKHX KOJeha-
HUI COBMANAeT C YACTOTOH MasTHUKA JIHHOH 3/ /2, T.e. paBHa \/2g /3.

6.44. Owuesuano, koneOanusa B HanpaBicHuax AA, BB U B HanpapIcHuH,
NICPTICHINKYISPHOM TUTOCKOCTH PaMKH, HC3aBHCHMBL. PaccMoTpuM, Hanpumep,
TIePRBIE.

KommouenTsl BeKTOpa Konedanus yIo0Ho pazMmemars B Tabiume, COOTBET-
cTByromic Qopme pamkm. I 4acTHI, PacOIMKCHHBIX CIeBa OT ocu BB,
NOJOKHUTCALHBIMI CUATAEM OTKJIOHCHUS BICBO, JUISI YaCTHI, PACHOIONKCHHBIX
cripara — BOpaeo. Konebanne ss, CHMMETPHUHOE OTHOCHTEIRLHO 00enx oceil AA

u BB, nMcer BUJ
xz X X =x
x X X z/°

Konebannst 2z, X cBojsITCS K KOJI€OAHHUSM CHCTEMBI, PACCMOTPEHHON B 33/1au¢ 6.7
cmy = m, me = M, rae cuenyer nonokuth k1 = k+k', ko = k, ks = 2k + £/,
k' = f/l. Takum oGpasom, IMEETCS TBA §$ KOTeOAHUS,

Konebanus sa, CHMMETPHYHBEIC OTHOCHTCILHO OCH AA W aHTHCHMMETpUY-
HbI€ OTHOCHTCIILHO ocH B B, nMeloT BHJL

r X —X —zx
z X —-X —z/’

npuueM Tenepb ks = k', k1 =k + k.
AHATOTHYHO ISl G.5- H aa-KoeOanui:

T X X T
—x —X —X —=z

T X —-X
—x —X X

), ki=k+3k', ks=2k+ 3K,

—T
), k1 :k}—|—3k,, ks = 3k'.
@
[To100HBIM k¢ 00pPa30M MOKHO HAUTH OCTAIBHBIC IISCTHAALATE HOPMAJTh-
HBIX KoJieOaHuii.
6.45. B o0o3naucHUAX IpeIpIAYINCH 38,1aul BEKTOp CHITBI

—k K, K, K, E+Fk
kK. KK, kK a cosyt.

OH opToroHANCH BCEM HOPMAIBLHBIM KOJCOAHUSIM, KPOME CUMMCTPHUIHO-AHTH-
cUMMETPUUHBIX (sa). [103TOMYy pe30HAHC BOSHHKACT JIUIIL TIPH IBYX YACTOTAX
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Y = Wik, Tae

sa 2 __ 1 , i
(Wi%)” = oy {k(zM +m) + l (M 4+ m)=+

p: 2
£y [BRM = m) 4+ (M = )|+ 482 M

6.46. Jluneitnas monekyina CoHs HMMeeT BCETO CeMB HOPMAJIBHBIX KO-
AeOaHMi: TPH MPOJOTRHBEIX KOJNCOAHHUS W MO JBa M3THOHBIX KONCO4HUS B JIBYX
B3aUMHO TCPUCHIMUKYIISIPHBIX INIOCKOCTIX (CM., Haupumep [1], § 24).

3agaga 00 ompenciCHWM JBYX CHMMETPHUHBIX IPOACTBHBIX KOaeOaHmid
Tl = —T4, Tz = —T3. CBOOUTCS K 3anaue 6.7 ¢ mapamerpamu ky = Fkyc,
ks = 2kce, k1 = 0, tne kpe v kee — xectkoctr cBsized HC u CC. Anrncum-
MCTPUYHOE TIPOIOALHOC KoulcOaune xy = X4, T2 — X3, Myxi+mcere = 0 uMeer

kuc(muy + mc)
HACTOTY Wa1 = TG (Takyio ke, Kak u «moiiekyia» CH). 3amerum,

YTO TIPOJOJHLHOE CMEIICHHE MOJICKYJIBI KAK LCIOTO T — Zo — I3 — T4 MOXK-
HO PACcCMAaTPHBATH KAK BTOPOE aHTHCHMMETPHIHOE KoJeOaHme, IPHUEeM YCIOBHE
OPTOTOHAJILHOCTH K HEMY TIEPBOTO aHTHCHMMETPHIHOTO KOIICOaHHUs COBIagacT
C YCIIOBHEM PABEHCTBA HYJIIO MOTHOTO UMITY/IBCA MOJICKYJIEL.

Ilonepeunoe CUMMETPHIHOE KOeOanme 41 = 44, Y2 — U3,

Facc(mu + me
muy1 + meys =0, wig = ( )-

2
lHCmHmC

3nech kyce — KCECTKOCTh MOJICKYNBI Ipu m3rvbe: mpu m3ruoe cessn HCC Ha
yToJ § TIOTEHINATLHAS YHEPTHS BO3PACTAET HA kpccd /2.
[Tomepeuroe aHTHCHMMETPHIHOE KOJICOaune i1 = —14, Y2 = — U3,

mclecyz + muy(loc + 2luc)yr = 0,

w22 _ kHCC[mCl%C —+ My (ZZHC -+ lcc)Q}

mumeliclée 7

e lyc ¥ lcec — parHOBecHOE paccrosuue Mexny aromamu H-C w C-C coor-
BETCTBCHHO, OTMETHM, 9TO COOTHOIICHHE MENKITY CMCUICHHSIMH aTOMOB ITOTO
Kojae0arusi MOkeT ObITh HAMICHO W3 YCIOBHS PABCHCTBA HYIIIO TIOJIHOTO MO-
MEHTA HMITYJTbCa MOJEKYITBI (MK OPTOTOHATBHOCTH BEKTOPY YHCTOTO BPAIICHHMS
MOJTEKYITRI KaK LIENOTO Y1 = —Y4, Yo = —Y3, y¥2(2luc + lec) = y1lce, KoTOpoe
MOXHO paccMarpHBarh Kak BTOPOC aHTHCHMMETPUUHOE Kojie0anue).
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6.47. (O003HauMM OTKIIOHEHUA YACTHI] OT NOJOKESHHS PABHOBECHS B Ha-
npaBireHun f3 1) uepes x1 W 22, a B HanpasineHnn C'F — depes yy u y2. [ToBOpoT
BOKpyT ocu cammerpurt C'F' na 180° mpHBOJIMT K 3aMeHaM:

T T T2, Y1 = Y2,

T. €. mpeobpazopanmne S MOBOPOTA BeKTOpa KOdeOanus r = (1, Y1, T2, Yz ) IMe-
T BUJI

Sr — (*mza Y2, — X1, yl).

Beaencreue CHMMETpHH CHCTEMBI B HEH BO3MOXKHBI HOPMATLHLIC KOJTCOAHHA
ABYX BHJOB! I's — CHMMETpHYHBIC OTHOCHTENbHO ocu CF, Uil KOTOPBIX
Sty =15, U AHTHCHMMETPHUHEIC Ty, UL KOTOPBIX ST, = —r,. s ciuMMeT-
puaHOTO Konebanust (—x2, Y2, —%1, Y1) = (Z1, Y1, T2, Y2), OTKyIa

rs = (xa Y, —, y)

AHATOTUYHO
ry, — ('Ia Yy, x, _y)

(J1a aHTHCUMMETPHYHOTO KOaeOaHus MOBOPOT BOKPYT OCH CHMMCTPHH PABHO-
CHJICH M3MCHCHIIO (ha3nl KoeOanus Ha 7.)

B03MOXKHEI /IBA CHMMETPHUYHBIX H /BA AHTUCUMMETPHIHBIX KOJTeOaHus; /s
OTIPE/ICIICHNA YaCTOT H BEKTOPOB KAXIOH TIAPhl KOJICOAHUH JOCTATOUHO HCTIONb-
30BATh JBA YPABHCHUS JBIDKCHIU.

MoKHO TIQUIYYUTh €IIE HEKOTOPHIC CBEACHUS O BHAC HOPMAJILHBIX KOJIC-
OaHmii, HE 3HAA KECTKOCTCH NMPYKWHOK. YCJIIOBHEC OPTOTOHATBHOCTH BEKTOPOR
KO1€0aHuH I's] U I'so CBOAUTCA K PABESHCTBY

2m(Ts1Zs2 + Ys1Ys2) — 0,

ITOKA3BIBAIOIIEMY, YTO BEKTOPEI OTKJIOHEHHH, HAIIPUMep, YaCTHITEI 1 IIpH KakI0M
U3 JIBYX CHMMETPHYHBIX KOJIeOaHmil B3anMHO mepheHmKyasipHel (puc. 130, a).
To ke camO¢ OTHOCHTCS M K aHTHCUMMCTPHIHBIM KosieOanusm (puc. 130, 6).
Hampasienne, B KOTOPOM OTKJIOHACTCS. YACTHLA IIPH KOKIOM W3 HOPMAJb-
HBIX KOJICOaHWI, HeITh3 S OMPEIeIUTh, HE 3HAS KECTKOCTEH MPYXHHOK. JlelcTRI-
TCJIILHO, ¢CJIM KCCTKOCTE M HATshKCHEsI npyx)uHok AC u C'F maisl, 10 OTKIO-
HEHHS YACTHI[ TPH HOPMAIBHBIX KOCOAHHSX HAMIPABICHBI TIOYTH BOJL FUIH
nonepeKk npyxuHok B D, u, Ha000poT, NIpU MATOH KECTKOCTU MPYyX UHOK BD
HOPMaJIbHBIC KOICOAHHUS TTPOMCXOAST MOUTH BJIOb HIH Honepek npyxuaok AC

uCFkE.
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sl sl al

a2

L
- N R
s2 s2 a2
al
a) 6)
Puc. 130

Pasymeercs, Tipy BBIPOKICHHUN 9aCcTOT MOKHO BEIOPATH M JPYTHE BEKTOPEHI
HOpMAJTbHBIX KojeOanmii, He odmagaronme cCBoUCTRAaME cuMMeTpun. Hanpumep,
TIPH «BBIKITIOUEHHOM» MpykuHKe 1) 3T0 MOTYT OBITH KOJIeOaHHA KOKIOH M3
YACTHI] BAOIL Wik nonepek npyxunok AC u C'F.

6.48. O003HaUUM OTKIOHCHHS KaXJ0TO W3 aTOMOB OT TIOJIOKCHHUS PaB-
HOBecus B nampasiaeuuax OD uepes x;, OA — depe3 y;, TepPNeHIUKYISPHO
IJIOCKOCTH MOJICKYJIBL — UEPe3 Z;.

Konebanusa monekynsl CoHy pasmcisifoICss HA COXPaHSIOMIHC MOJICKYTY
IDIOCKOM M BBIBOJAINME aTOMBI M3 IDIOCKOCTH. PaccMoTpHM nocneanue Kose-
OaHwusl,

BekTop oTKIOHEHHT aTOMOB yA00HO 3aMUCHIBATE B POpME

A 24
r = Z9 Zj
<3 ~6

Jia koe0annsa, CHMMETPHYHOTO OTHOCHTEILHO ocH AR,
24 = 21, &5 = &2, 4§ = «3.

Ecim konedanve K TOMy K€ aHTHCHMMETPHYHO OTHOCHTERHO ocu (1), TO

Z3 = &1, X2 = &2, &5 — X5, &6 — —<4.
Hraxk,
1 1
Igqo — 00 sa-
—1 —1

310 «KONCOAHKE» 0KA3AI0Ch BPALCHHEM BOKpYT ocu (D,
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AHATOTHIHO CHMMETPHYHBIC OTHOCHTENLHO 00enX ocell komeOanus

<1 <1
ge = <9 X2
21 A
OO W3 HEUX
1 1
Yss,1 — 11 ss,1-
1 1

D70 IOCTYMATETLHOEC ABIMKCHUE. AMILTHTYIEI APYTOTO MOYKHO OTIPEACTHTR, VUTS
€TO OPTOTOHAILHOCTE BEKTOPY Tgg 1°

dmzy + 2Mz9 = 0,

m — Macca aroMa Bojiopona, M — yrimeposa.

e DT

AHTHCUMMETPUYHOE OTHOCHTEIBHO 00enX ocell kosedanne

1 —1
Yaa = 00 Jaa
—1 1

eCTh KPYTHIbHOC Kosiebanue Bokpyr ocu C'D.
Haxkoner,

Tas,i = Qg —0Q4 Qas,i-

3nech List BpAIICHHs BOKPYT ocH AB (konebaHHe ry,,1) nmMeeM a1 = loc/lon —
OTHOIIEHHE PACCTOAHME aTOMOB YIIIEpOAa U Bogopoaa ot ocu AB B II0I0KeHHH
paBHOBECHS, JUI M3rHOHOI0 KoeOaHus (rqs2)

~ 2mlon

M loc’

o =
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AHaTOTHYIHO MOTYT OBITE PACCMOTPEHEI H KOJIeOaH!, He BEIBOSIINE ATOMBI
13 TUIOCKOCTH MOJICKY/IBL. BEKTOP OTKIIOHEHHS 34IIUMIEM B BHJIE

1 T4 Y4
r = T2 Y2 T5 Ys
T3 Y3 Tg Ye
O0muii BUn Kouedauus as
1 W r1 —Y1
Yos = o 0 a0
11— r1 i

B unciio as-«konedannii» BXOUT NOCTYNATSILHOC JABHKCHHUC MOJICKY/IbI B HA-
MPABICHUH OCH T (X1 = X9, y1 = 0). /IBa Apyrux as-koacOaHua u300paKCHbI
ua puc. 131,4q, 6.

as as sa

a) &) 8)

sa aa aa

2) ) e)

ss ss ss

) 3) i)
Puc. 131

YroOpl mpencraBuTh cede BUI OTKIOHEHHH arOMOB IIpH 3TUX KoseOaHmu-
X, 3aMCTHM, YTO PACCTOSIHHEC MEXKAY aToOMaMH YIJICpoaa HE H3MCHACTCS —
cesi3b C-C «me paboraer». Ecim ipereOpeus B3anMOIEHCTBHEM OTHOCHTEITHHO
naneknx aromon (nanprmep, 1-4, 1-5 na puc. 40), a TakiKe WECTKOCTHIO YIJIOB
Buga 1-2-5, To paccmarpuBaemelc KojacOaHust COBIAAYT C CHUMMETPUYHBIMH OT-
HocuTebHO ocr C'D xopedanusmu nByx «moiexym» HoC, mpoucxopsmmmu B
npoTrBohaze (cp. ¢ 3anavei 6.46; komedanns MOJICKyITHI BHAA AoB paccMoTpeHnl
B [1], § 24, 3agaua 2).
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Oo0wmmk BUA sa KoIeOannsa

1 Uy —I1 Yy
Tsq — Oy2 0yn
—X1 Y1 1 U

Kpome mocTynarensHOro ABUKCHUS B HANPABICHUH OCH Y, BEKTOPY I's, COOT-
BETCTBYIOT JiBa komeOanua (puc. 131, 6, 2). Onno u3 Hux (8) MOXKHO MPEACTABHUTD
cebe kak komebanus MByX «MoaeKym» HoC, aHTHCHMMETPHYHBIE OTHOCHTETHHO
ocu C'D u npoucxopsamue B dase. Apyroe (¢) — 310 BpameHus «moaexyin» HaC
B pa3uble cTOpOHbL. Eciu 661 MOXKHO OBLITO TOTHOCTHIO TPeHEOPEh CBAZSIMU yaa-
JCHHBIX aTOMOB M JKCCTKOCTBIO YIVIOB BHAA 1-2-5, TO wacToTa 3TOTO KoJacOaHuUs
OKa3anack Obl paBHA HYJIIO.

Cpean aa-xonebanwii eCTh BpAIICHHE MOJCKYJIBI Kak LEJOr0 B IUIOC-
KOCTH Ty, aHTHCUMMETpHUYHBIE Koiebanua «moxekym» HoC B mpoTmBOdasze
(puc. 131, 0) m ux Bpauenvs B 010y cropony {puc. 131, e).

BO3MOXKHEI TAKIKE TPH §S-KOIeOaHUS (TIOJTHOCUMMETPHIHBIC ), OHH H300pa-
*eHsl Ha puc. 131,02, 3, u (MoppodHee 0 KOJIEOAHHSIX MOJSKYITBI 3THIEHA CM.,
narpumep, B [17].)

6.49. ®Oynxnus Jlarpamxka
L=+ ad+ad)  E{(riorot+w - w| 1)+
+ (Jrao — 30+ uz —us| — ) — (Jrs0 — r10 + us — ug| — )%},
e [ = ‘1'10 — I'Qo| = |I'20 — I'30‘ = ‘1'30 — rlo‘; u, — CMCHICHHUEC a-TO dTOMd H3

TOJIOKCHHUA PABHOBECHSA, OTIPE/ICIISICMOTO PAIHyCOM BEKTOPOM T'go. 110CKOIBKY
lug| < I, umeem

L= %(u% 05 b ag)—
i 1
—5{(612(111 —u2))’ 4 (e23(uz — u3))’ + (e31(uz — uy))’},
rac rig—7Tr I'op — I sp — I
oy = 110 : 20 ey = 120 : 20 oy = 130 : 10

B cucreme orcuera, r/1e MONHBIH HMIYIse M1l 4+ U2 + G3) = 0, BRITOI-
HACTCSI YCIIOBHUC
111+112—|—113=0. (2)
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u; Kpome toro, maximaaniBaeM Ha 11, YCIOBHE
Y | [r1oui] + [reguz] + [r3gus] = 0, (3)

PaBHOCHIBHOE TPEOOBAHUIO, YTOOB MOMEHT HM-
Y MyJIbCa MOJICKYJIbL

x‘/\ S M=m za:[rao + Uq, g4 (4)

o0parmajicsi B HyJIb ¢ TOYHOCTBIO 0 TICPBOIO 110-
Puc. 132 pAIKa [0 U, BKJIOYUTCIBHO.

OxkazpiBaeTcs yI00HBIM BRIOPATSH /IS ONKca-

HUA JIBHKCHHS KaX/I0TO aTOMa CBOFO CHCTEMY JIEKapTOBBIX KoopiuHAT (puc. 132),

COXPaHsIsl TAKUM 00pa30M CHMMETPHIO B ONTMCAHWHU cHCTeMbI, PasencTra (2), (3)

B 3THX KOOPAMHATAX AT

3 3
Y1 + (—%yz T %2?2) + (—1 V3

yz-l—(—%ys—ﬁ-?ics)—l-( 1y V3 ):0, (6)

OTKynOa
Ty — X9 I1 — I3 _:132—331

1= —F——, Yo = ————, Yz =
V3 V3 V3

OnuHo HOpMadbHOe KoncOaHue (TTOTHOCHMMETPHYHOE) OUCBHIHO:

— \/qul. (7)

'Hanpumep, ymuoxas o6e cropousl papenctsa (2) Ha ez, nomyuum (5). [Ipu 3TOM HyKHO
YUeCTh, ATO BEKTOP €23 B Pa3TUUHEIX CHCTeMaX MMeeT KOOPIHHATE

e2s = (0, D1 = (?’ _%)2 - (_ﬁ _%)3’

M) _ 0 _ 0

:E]_ — :132

a lla — (:I;a,, ya)a,.
Pasenctro (6) monyuaerca 13 (5) KpyTroBoi MepecTaHOBKOI HHEKCOB.
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JlBa ApyruX KojebaIis OpTOrOHANILIE IEPBOMY, YTO HPHBOJHT K YCIOBHIO'

2943 2 0, s=23 (8)

. C 2 (2)

OneO M3 3THX KONeOaHHN CHMMETPHYHO OTHOCHTEIBHO OCH 1! Ty = Ty ;
JIPYIro¢ — aHTHCHUMMECTPHYHO: Ztgg) =0, :1;'%3) = —:Eés).

Vuursipas (8), iMeeM

3amMeHa
- 2
T — q1 + \/;Q%

T = q1 — LCH + LQ&%
3 NG V2

r3 — g1 — qu - LQ’s
V3T VBT V2

mpHUBOANT (BYHKIHIO Jlarpamka K BHY

L= Z(d7 + 23 +245) — - (aF + 05 + a3)- (10)
Puc. 133

HopManbHbIe K0Te0aHusI, COOTBETCTRYONIHE I3THM KOOP/IMHATAM, TTPHBE/1eHE Ha
puc. 133, X gactorsl

wlz\/3%, Wo = Wy = %

Buj ¢pyuxmum Jlarpamxka (10) coxpansercst npu moBopoTe B INIOCKOCTH 2, (3.

"Hcnoms3oBana  MeTpHka kij. B (7), (9) MHOKWTeTH Tmepen ¢ BLIOpaHsl Tak, d9TO
mgz)2+mgz)2+mgz)2 = 2.
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Moment HMIIYJIbCA C YHCTOM KBAJPATHYILIX II0 U, YICHOB

M| =m > gt

= m|qg2ds — q3q2]|

MOKET OBITH OTIIHYHBIM OT HYJISA, CTH KOICOAHHS (2 U g3 TPOUCXOIAT CO CIABUTOM
thaz.

Hurepecno pazolparbes, KAKHS H3MCHCHHSI MOXKET BHCCTH B OTY KapTHHY
3aBHCUMOCTD MOTCHIHAJIBLHON JYHEPIHH OT YIVIOB, 00paszyembix cBs3siMu. Que-
BHHO, HA 4acTOTy KodeOaHWi ¢ Takas 3aBUCUMOCTb HE nopamsier. YactoTa
KoneOanuit go M g3 U3MEHHTCS, HO JIBYKPAaTHOE BRIPOKIACHUE cOXpanutcs. Jlef-
CTBHTCIILHO, HAPAAY ¢ HEKOTOPHIM KOICOaHHEM ¢ BO3MOXKHO Takke koyiebaHue,
TIOTYYCHHOC U3 ¢ TOBOpoToM Ha 27 /3. Ero wacrora nomkma OBITH TAKOH %&e, Kak
U yactoTa Konedanuii ¢. C apyroii CTOPOHBI, OHO OTINYACTCS OT ¢ (TIPH MOBOPOTE
Ha 27/3 caMo ¢ co0oli coBmaaeT TONBbKO Kosiebauwe ¢1). Takum oGpazom, MBI
oOHapy>KHBacM J[Ba HC3aBHCHUMBIX KoJsichanus ¢ oxHoi dactortoil. HopmaibHbie
KOOPJAMHATLI B DTOM CITy4ac JOJDKHBI YAOBICTBOPATH TOJNBKO OAHOMY YCIOBHIO:
OBITH OPTOTOHANBHBIMH (1; B YACTHOCTH, ¢o W 3 OCTAIOTCA HOPMAIbHBIMH KO-
OpJIMHATAMH.

6.50. a) BrojuMm koopamnaThl aTOMOB B Tak ke, Kak B IpeAnlAyIICH 3a1a-
ye, 11 atomMa A — KOOPJIMHATHL T4, Y4, 24 C OCAMU, LIAPAJUICABHBIMH X1, Y1, 21
M HA4aJIOM B [IEHTPE TPEYrOJbHHKA.

Ectb uersipe crencHu cBOOOIBI JIBIKCHHH, BBIBO/SIIIMNX ATOMBI H3 IIIOC-
KOCTH x¥y. Tpu U3 HHX OTBEYAIOT MOCTYNAaTCILHOMY ABHKCHHIO BIOTL OCH Z U
BPAIICHUSAM BOKPYT OCCH x4 H /4, @ OJTHO — KOICOAHHIO (IIPH KOTOPOM, OUCBH/I-
HO, 21 = Z2 = 23, Maza + m(z1 + z2 + z3) = 0). Yactora 3toro konebauus w;
HEBBIPOKACHHAS, OHA JIUINE CTyualfHO MOTIa OBl COBIACTE C TaCTOTOH KaKoTro-
HUOYIL Apyroro KoiaeOaHusi.

Paccmorpum konebanue atoMOB B IDIOCKOCTH XY, CHMMCTPHYHOE OTHOCH-
TENBHO OCH 4. OOMIMI BHI TAKOTO KOJICOAHMS:

y1 =0, x2=m3, y2— —y3, ys1—0.

BekTop cMemICHuS COACPKUT YCThIPS HC3ABUCUMBIX TTAPaAMCTPa: Iy, T2, Y2, L4,
T. €. HA TAKWE JBIKCHHS MPHXOAUTCS YETBIpE CTemeHH croOOobl. OnHa U3 HUX
OTBEUACT TOCTYNATSITLHOMY JBIDKCHHIO MOJICKYJTBI BJOJH OCH X4 OJHA — ITOJI-
HOCHMMETPUYHOMY KOJICOAHHIO

X1 =T =23, Y1 =Y =Yz =Ty =1y =0
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2)
Puc. 134

¢ 4acToTOit wo (puc. 134,a), a ABe OCTANBHBIC — KONeOaHHAM, HAPYIIAIOIINM
CHMMCTPHIO MOTeKyAsl. YacTtorsl 21UX Konebanuit w3 u wy (puc. 134,56, 8).

N3 veTbIpex OCTABIIMXCS CTETICHEH CBOOOABI OAHA MPHUXOAUTCS HA MOCTY-
MATETbHOE JIBMKEHHE B HANPABICHWUM OCH %4, OJIHA — HA BPAIICHHE BOKPYT
OCH Z4, @ JIBe — Ha koJyicbanns. D10 konedarus, KOTOphie MOTYT OBITH MOJTyde-
HbI U3 YIKC YKA3aHHBIX C 4aCTOTAMH Ws, W4 TOBOPOTOM Ha 27 /3 BOKPYT OCH 24
(cp. ¢ npeabAynIei 3a1aucil).

Hrtak, 9acToThl W1, W2 — HEBBIPOKACHHBIC, YACTOTH W3 W W4 — JABYKPATHO
BBIPOKICHEL

3aMeTHM, YTO BEKTOpHI KOJICOaHMs, AaHTHCHMMETPHYHOIO OTHOCHTEIIBHO
OCH X4, MOKHO TIOJYYUTh, 3Had BEKTOP CUMMETPHYHOTO. /|15 3TOro mocrarou-
HO B3SITh OIIPE/ICTICHHYIO CYIISPIO3HUITHIO KOIeOaHHi, MOIyIeHHBIX M3 IOCIe-
HEro MOBOPOTAMHU BOKPYT OCH 24 Ha yriel +27/3, a HIMEHHO — HX Pa3HOCThb
(cm. puc. 134,2).

0) M3menenns cOOCTBEHHBIX YACTOT MOXKHO OINPEASTHThH, HCIIOIB3Ys TCO-
puro BO3MYyLICHUH (CM. 3aauy 6.34):

oM
M-

N W
bw=—%
“ 5

J17T9 MOTHOCUMME TPHYHOTO KOIICOaH!sI B KA49€CTBE HOPMATTbHOH KOOPAHHATHI BhI-
ocpeM 1. Torna Bemmauusl M u M oupenenarorcs Kak KO3 GUIHESHTH B BHI-
pakCHUSIX KHHSTHUYCCKOM JHEpPrud ¥ 100aBKH K HEM:

3m-% M .2 dm

M. dmua OM
— 27

2
ry = xT
1 9 1
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TaK 4YTO
am

6m’

J1lma xoneOanusa BAONE OCH 2 KMHETHUCCKAs DHEPTHS M J0OABKA K HCH paBHBI

Oy = —wo

3 3m ) ey
Fiem)a g

TaK 4TO
w1 maom

2 3m(3m+ma)

5&)1 =

Harpumep, i xyiopuaa 0opa 3aMeHa O/THOTO aroMa XJIopa ¢ aTOMHBIM BECOM 35
Ha W30TOI C ATOMHBIM BecOM 37 yMEHbBIIACT 4acTOThl wi M w2 Ha 0,1% u 1%
COOTBETCTBCHHO.

6.51. llycTs konebanme, IPH KOTOPOM MOJICKYJIA OCTASTCS MO T00HOH cama
ccOe (puc. 135, a), NPOUCXOAUT C YACTOTOMH W1.

D D
. _
»(C
C
A
B
6) g)
Puc. 135

Yacrora we koyiebaHus, COXPAHSIONICTO CBOH BHI IPH MMOBOPOTAX BOKPYT
ocu OD na yron 27 /3 (puc. 135, 6), Boobrue roeops, oTiu4HA OT wy. FHOE pac-
npeaeIeHHe CMEIICHHH aTOMOB MOKHO TIONYYHTh, [IPOU3BOJAA OTPAKCHHE CMe-
meHuil B rockoctr BC'O; monyunTes KOe0aHue, OTIIHYAOICECT 0T BTOPOTO
Wb 1M, 410 aToMel A u D noMensauchk pomaMu. Yacrora atoro komebda-
HUS W3 — Wwo. 1lopo0uBIM k¢ 00pa3oM oTpakenne B mmockoctd AOC menser
MecraMu aroMel B 1 D, coxpanas 4acroTy wy = we. D10 ueTBEPTOC KOeba-
HHAE HE CBOAWTCS K CYNSPIO3WIMH TPEAbIAYIIHNX, TaK KaK, B OTIHYHE OT HFX,
HCCUMMCTPHUYHO OTHOCHTCIIBHO II0ckocTH AOD.

Konebanwe, cummmeTpudaHoe oTHOcHTENpHO miaockoctn AOB w DOC
(puc. 135, 6), uMeeT 9aCTOTY W5, OTIIHUHYIO OT W1 U wa. [ToBopor ua yron 27 /3
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BOKpyT ocu O D, paBHOCHIbHBIH KpyToBoii mepectanoBke A, B u C, nmpuBojuT
K KOJICOAHHIO, CHMMETPHYHOMY OTHOCHTENBHO tmockocTell COA n DOB, a ero
HacToTa Wg = Ws.

Hrak, Monekymna obmagaet TpeMsi COOCTBCHHBIMU YaCTOTAMH OIHO-, JBY-
M TPEXKPATHO BBIPOXKISHHBIMH.

B 3akiroucHWE 3aMeTuM, 4TO MOJIEKY)I, pACCMOTPEHHBIX B 3agadax 6.49
U 6.51, no-BuauMOMYy, HE CyIMIcCTBYCT B tpupoae. OaHako moqoOHBIH ke MeToy
HCCIICIOBAHMS MOXKET OBITH IPUMCHCH U K PEabHBIM MOJICKYJIaM.

6.52. a) [Ipu noMHOCHMMETPHUYHBIX U JBAKBI BRIPOIKISHHBIX KOTeOaHH-
X, YKa3aHHBIX B HpeabyIei 3amaqe (cMm. puc. 135, 4, ¢), arom yrnepoja ocra-
€TCsl HCIOIBIKHBIM. ECTh €mie Be TpeXKpaTHO BBIPOXKACHHBIC 9acTOThl. CoOT-
BCTCTBYIOIINE KOJICOAHWS TIOXOKH Ha KoJicOaHUs, H300pakeHHBIC Ha puc. 135, 0,
TOJTBKO 4TOM YTIIepoja KoJeOneTes 00 B TOM KE HATIPABICHHH, YTO atoM DD,
mH0O B IPOTHBOIOIOKHOM,

0) JobaBka K (Qyuxiuu Jlarpamka, onuCHIBAIOMIAS ACHCTBHE IICKTPHUC-
ckoro mons (1), ecTh

SL=&(t)) equa,

I/IE €q — 3apsa, U, — CMCIICHHE (-TO aTOMa.
4

B mo6oM konebauHun m E u, + mcuy = 0, Tak 4TO

a=1

53
Zeaua = 61(% —+ 4)115.
a=1

Ilpu MOTHOCUMMETPHYHOM U ABAKABI BBIPOKICHHBIX KOMeOaHUSIX » | cqug, — 0
U 314 Konebanus ue Bo3Oyxmatorcsa. Ilpu komebanuu puc. 135,6, nanporus,
> eqg # 0 n nogoGubie konedanust BO30YyKIAIOTCS,

Hrak, pe30HaHC BO3MOKSH HA BYX 4aCTOTaX.

Bekrop & MoxKHO pa3iokuTh Ha TPU crlaracMuix & ;, 1apajuielbUbX OCIM
CHMMETPHH KaX/TOTO M3 TPEX KONeOaHuii MONEKYITHl ¢ BRIPOKIAEHHON YaCTOTOM.
Kasxoe w3 cnaraemeix &; puBeneT K koaeOaHHIO aToMa yINICpoaa ¢ aMILIHTY-
JIOH, IIporIopHoHanbuol &5, 1 OHUM U TeM e KOI(PUIHUEHTOM IIPOIOPITHO-
HATBHOCTH 3. [103TOMY U5 = 6 U |u5| HE 3aBHCHUT OT OPHEHTALHH MOIEKYIIBL.
MoxHO yOeauThCS, UTO aMIUTHUTYIB! KOJICOaHHE aTOMOB BOAOPOIA U1 2 3 4| TOXKE
HE 3ABUCHT OT OPUCHTAIIHH MOJEKYILI H HapalTelIbibl BEKTOpY &.
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§ 7. KosieOanua JTHHEHHBIX HEMOYEK

7.1.  DynsKiua Jlarpasxa CHCTEMBI

N
k
L(ﬂj‘ H’J %Z —§ % Z n — Ln— 1) +mN 3 (1)

IJIC &y, — CMEILICHUE 7~ YACTHILIBL W3 LIOJIOKCHUS paBHOBECU, BBEeM TakoKe KO-
OPAMHATY TIOJIOKEHHS PaBHOBECHS N-il HacTHIRI X,, = N, T1€ a — PaBHOBECHAsI
ITHHA OJHON npykuHKH. CucTeMa ypaBHeHui Jlarpanxa

mxy + /ﬁ(Q:L‘l — {Eg) =0,
miy +kQ2r, —Tp 1 Tpe1) =0, n=2,3, ..., N1, (2)
min + /{(QIEN — :L‘N_l) =0

DKBHBAICHTHA CHCTEME
min, + k(2xy, — Tp-1— Tpg1) =0, n=1,2,..., N (3)
IpH IOTIOTHUTEILHOM YCIOBHH
29 = xn41 = 0. (4)

N3 dusruecknx coodpaskennii MOKHO IPEABUICTH, YTO HOPMAJIBHLIME KoJicOa-
HUSAMH J0JDKHBI OBITH CTOSIYHE BOJTHEL, YI00HEE, 0AHAKO, BRIOpATH

x, = Aei(wt:l:n(p). (5)

IIpu TakoM BuIOOpe crcTemMa N ypaBHEHHI CBOJIMTCSA K OJIHOMY YPABHEHHIO
2 k . 2@
w” = 4= sin 5 (6)

KOTOPBIM OIPEASIICTCA CBA3b 4aCTOTH C Pa3sHOCTHIO (ha3 KomeOaHmil CoCemunx
yacTuil 0. CMBICI HOJACTAHOBKH (5) 3aKIIFOYACTCS B BLIOOPE JIIS Xy, PCIICHUS B
BHjIe Oeryiiell BOJHBI ¢ BONHOBRIM BEKTOPOM p = /a, TaK Kak np = nap =
= pX,,. YpaBueuue (6) yCTaHABIMBACT, TAKHM 00pa30M, CBSI3b MCIKAY 4aCTOTOM
U BOJTHOBBIM BEKTOPOM.

YenoBusiM (4) MOKHO YIOBICTBOPHTH, MOAOHMpAs CYNMEPIO3ULUI0 OeryLimx
B 00e CTOPOHHI BOMH z, = Aewi—n®) L Beiwitny) Yenomne zy = 0 maer
A = B, wm x, — 2iBsin(ng)e™?, 1.e. crosuyro sBomny. M3 ycmosus na
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NAPYTOM KOHITE XN +1 = () OTIPENENAIOTCS BO3MOKHBIE 3HAYCHUS TaCTOT («CIEKTP
JACTOT»).
VYpaguenue sin(N + 1)¢ = 0 npuBoaut K N HE3aBUCHMBIM PEILICHHSIM

__ TS -
b= N1 s—1,2,..., N. (7)

B camom jiene, s = 0, s = N +1 jaror Hynessie pemenns, a st s = N + [ ¢aza
ON+l — —PN_i+2 + 27, T. €. pelIenus;, OTBEUAMue s — N + [ BBIpaXaroTcs
yepes pelueHns, oTRevyaronme s = N — [ + 2.

N3 (6) u (7) naxogum N pazsNIUIHBIX 4aCTOT

[k . Ps [k .
Wws = 2 msm7z2 mst(Nﬂ_iil), s=1,2,..., N. (8)

Ha puc. 136 pasnuuHble 4acTOTHI YKIIAJBIBAKOTCS JIHC-

- O
KPETHBIMH TOUKAMH HA CHHYCOHLY. Bekrop HopMasibHO s e
ro KoneOamnusi, OTBEHAIONICTO S-H 4acToTe, s
g
. o 1
1 sin s % !
o 2 sin 2¢ F :
8 1
rs = — 4= qs(t 9 / |
’ N+1| ... (1), (9) ki :
- ! 1
TN sin Ny A :
AN L
e 12 N
Puc. 136

gs(t) = Re(2i Bse™"t) = C; cos(wst + o)

— S-f1 nopMajbHasg KOOpIunaTa, a MHOXKHUTCIIb

BBCJICH JUTS HOPMUPOBKH: (T'y, T} = J4qq2. OBmice PELICHUE ¢CTh CYIICPIIO3H-
U BCEX HOPMAJIBHBIX KOJIeOaHwii

N
_ 2 -
I P— Sg_l N 1qs(t) sin ngs,.
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Marpuna nepexoaa ot z, K ¢

B 2 . TINS
Uns =V N1 N 11

ABNACTCS OPTOTOHANBHON MaTpuueil, mpuBoadwmweil Gpyrakiuto Jlarpamka K gua-
TOHATBHOMY BHY, OTBEUAIONINX HA00pY /N pas/IMuHBIX OCIHIIATOPOR:

N
L= Ligs ds), Llgs, ds) = 5 (a7 — wiad):
s=1

7.2a. VYpaBHCHHS JABHXCHHA I8 JAHHOH CHCTCMBI T€ K¢, UTO H YPaBHC-
uus (3) npeablaynieit 3aa4u, OpH AOMOTHUTENRHOM yCiIoBun g — 0, 1y =
= rN+1. llooTomy

(2s—1)m B
@S_Wa 8_1725'-'7N7
25 —1
We = 2 ﬁSin (2s i

M 22N + 1)

Ty = Zsin nps - Ag cos(wst + ).
S

HacTaprii coydaid mpu N = 2 oM, B 3agaue 6.1.

7.26. B kauccrie 0000MICHHBIX KOOPIWHAT UCIIOIB3YCM OTKIIOHCHHS KAZK-
JIOM W3 YaCTUI[ OT BEPTUKAIHU (Cp. € 3axauecit 6.3). B Takux nepeMeHnbIx 3ajada
TOTHOCTBIO CBOAMTCS K 3axade 7.2, a) ¢ k/m = g/l.

7.3. VYpaBHCHHS IBUKCHHS COBIAAAIOT ¢ ypaBHeHUAME (3) 3amaun 7.1 mpm
JIOTIONTHUTEIBHOM YCIOBHHA Xg — TN U Xn41 = 1. llooTomy

2
@S:%SJ 820717"-7N_17
Wg = 2 %sin%,

HPHYECM HaCTOThl Wg W WN—g COBIAAAIOT, 4 COOTBCTCTBYIOIIME MM BOJIHOBBLIC
BCKTOPBI OTIUYAIOTCS 3HAKOM g = 27T — QYN _s. dactore wy = 0 oTBeUacT ABH-
KEHHE BCEX YaCTHII MO KONbLY ¢ TTOCTOSHHOM CKOPOCTHIO. B CUCTEMe BO3MOKHBI

kosicOanms BrIa

sr;gf) — Re A e'lwst—nes)
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T. €. Oeryuire 1o KOJBbI[y BOJHBL. YIIOMSHYTOE BHILIE JBYKPATHOE BBIPOK/ICHHE
JACTOT COOTBSTCTRYET BOJTHAM, OCTYIIMM B pa3HbIC CTOPOHBL HamoxeHne JByX
TAKHX BOJIH C PABHBIMH AMIUIATYJAMH JIACT CTOSMYIO BOJIHY

(5) (N—s) _ cos ns cos(wst + ag),
ﬂffn, + mn 2|A5| {Sin n@s Sin(wst 4+ Qfs). (2)

D10 U eCTh HOpMAaNlbHbIE KoMcOaHus (BCEe TOUKH ABKOKYTCH B (pa3e WK LPOTHBO-

haze).

B cooTBeTCTBYIONIMX HOPMAIBHBIX KOOPAHHATAX

R
Ly =— Z(QSI COSNPg -+ {s2 sin n(;ps) + 4o,
s—1 (3)
R= %, N — HederHoe,
dyukms Jlarpamka npUBOAUTCS K IHATOHATHLHOMY BHIY:
R
L==g" 345+ [dh + i wilgh +a)] ¢ (4)
s=1

(Ecnu umncno gacturl yetHoe, TO Gopmynsl (3), (4) creayeT HECKOIBKO BHIOH3-
MEHUTH B CBS3U € TEM, YTO 4acTOTa Wy o HEBbIpOXICHHAS; dopmyna (1) upn
s = N/2 cpa3zy xe onpenenser CTosuy BOJTHY. )

HNurepecHo 3aMeTHTE, YTO NOBOPOTHI B INTOCKOCTAX (51, (52

! ! s
ds1 = (g1 COS B — (go Sin G,
! : !
¢s2 = Gs1 510 B 1+ qyo €OS (s,
coxpasstiomme Bu) Qyukipn Jlarpamka (4), COOTBSTCTBYIOT CMEIICHHIO Y3JIOB

CTOAYNX BOJIH:
R

T = o+ Y _|gh coS(nps — Bs) + qha sin(nps — Bs)-
s—1

Jl1s 6erymumx Bonn (1) cpenHmii HOTOK YHEPTHH MO KOJBITY (cM. 3azauy 6.9)!
2 fw

Sep = ;—ﬂ_ / k(xp—1 — xp)dy dt = %k}ﬂzw sin ¢,
0

'Huske anst KparkoCTH MBI BCIOLY OITyCKaeM HHIEKC S. BnducieHme ToToka Sgp W oHepruu E
YAOOHO MPOM3BOIUTE B KOMILIEKCHOH (hopMe, BOCIONB3OBARIIUCE (hopMynamu us [2], § 48.



230 Omeentol u pewentis [7.4

a TPYIIIOBas CKOPOCTh

Urp = i—{; = %acos%,

7€ ¢ — PABHOBECHAs JUIMHA OJIHOH IIPYKHHKH, P = (/a — BOIHOBOH BEKTOP.
Dueprus

N N
_m 2k B 2 onTIA2L a2 P 1 20 412
E-% > al+ 5 2 (@0 zo1)® = 2N|APksin® T = 5 Nmw?| A%
U IIOTOMY
1))
m?)rp — Scp.
7.4. a) YpaBreHus jBHKCSHHS
MIon—1 + k(2$2n—1 — Top—2 — 372?1,) =0, (1)
Mo + k(222n — T2 1 — Tang1) = 0,
opuueM rg = ray+1 — 0, n=1,2, ..., N,
Hiem perictue B BUae OCTyNIMX BOJH pas-
@ HOM aMTUTATY b
% BERAT
H T ' ' -
‘“\-Cf)\(t) i 2k Top_1 = Ae@[wt:i:@n 1)90]’ (2)
o i m Top = Bei[wt:l:2ncp].
N T
T W
e i Jlis onpenenenus A u B nonyyaem cucremy og-
2 § . HOPO/IHBIX YPaBHCHUI
123 N

(—mw? + 28)A — k(e™% + “°)B =0,
Puc. 137 » N (3)
—k(eT" 4+ ")A + (—Mw® +2k)B =0,

HMCIONIHMX HCTPHBHAJILBHBIC PCIICHHA, TOJLKO CCJIIH ACTCPMHHAHT 06paLuaeTc>1
B HY/Tb. DTO YCIOBHE OMPEASTSCT CBA3h YACTOTHI C PA3HOCTRIO (ha3 komeOanui
COCCAHUX YACTHI]

2
2_@( _4M-2) _ mM
pCORT 1$\/1 Y R LR v (4)
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J1OMOTHUTENEHBIM YCIIOBHAM V/IOBJIETBOPAIOT TOJIBKO OIPEIACIICHHBIE JIH-
HEHHBIE KOMOWHAITUK OCTYTITHX BOJH (2), 8 IMEHHO!

Zop_1 = Assin(2n — 1)ps cos(wst + ag),

Top = Bgsin 2ng, cos(wst + o),

s
IN +1°
CTOTBI IIPH BEIOOpE ONpeAeNeHHOro 3HAKa B (4) MBI HOXYYUM IHOIL 1T § —
=1,2,..., N. Ha puc. 137 (nns coyuas M > m) OHH YKIIaIBIBAIOTCS JIHC-
KPETHBIMH TOYKAMH HA JBE Pa3IMUYHBLIE KPHUBLIC, OJHY H3 HHX (w(f)) TIPHAHSATO
HA3BIBATH AKYCTHUECKOH, APYTyIO (W(L)) ONTHIECKOH,

OOuiee peIICHUE HMECT BH/L

y KOTOPBIX (g = Tak kak pony41—s = T — P, TO PAIMYHBIE 4Ya-

N
Top—1 = Z sin(2n — 1)@3[A(+)5 COS(UJ(+)5t + as)"'A(—).s COS(L{J(_)St + 65)]3
s=1
N
Top = Z sln QRQOS[B(_HS cos(w(+)5t + as) + B(—)s COS(w(_)St + B«S)]:
s=1

rae Ay, B B(y)s CBA3aHBI, COMMACHO (3), COOTHOLUICHAEM

2k — mw%i)s

B(y)s = A+

2k cos pg

3aMeqarenbHo, 910 By, n A(_),, OTBeYaIomue aKyCTUIECKAM 4acToTaM,
HMEIOT OJIMHAKOBBIE 3HAKH, 4 B( ), 1 A ()4 119 ONTHYECKHX YACTOT UMEIOT IPO-
THBOIOJIOKHBIE 3HAKH (T. €. COCCAHUE YaCTUIIHI C Maccamu m U M kordedmorcs B
nporusodasze). Pacupeenenne ammmryn konebanwnii st cnydass N = 8, s = 2
nokazano na puc. 138, rne na ocu opjuHaT OTJIOKCHBLI HOMEpa YacTHIl, 4 HAa OCH
adcpce — COOTBETCTBYIONING UM aMIUTHTYIRI (¢ — AT aKyCTHYECKHX H 6 — 18
ONITHYSCKUX KOJIeOaHHIA ).

Kaknm 00pa3zom MOXHO TIOJIyYHTh U3 PE3YIBTATOB JAHHOH 3a1a4d PSICITh-
Hblil caydait m = M (cm. 3apaqy 7.1)7

0) Hopmanbreie koneGanms

(s)

zs, = Assin 2np; cos(wst + ),
Ksin2nps + ksin(2n — 2)p

k+K—mw§

% cos(wst + o),
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e

W= LK+ kT (K k)2 + 4Kk cos? o),

s m

a g OLUPECACIACTCA U3 YPABHECHUSA

7K—_I€t )
K+ 8%
-

O<C‘03<§

tg(2N + 1)ps = s—=1,2,..., N,

Kpusbie 1 ONTHYECKOH M daKYCTHYECKOM BETBEH YACTOT MPECTABICHBI HA
puc. 139, a (upu K > k).
Kaxk copepiuuts nepexoa K npefensHoMy ciydaro K = k?

B) Bemnuuna ¢, — 2(N7T—8+1); ana s = 1, 2, ..., N noayuaem 2N HOp-

MaJBHBIX KOMeOanui U COOCTBCHHBIX 4acTOT, HMCIONIHX TOT K€ BHH, YTO W B
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2(K+k)| € | ¥
m [ Cves Q(J{(n Y [
-~ - “'\\\ a)
U L NE
---o—i m t)-_o_‘:P K+k
a)(_) ————— —OJI 2& a)_ ‘..Q—'O'-‘I m
- 1 Y m ) :\
: e NED
,0" 1 - | -
/p’ : ,D/p’ : H
/.C: L1 |: N ’? L1 1 : N
123 N 123 NN+1
a) 6)
Puc. 139

nyukTe 0) (puc. 139,6). Kak nalith HepocTalee H

233

caMO¢ HHTCPECHOE HOp-

ManbHOE KONebaHue Lo, = 0, Ton_1K = —xo,41k, 9aCTOTA KOTOPOTO Wi =

K-+ Ek - . .
— ;; NEKUT B «3ANPEIICHHON 30HE» MEKIY ONTHUECKOH M aKyCTHYECKOH
BETBSIMH?

"o
7 \\\\
o ~
P T
y fo
M oy T
b [ ‘-70_
! [ VT
i Py Y O e
! 1 1 Iy 40 SO -
I I 1 ! \ [ SN 0=
1 | 1 ] \ 4 \ S X Lmmm l
12‘31 1 t v Spl---mm7
1 1 1 ! N
Y ! v ! "_-O‘
1y ok~
1 ! -
Voo ’r’
\ -
.
o
-~
Ed
-
-~
Puc. 140

Pacupeacnenue amiomuTya sroro xonedanus nokazano Ha puc. 140, rae na
ocH a0CIHCC OTI0KCHBI HOMEPa TaCTHI, 4 Ha OCH OPJIUHAT — COOTBETCTBY FOIIIHC
UM aMIDTHTYIR KoseOauuii. YacTripl, IMCIOIIME YETHBIC HOMEPA, HETIOIBHKHBI,
a COCEIHWE YACTHIBl ¢ HECUCTHHIMH HOMEpaMH KOJEOMIOTCS B MpOTHBO(Aaze ¢
AMIUIMTYAAMK, YKCIIOHCHIIMAIBHO 3aTyXaNIMMU [IPH YIAJICHUH OT JICBOTO KOHILA
TETIOYKH («TTOBEPXHOCTHEIN (HOHOM»).
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7.5. a) Pemenne ypaBHEHHUIl JIBIIKSHUS
min, + k(22 — Tp—1 — Tpg1) =0, n=1,2,..., N (1)

(HOTIONTHATENBHBIC YCIOBHA 29 — 0, Zn41 — @ COS~E) MIOIEM B BHJIC CTOSYHX
BOJIH Ty, = Asinne cosyt tak, 41006l cpa3y yIOBICTBOPHTH IICPBOMY JIOLIONI-
HHTEILHOMY YCIOBHIO. TOrja W3 BTOPOTO YCIOBHS HAXOAWM KOHCTaHTy A =
= a/sin(N + 1), a u3 ypaBaeHnn (1) — «BOJHOBOI BEKTOP» (© CTOSAYCH BOIHEI

2
.QE_m’)/
S11 2_—4]{

Ipu +2 < %n—k yCTAaHOBHBILIHECS KOeOamus

. SN N
~sin(N +1)g

cos vt (2)

HMEIOT OOJILITYIO AMILIMTYY, €CIH 3HaMenaretb sin(/N + 1)¢ 630K K HyIO.
Ho uMEHHO 3TO YCIOBHE U OMPE/ICIACT CIEKTP COOCTBEHHEIX HacTOT Wy (CM.
3amauy 7.1), T.€. pU TOM MBI UMEeM chydail, OMu3Kuil K pe3oHaHCY, ¥ A ws.

Ipu ~ € w1 = 24/ % sin m koneOanus (2) COOTBETCTBYIOT MCITIEHHOMY

PACTDHKEHHIO M CKATHIO BCEX NMPYKUHOK KaK IEI0T0;

n
Ty = G COSyt.
. 2 4k . .
Ecnm v* > —, 10, caenas B (2) 3aMEHY ¢ = 7 — 1, IONy4aeM
_ N+14n shny
T =(—1 a cos i,
2y _ my’ ,
rae ch 5= AmraTybl konebanuii yacTur yoearoT (pw ny > 1 —
HKCTIOHEHITHAJTBHO } K JIEBOMY KOHITY IETIOYKH. ECTECTBEHHOCTh 3TOTO pe3ysibTaTa

ocolenno oueBHaHa IId 2 > frln—k, KOT/1a 4aCTOTa BBIHYKIAIOIICH CHITLI JTIEHKUT

ropasao BBILLIE CTICKTPa HOPMAaJbHBIX JacTOT. B 3TOM ciaydae KpaifHss mpaBast
qacTHA KOJeOmeTCs ¢ Mamoi aMIIuTyaoi B TIPOTHRO(A3C C BRIHYKIAFOMISH
curoif, a (N — 1)-1 gyacruma B MCPBOM HPUOIKCHUH TOKOUTCA. 3aT€M MOXKHO
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nekenne (N — 1)-i gacTHIIBI paccMaTPHBATL KAK BHIHYK/ICHHOE Kojebamwe,
BBI3BAHHOE BRIHYKIATOIISH CHITOH GOJTBIIONH 9acTOTH CO CTOPOHBI [N -il HaCTHITH,
U T. .

OTMeTHM, 4TO B ABICHUAX MOTHOTO BHYTPSHHETO OTPAXKCHUSI HMEET MECTO
AHAJIOTHYHOC 3aTYXaHWE BOJHBLI (HAIPHMEP, MPH OTPAXKCHHUH KOPOTKUX PajaHoO-
BOJIH OT UOHOCEPHI).

Kakoil Bry MMeeT yCTaHOBHBLIeecs KoebaHme IpH v = ';ln—k?

cos(N —n—+1/2)¢p
cos(N +1/2)p

0) zn, —a cosvt,

2

sin £ = % upn 4 < I
sh(N —n+1/2)¢
—(—1)" 2
S R i D At
2
2 Y _ My 2 4k

7.6. Ecnm 9acToTa BHEHYKIAKOMICH CHITHI TCKHUT B 00JIACTH aKyCTHYECKHX

cobcTBeHnBIX gacToT 0 < v < % KM B 00/aCTH OUTHYCCKHX COOCTBCHHBIX
qacTOT %n—k <~? < Qu—k (cm. 3agaay 7.4 a), T0 ycTaHOBUBIIKHCCA KoTeOaHus
sin(2n — 1)y ,
Top_1 = @ COS
-t sin(2n + 1)y b
2k — m~* sin 2n¢p
Top = a cos vt
o 2k — M~?  sin(2N + 1)y i
2k — M~*)(2k — my°
e cos’ p = ( il my ), a BePXHUMN (HWKHUHN) 3HAK OTBCYACT da-

4k*
CTOTE ~y, JIe:KameH B 00ImacTy aKyCTHISCKUX (ONTHUYCCKHX ) COOCTBCHHBIX JACTOT.
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Jls wactor i—]; < ny < %, JICKAIMX B «3AIPCHICHHONH 30HEY,
ch(2n — 1)y
Zop_1 = (=1 t7a cos v,
zm-1=(=1) ch(2N + Dy !
2k — 2 h2
Zoy = (—=1)V17q 5 m sh 2ny cos i,
M~* — 2k ch(2N + 1)
W2 (2k — m~y?)(M~? — 2k)
3 ?ﬁb — 4]{;2 3
W JUL 9aCTOT 72 > %, JIGKAIIMX BHILIE TPAHUITBI ONTHYCCKOU BETBH,
sh(2n — 1)y
L2p—1 = @ cos YT,

sh(2N + 1)y

e 2k — my? sh2ny cost
e 2% — M~2 sh@N + L)y

en?y M v — 2k)(my” — 2k)
4k? ’

KoJIeOaHMs 3aTyXaOT K ICBOMY KOHILY LCTIOUKH.

7.7. a) Pemeune ypaBHeHUI ABIKEHUSA
min +kQ2ry —xp 1 Tpi1) =0, n=12,...,N 1,

myiy +kQ2ry —xny 1) =0
(loTONTHETENTbHOE YCJIoBHE g = () HILIeM B BHE CTOSYMX BOJTH:
Tn — Asinnpcos(wt +a), n=1,2,..., N —1,
rn = Bceos(wt + «).
H3 (1) naxonum CBs3b
4k . 2§ 2

mSll’l 5 = W .

N3 ypaBrenuu (1) u (2), ¢ yuetoMm (3) v (4), moaydaeM CHCTEMY

Asin Ny — B = 0.

CAsin(N - D + (—MTN sin £ + 2)3 —0.

[7.7
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Otctona B = Asin Ny, a mapametp ¢ onpenensercs Kak pelieHine TPAHCIICH-
JIEHTHOTO ypaBHEHWS

sin Ncp(éh%N sin? g — 2+ cos go) = cos Npsin . (5)

Ipu mpy >> m, KpOMe OUEBHIHBIX HOPMATBHBIX KoeOaHuil, KOTia 9acTHIA 1M N
nouTh HenojBIkHa (sin Npg < 1),

() = Agsinng, cos(wst + o), n=1,2,..., N,
tgi\/’g%%Qg‘thg%, s=1,2,..., N 1,

UMCETCS HOPMAalbHOE KOMedaHue, npu KOTOPOM aMIUTUTYIBl YACTHI JTHHEHHO
yOBIBAIOT K JICBOMY KOHIY ETOYKH,

(N) _ g1 2 _ Kk 1

X, —BNcos(th+aN), WN = 1+ v/
Yactura my 1pH 310M KOICOIeTCst MEKY IPYKHUHKAMHE KeCTKOCTH & (Cripasa)
u xxecTkocTH k /N (cnesa). Tor dakr, 4to ypasuenue (5) uMeer 10,100H0¢ pelie-
HUE, YCTAHABIHMBACTCS CIEYIONIAM paccykacHueM. |lpenmonaras ¢ MansM |

COXpasis JIMIIb TIABHBIC WICHDI, TOJIy4rM 13 (5) ¢? = mﬂN (1 + %) B [IOJTHOM
COTMACHH CO CACTAHHBIM MPEAMOIOKCHHSM.

IMpu mp < m UMCIOTCs1 OOBIUHBIE KONeOaHus, XapaKTCPHBIC AT CHCTCMBI
13 (N — 1)-i 9acTHIBI ¢ NPYKHHKOH KECTKOCTHIO £ /2 Ha TIpaBoM KoHIE (I1a-

S &

2—cosy )
Kpome HUX, CYLIECTBYECT HOPMANBLHOC KONCOaHHe, MPH KOTOPOM AMILTUTY/bl Ya-
ctuIl yOBIBAIOT K ICBOMY KOHITY CIIOUKU

paMETp (s W YaCTOTHl W, ONPEACIAIOTCS U3 ypaBHeHus tg Ny = —

(N) _ (_q)N-np SHOY

x, (—1) BSthcos(th—l—aN),
2%_ m 2 2k
ch 2_2mN>>1’ “N T my

dopMaTLHO 3HAYCHUE AapaMeTpa ¥ MOKHO TOTYYHTh U3 ypasuenus (5), caenas
3aMEHy ¢ = T — i1 W mpegnoaarast ¢y OOIbEM. DTO HOPMalbHOE KoncOaHue
MOKHO PacCMAaTPHBAThH B MEPBOM MPHOIMKECHIN KAK IPOCTOC KoneOaHue 4acTu-
(bl MATOW MAaCChI MPU NOKOAMINXCS OCTATLHBIX YACTHIAX, & 3aTCM PACCMOTPETh
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JIBIDKEHHE OCTAJBHBIX YACTHI[ KaK BBEINYKJICHHBIC KOojeOanus moJ JielicTBHeM
BBICOKOUACTOTHON CHITHI kxny = kB cos(wnt + oy ), TPUNTOKSHHON K TTPaBOMY
KOHITY Henodke u3 N — 1 0HHAKOBBIX YacTHIl (CM. 3aja4y 7.5 a).

0) llpu ky.1 < k pemieHue cormagaet ¢ pemienueM 3agaum 7.2. llpm
kn41 >> k uMel0Tcst HOpMAaJIbHEIC KOJIeOAaHHs, TIPH KOTOPHIX V-5l 4JaCTHIIA TTOUTH
HETIOABHKHA!

:ng) = Agsinnpg cos(wgt + o), wg = % sin” %,
@3%%, s=1,2,..., N—1.
[MTapamerp p, oupeaensaeTCs U3 YPaBHCHUS
k
(2 sin? g — 1\];4-1) sin Ny — cos N sin g, (6)

KOTOPOE B pacCMaTPUBACMOM HIPUOTHKCHHH UMECT BH]T

te Np = — sin .

kN1

YpaBuenue (6) AOmycKaeT €mie OAHO PELICHUE, KOTOPOS MOXKHO MONYUHTE, 110-
JTOXKUB ¢ = T — i1 U upednonaras ¢ 6omsmuM. B 310M ciiydae nmeeM

(N) N+1 sh
x\ (-1 "B NG cos(wnt + an),
oY kni1 o knga
R A A T

T. €. AMIUTUTY/IBI HACTHIT YOBIBAIOT K JICBOMY KOHITY IICTIOUKH.
KakuMm 00pazom MOXKHO TONYYHTH 3TO MOCHCAHCE KomeOamHue, UCIOMb3Ys
pe3yabTaThl 3agaun 7.57

7.8. llycTb ¢p,, — YTOJI OTKIIOHEHHS 13-TO MasTHHKA OT BEPTHKAJIM.
a) S-€ HOpMalbHOe KoncOanme

On = Ag cos(n — l)ws - cos(wst + ag),

2
/1€ CreKTp uacToT (puc. 141) HaumHaeTcs o 3HAYSHUS Wy = /g /[
o g, 4k . 2 s
W, = 7 + 5, SIn TR

wsz%s, s=0,1,2, ..., N—1.
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0) B obnmacTi COOCTBEHHBIX YACTOT CHCTEMEI

wo < v < Jwi + 4k/m BeIHYKICHHBIE KOseGa-

HHA

Feos|(n — 3)v)
Yn — sin ~vi;
2kl sin N1/ sin %

[Ipu v — wy BO3HHKAIOT PE3OHAHCHI, TAK KaK
sin N¢y — sin Ny, — 0.

B oGnacTi ManbIx 4acToT 7y < wy BCS MasiT-
HUKH KOJICOMIOTCs B 0IHOM (haze

Fchin — %)X

Pn = -sinyt; 47 =
2kl sin Ny sh%

Ecnu mpr 3TOM KECTKOCTh TIPYKUH MaJia

k

m (95 —7’)

239

0l i
0123 N-1 s
Puc. 141
4k 2 X
— 75 sh §>0

= & 1,

TO aMILTHTY/BI KomeOaHuii ObICTpO yOBIBAIOT K JICBOMY KOHITY

¢n = e ™

B 06J1aCTH BBICOKHX 9acTOT v > /Wi + 4k /m cocemune MasTHUKA KONIEH-

TIOTCSA B MPOTHBO(a3e

_ 1
(-1 ”Fsh(n—§)x -
Pn = sin ¢,
zklshNXchg

2

%+—Ch2

4

=

m

o e

ITpu ouenb Bbicokoi yacrore my2 /k > 1 ammuntysnl konebanuii Taxoke 6bcTpo

yOBIBAFOT K JIEBOMY KOHILY
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B) Scmo, uto mpu b — a = () BCe MASTHUKH (B JTHHSHHOM IIPHOIFIKSIHITH )
KOJICOITIOTCST HE3aBHCHMO JIPYT OT JAPYyTa € 9acToTol wy = +/g/!.

C pocrom napamerpa b — ¢ IpyKAHKH CHaYaJia ocaadisiioT BO3BPAIIAIONTY O
B TIOJIOKCHUC PABHOBECHUS CUNY TAKCCTU, 4 3aTeM HAYHHAKOT «PACTATKUBATHY
COCe/IHAe MAATHHKH, TAK UTO MaJIble KOJICOAHHs MAsSTHHKOB BOIH3H BEPTHKAIH
CTAHOBATCA HEYCTOWUYNBBIMH.

Oyukrusa Jlarpam:xka CHCTEMEI

) 2N 2N k‘?"Q

_ 2 -2 _ 7

L=gmP YU U= 3 (cmaleosiat ),
n— n=

¢ VAJMHEHHUE N-H npyKuHKH (npuauMaes [|A,| < a)

9 12 2 3[2
Tn\/a2+4lgsin2ﬁb%ab+l—Ai G )Ai,
2 a

2 24q°
Ay = Pn — Pnt1.

C TOYHOCTBIO 10 WICHOB (0} BIJIOTHTEIBHO

1 1
U = zmgl Z(@i — al? — Egpi —+ ,6’/_\;41) + const,
(1)
_b—a)kt kbl
a=-——7r— [=Za-+ :
amg 12 drngad®

YpaBHeHUS ABIKEHUS B JIUHEHHOM 110 0, ILIPH-
®? ONMMKCHITH

Pn + %[@n — a(2¢0p — Png1 — QOn—1)] =0

HMCHOT PCHICHHA B BUAC 6GTYIHPD( BOJIH

- Aei(wt:tnz/;) (2)

O

¢ yacroramu (cM. puc. 142)
2 _9(y . 2 %)
ws =7 (1 4cvsin 5 )

ws:%sa 5:0717-'-3N3

Puc. 142
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Ipu4IeM YaCTOTHI Wy H Wy HEBBIPOKACHDBI, 4 OCTAJBHBIC YdCTOTLI ABYKPATHO
BBIPOKICHEL.
OTcroa BUHO, 4TO TIPH

do—1>0, wm b—a>%, (3)

KOJEOAHHs HEYCTOHUHBEI — HEKOTOPBIE w2 CTAHOBATCS OTPULATENLHBIMH. Parb-

me BceX oOpallactcs B HYNb 9acToTa wp. L COOTBETCTBYeT ¥y = 7, T.€.
HOPMAJIHHOE KOJNCOAHWE THTIA «TAPMOIIKH», TIPH KOTOPOM COCEAHHWE TaCTHITHI
KOICONIOTCS B TPOTURBOMA3E: ¥, = —(Pp_1. ECTCCTBEHHO TIO3ITOMY W HOBOC
TIOJIOKCHUE PABHOBECUA Lpo UCKATH B BHAC «TAPMOIMIKI):

P10 = —¥20 = P30 = P40 = ... = —¥2N0 = ¥. (4)

— 0w

3HAUCHUE (¢ HAMIEM U3 YCIOBHS PaBHOBECHUA 5
Pn

Pn = (200 = Pnt1 = Pa—1) = 00 +20(pn — Pnr1)’ +28(pn —on-1)® =0,
(5)

9TO J1a€T

PaccMorpum Terieph Maibie KojeOaHud BOIU3H HOBOIO IMOJIOXKCHHS pPaBHOBC-
cug (4). Beenem masbie cMereHUs

Tn = ¥n — ¥no,
TOIJIA ¢ TOYHOCTBIO JI0 2 BKJIIOYMTCIBHO NOTCHIMANbHAd sueprust (1) pasna

U= %mng{(l — %c,oﬂmi — (o — 243¢%) (xp, — :1:n+1)2} + const.  (6)

CpasuuBas (1) u (6), TE€TKO YBUIETh, UTO X, UMEET PEIICHHE TAKOTO e BUAA,
KaK 4 o, (2) ¢ wacroramu

w? = %[ — ;@2 — 4 — 243p%) sin® %]
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OnHaKo Teleph AT MAIBIX (2 < ﬁ < % BCC W MONOKHTCIBHEI (cM. (3)):
2
2
W2 > % 1-£ 4(0424@,92)} - Tg(4a1) >0,

T. €. MaJIbie KOJIeOanua BOIM3H HOBOTO TOJOXKEHUA paBHOBeCcH: (4) yCTOMYUBEI.
Takum oOpazoM, ¢ POCTOM IapaMeTpa ¢ IICPBOHAYAIBHAS KOHOUTYpaIUs
BEPTUKATHHBIX MAITHUKOB CMCHSCTCS «TrapMomkoiy. Takoe u3MeHCHHE CHUM-
MCTPHUH 1TOJ0OHO H3IMCHEHHI) CUMMETPHH TCPMOTHHAMIYCCKUX CUCTEM TIPH (ha-
30BBIX TMEPEX0JaX BTOPOTO poOjsid. AHAIOTOM (v TIPH 3TOM SIBIISICTCS BHCIUHHUM
[apaMeTp TUIIA TEMICPATYPbl, MATHUTHOI'O IOJS U T. 1. (CM., Haupumep, [23]).
Koneuno, ypasuenue (5) MOXKET UMETh U JIPYTHE HEHYJICBBIC pELUEHHS,
kpoMe maiizermoro (4). Hampumep, eMy yIOBICTBOpseT 3maucHue ¢, — /6,
KOTOPOE, OJIHAKO, HE ABISICTCH (PU3HUCCKHM, TaK KaK OTBCUACT OONBLIIUM YIIam
OTKJIOHCHHA, a caMo paszioxkenue (1) cipaseyiMBo UL IPU MaIbIX .

7.9. a) Tok B n-if xarymke odo3uavuM ¢,. @ynkuus Jlarpamxka

N
1 : 1 1y .
L=3 E_lwqi — ol — Gnt1)’] + §$0q12v+1 +Uqycost

(TOK Yepes nenouky Z 0003HAYeH ¢ -1). Comporusienue I MOXHO BBECTH B
YPaBHCHHSA JIBUKCHUA € IIOMOIIBIO JUCCUIIATUBHOH (hyHKITHU
1

F = SRy
YpaBHEHUS ABHKCHUA
L1+ %(QI —q2) = U cost, (1)
Liu+ @0~ a1~ qur1) =0, n=2,3,. N, (@)
LoGny1 + é(QN+1 —gqn) = Rgn+1. (3)

Pemmenue uiieMm B BUIC . ,
G = Re(Ac7=119),

TIPUIYEM MOXKEM CUMTATh, HC OMPAHUYHUBAS OOIHOCTH, 910 —7 < (¢ < 7. U3 (2),
(3) momyuaem

2_ 4 .2
/}/ - ‘gc 8111 (90/2)7 (4)
2L+ £ (1 - em®) = iyR. (5)

'
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Orcroma
sin ¢

l—cosg o &
&

R= C, Ly =

c T2
[Mockoasky R > 0, nomkHO OBITH (© > () — BOJHA OSKHUT B CTOPOHY .£ R-
[EMOYKH. AMIUIATY/1a MOKET OBITh OIPEACIICHA W3 ypasHeHus (1).

[pu ~2 > ¥ C/4 pacnpoctpanenue Oerymux BOJH MO HCKYCCTBEHHOM
JUHHH HEBO3MOXKHO (Cp. € 3ajaueii 7.5 a).

0) YpaBHuemus IBUKCHHS

L1 Gop—1 + %(QQQn—l —Gan 2 —Gan) — 0, n—=2,3, ..., N,

$2q2n + %(261271 —{2n—1 — QQTH—I) — O: n = ]-: 23 <y N: (6)

C TOYHOCTBHIO JI0 0003HAYCHUM COBIAAKT ¢ ypaBHenusamu (1) B 3ajaue 7.4.
Kpome Toro,

Lo+ Fla — ) = Ucosnt, (7)
LoGan+1 + %(QQN—H — gon) = —Rgon+1. (8)
Pemenue umemM B BHIe

ivt—i(2n—1
— Aetrt—u )w7

Gon = Bei'}/t—angD .

He orpanuuusas obnnocty, cuuraem —m < @ < m. U3 (0)

(1 —+°/7)A —cosg- B — 0,
cosp-A— (1 —~2/43)B =0,

2 _ _ 2
71,2 —251,20’

(10)

OTKy/1a
cos” o = (1 — 4 /77H1 — 77 /~3).

Ilycrs, nanpumep, v1 < 2. Yenosusa 0 < cosgc,a < 1 BBIIONHAIOTCS 1IPH
0 €< v < v (o0macTh «AaKyCTHYCCKUX» BOJH, Cp. ¢ 3amaucil 7.4) w mpu
vo < v € /72 + 2 (o0macTe «omTHUCCKUX» BOMH). BHe 3tol obmactu pac-
npocTpaneHne OeTyIUX BOJH HEBO3ZMOXKHO (Cp. ¢ 3aAa4ci 7.6).
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U3 dopmyms (8)

8t

~C 4O A ~C A A ~C
3/1eCh JOLKHO OBITH % sin ¢ > 0. B obmactu v < 1 ammwmuryasl A u B umeror

O/TMHAKOBBIE 3HAKHU, Tak uTo 0 > 0, B 0dmactu vo < v < /77 + 75, Ha06opoT,
B/A < 0wn ¢ < 0. Nopcrasus B (11) 3padenms B/A, cos ¢ 1 sin g, norydaem
OKOHYATEJILHO

R= 9%1 -+ 5%2 (1 cffliz‘?gC . g) 2 — 21072 7 c‘fl

0 T @i % )T

OTpunaTeiibHOC 3HAYCHUE (0 B 0OJACTH «ONTHYCCKUX» KOJICOanuii 03HauaeT,
91O (ha30BaAsI CKOPOCTH OSryInei mo JUHUK BONHBI HATTPABICHA OT £ -I[CTIOUKH K
HCTOYHHUKY HanpspbkeHWs. [ pynmoBas ke CKOPOCTh, ONMPEACTSAONAs TTOTOK JHEP-
ruu (cp. ¢ 3amaueii 7.3), €CTECTREHHO, UMEET MPOTHUROIIOIONKHOS HAMPARICHUS

L )
S

(c™., Hampumep, puc. 137, tne v, ~

7.10.  VYpaBHeHus KoimeOaHHMiI MUCKPETHOH cucTeMbl (cM. dopmymy (3)
3ajpa4dn 7.1) npeodpasyem K BHIY

. a {Tn+l — Tn Lp —Tp—1\1
T — kO — = =0. (1)
m a a a
Benuuuna % = I]\\r,—m B MPEICIC UMEET CMBICT TMHCHHOU TUTOTHOCTH CTCPIKHA p.
(24

x 1
OTHOCHTETHLHOE YIIMHEHHE OTPE3KA ¢, T. €. BEHUYHHA — | IIPOTIOPIHO-

a

- w Tn — Tn—1
HAJTBHO JCHCTBYIOIICH HA HCTO cuic F' = ka = , TO3TOMY B ipcacic ka

HMEET CMBICT MOAYISI YIIPYTOCTH CTepKHA 3¢. Takum obpazom, ypasuerue (1)
B TIPEJICIIC IEPEXOAUT B BOJIHOBOS YPABHCHHE

Pz(§ 1) ,0%(& 1)
T — v 8—52 = 0, (2)

THe v = +/ 3/ p UMeET CMBICT (Paz0BOIT CKOPOCTH BOJIHBL
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Bwmecto cucremst N OOBIKHOBEHHBIX MU EpeHITHANBHBIX YPABHSHHA MBI
TIOTY4YHJTH OJTHO YPAaBHEHUE B WACTHBIX MPOU3BOJIHBIX (Cp. ¢ 3a7aueil 4.29).

OrMmeruM, 910 JUISL JAHHOI'O BBIBOJA HEOOXOAUMO BAXKHOEC IIPCSAIION0KCHUE
0 TOM, 9T0 (PyHKIUSA X, (1) CTpEeMHTCS K OnpeneieHHoMy tipeneny (€, t), sBms-
IOLEMYCS IO CTATOUHO TIATKON (DyHKITHESH.

7.11.  Ilpu MaibIX ¢ MOXKHO HMPUOMHMKCHHO LPESACTABUTL CMCIICHUA B
0r(&,t) | g2 0%x(£,1)

BUJC Ty = (&, 1), Tner =x(§ta, ) =a(, 1) Ta——F + +
3 73 2 9
3 0%x(&,1)
+ ? 8—534—. .. IIpu atoMm ypasuenue (2) 3agaqu 7.10 mepexouT B ypaBHEHHE

0%x w0%x  xad® 0%z

ot Pogt 12p9¢t

B To Bpems, kak Kaxkzoe u3 ypasuenuil (1) 3agagu 7.10 comepxur cMmerne-
HUA TPEeX COCE/HUX TOUCK (JlanbHOACHCTBHE), ypaBHeHue (1) coaepxkur auilb
2 n4d
CMCIIICHHE & B MaHHOHN Touke & (OmmskonckcTeue). Umen % g—gf B ypaBHE-
HUH (1) COOTBETCTRYCT MPUOTIKCHHOMY YUETY JATRHOICHCTRUS.
[ToapoOree 00 yueTe npoCTpaHCTBCHHON AHCIIEPCHU H UCCIICIOBAHHH YPAaB-

venus (1) em. [19], . 4, § 4.

§ 8. Henmnelinbie Koe0anus

8.1. a) YpaBHeHUE NBHXKCHUSA
i+ wir = —fz° (1)
penraeM METOAOM MOCASAOBATENbHBIX TPHOMIKEHUH (Cp. ¢ 3aaa4eil 6.34):

x = 1o + 6x = Ae"t + A*em 0l 1 b, (2)
«Cumay
_Bmg — _BASQS‘L"W()t _ BBAQA*eiW()t _ SBAA*Qe—iW()t _ /6A*3€*3iw()t

COIOCPXKUT PE3OHAHCHBIC CJIATAEMBIe

“3BA%A Mt 3BAA I — 35|14 %,

KOTOPBIE YJI0OHEE MPUCOETWHHTL K CIIATAEMOMY wax B JeBoi wactu (1). D10

HPUBOMT K 3aMEHE
wy — w® = wg + 38| A7
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X Jasa éx monmydaeM ypaBHEHIe

Si+w?ox — —B(A%e¥™ - koMLl conpsk.),

OTKYZa

A3 ..
dx = g—gegwt + KOMILI. COIIPSIK..
W

Hrak,

3

cos(3wt + 3¢),

Ba
xr = acoslwl+ @)+
( ©) 32,72

A= %aew

(cp. ¢ [1], §28). Ha puc. 143 uszoOpaxkeHbl
rpaduku z(1).

IIpu 3 > 0 OpOUCXOAUT OTPAHUYESHUE KO-
naebanuid, ipu J < () MAKCHMYMBI CTAHOBITCS
00JICC OCTPBHIMU. ITH OCOOCHHOCTH KOJICOAHU I
U 3HAK TOMPABKH K 4acTOTE HETPYIHO YCMOT-
perb u3 Tpaduka U(x). Ipyrue cuocodsl pe-
menns cM. B 3agadax 1.9 u 11.258.

0) Pemas 3agauy TeM ke cocoOOM, 4TO
H B MYHKTE 4), IOAydaeM:

2
A2 o 2@‘A| A*2 o
51: — 8 e??:aeJ()t . & e 2iwot

Puc. 144 3wi w3 3wi ’
T. €.
aa® | aa®
r=a cos(wot + ) — —5 + — cos(2wot + 2¢).
2wy bwy

Hckaxenne xosrebannii necummerpuyano (puc. 144).
B CIICAYIOIEM TPUOIMKCHHE B «CHIIS» —o(xg + 0x)? Hy»,KHO YUUTHIBATH
claraeMoe —2axgdx, CoAePIKAIIee Pe3OHANCHBIC WICHBL

202 12 1x oot 202 %2 —qwot 4052|A‘2 1002, 42
— A ATt I AATeT O 1 T = Al*z.
3wp 3w wa 3w A




247
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JTO NPUBOIUT K 3aMeHe

5a?a®
T

12wy

Wo — Wo —

2 2
82. z=acoswt— i/\/az cos 2wt + i’ya?, w = wy + i ‘1’36‘*’0

a? a* Q4 -
83. = > cos {2 + > = sin 20} (0bo3HaueHHs
g— 19 12(g — I127)(g — 4IQ7)
3amadn 5.9).
84. x =0 L0 L
L(0) _ f1coswit fo coswot
m(wg —wi)  m(wg — wi)
200 aff B afi B
2mwiws —wi)®  2mwg(w — w3)®
afi cos 2wt a f3 cos 2wt

2m{wg — Awi)(wp — wi)®  2m(wg — dw3)(wg — w3)*

af1 focos(wy — wo)t
mlwg — (w1 — wa)*[(wg — wi)(wg — w3)
o fi fa cos{wy 4 wa)t

mlwy — (w1 + w2)?J(wg — wi)(wg — w3)

Kakwe koMOMHAIMOHHBIC ACTOTH BOZHUKAIOT TIPY YUSTE AHTAPMOHHYECKO

4
noupasku U = m,ia: ?

8.5. ®@yuknusa Jlarpanxa

L=5("+7") - 5(V( =92 +22 —lo)* —mgy =
:%(a: + 9 — wiz? — wiy® + 2ax7y) + ..

e
klo

g mg k
W%T: lil0+k wgima
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JeiicTBya nanee Tak e, Kak U B 3ajaue 8.1, monydaem

x = acos(wit + @) — aab cos(wit + wot + @ + )+
2(.02(2&)1 -+ WQ)
+ aab cos(wrt — wat + @ — 1),
2(,4)2(2(.01 — WQ)
2 aa’®
y = beos(wyt + 1) + 4L —|— B + —— 57 cos(2wil + 2¢).
2w3 2(w3 — 4w1)

AHTapMOHUYECKHUE TIONMPABKH PE3KO BO3PACTAIOT MpH 2w ~ wo. Coyuait
2wy = wo paccmortpen B 3aaaue 8.10.

8.6. a) Pemuenue ypaBHEHHS WILEM B BHIC
= Aeiwt 4+ A*e—'éwt.
TlpupasmuBas k0dGduIHenTs opu ¢!, momyuaem
(w2 —w? + 2idw + 38| A2)A = %f,

OTKyIa

2
(8 —? + 30AP) + AR AR = £

Hccnenosanne 31010 ypaBHeHms, KyOHueCKOro oTHocHTenbho | A|%, moxkuo npo-
BECTH 110JI00HO UCCIIC/IOBAHUIO aHAIOTMYHOIO ypasHeHud (29.4) B [11].

8.7. a) Pemuenue yparHeHHUS KOACOAHUH
#4203 + wi(1 + hcos2wt)z + B2° =0 (1)

HIEM B BHAC
T = Aezwt 1 A*e—zwt’ (2)

IpUYeM COXPaHAeM TONBKO WieHBI, cogepwkanme e ! TIpupasuusas nymo
k03bOQHIMEHTH IpU e~ ! Haxomum

BBA+ (W« 2iw\— 38|47 A" 0,

(3)
—woA* (w? —wd + 2iwh — 38|AF)A = 0.

MMpenmnonaraem, urto wienst ¢ e siaquTenbHO MeHbLIHE, OYIYT KOMIICHCHPOBAHB BKIAIOM

B (2) TpeTbeil rapMOHUKH, KaK 3TO BUAHO M3 NAaNbHEHIIEro.
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He pasnoe nymo A BO3MOKHO MPH yCIIOBHH

';ng w? — wi — 21w — 33| A[? n
—0, (4
w? — wi + 2iw) — 33| A2 %wg

OTKyna

|AI? = % [wg —wp + \/(%wg)g - (2w/\)2}. (5)

13 (3) nomyuaem’

AT
sin 2¢ = Imi 4
hu)o C
(6)

cos2p = HF—\/ Wo — (2wA)?. B i

Hrax, A i !
x = acos(wt + ), (7) 1') jE »°

e A = gac'?. Puc. 145

3asucumocts |A|? ot w? m3obpasxena na puc. 145 (g onpecIeHHOCTH
cuutaem 3 > 0). B HeKOTOPBIX 00NACTAX YACTOT BO3MMKHBI J[BE HIIH TPH {CIUTAS
HYJICBYIO) Pa3MHYHBIC aMIUTHTYAbl YCTAHOBHUBILMXCS KOMCOAHUIA.

AMIDTHTY/TBI, COOTBETCTRYIOIME yuacTtkam A u C'D, peanbHo He 0Cy-
IIICCTRIISIOTCS, TAK KaK TAKUE KOJCOAHUSA HEYyCTOMUYMBEI (JIOKA3aTCILCTBO ITOTO
OTHOCUTENRHOTO yaacTka AD ¢M, B ciienyiomei 3a/1a4e, a uecie/I0Banue yeroi-
quBOCTH KoJebanuii Ha yuactkax ABC, CD u DE cwm. B [8)]).

0) C yueTrom TpeThed TrapMOHUKU X UMEET BUJI

= Ae'éwt 4 A*e—iwt T BeSiwt 4+ B*B—S’iwt- (8)
M=l npennonaraeM, uto || < |A|, 4To OyaeT MONTBEPKACHO PE3YILTATOM.
[Moxcrasmss (8) B (1), BEIASIUM WISHBI, COACPIKAIIUC 63“‘”; IIPU 3TOM Oy CKAEM
IPOU3BEJICHAA B Ha Maibie napamerpsl. OKasbIBaeTCs,
BA?
b 0An, ;

u, feticTBuTenpho, |B| < | Al.

Tdopmynsl (6) onpenmenstor (asy ¢ TOMHOCTBIO A0 ciaraemoro na. Onpeaenende (asbl ¢
GONpIIeH TOMHOCTLIO He WMeeT CMBICTA, TaK Kak H3MeHeHHe (a3el Ha 71 COOTBETCTBYET TPOCTO
CABMIY HAYANA OTCUETA BPEMEHU,
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Taxum oOpazoM,
x = acos(wt + ¢) + beos(3wt + 1),

e b= 2B,y =argB.

HeTpy/iHO 3aMETUTH, YTO TSITask TAPMOHHUKA OKAKETCHS MAJIOH BTOPOTO TI0-
panka (~ h2A), cenpmas — tpetsero (h*A) u T. 1. DTo CaykKHT 060CHOBAHIEM
HCIIONB3YEMOTO CII0CO0a BEIUHUCICHUS AMILIHTY;1. UeTHbIE TAPMOHUKH HE BO3HH-
KaroT.

8.8. a) Mmewm penienue ypaBHEeHHS B BUIC
x(t) = a(t) cos wt + b(t) sin wt, (1)

e a(t) u b(f) — MeTeHHO M3MCHSOIIMCCS QyHKIHH BpemcHH, [t onpeaene-
Hus a(t) u b(t) momygaem cucteMy ypasuerui (cm. [1], § 27)

C.L—F(LU—LUQ-F%)?J:O,
(2)

i)—(w—wo—M)azo

1 .

Ecmu |w) — wo| < hwo /4, TO ee pemenne

CL(t) = oq(Ole_St -+ C’Qt‘j'St)j
b(t) = (XQ(ClB_St — CgBSt),

Tac

V(hwo)? — 16(w —wp)?, a1 = v hwo + 4(w — wp).

H =

S =

Orcrofia
x = C'e* cos(wt — @) + C"e " cos(wt + @), (4)
e tg ¢ = aq /g (puc. 146).

Taxnm oOpaszom, konebanns, BOOOIIE rOBOPs, HEOTPAHHYSHHO BO3PACTAIOT.
CKOpOCTb UX pOCTa, XapaKIepu3yemas BeJIMUUHON S, ACHCTBUTEIILHO Maid. B pe-
ANMBHBIX YCIOBUAX BO3PACTAHUE AMILTUTY/IRI KOJICOAHUI MPEeKpaInaeTcs, HAIpH-
MEp, ©CIIH CTAHOBUTCS CYMICCTBCHHOW POJIb QHTAPMOHHYCCKUX TONPABOK (CM.
3aaaqy &.7) ull o0parnoe BIUAHWC KONeOAHWH Ha yCTPOHCTBO, NMEPUOIHYCCKH
U3MEHSIOIEE TACTOTY.

[Tome3Ho 0OpaTUTH BHUMAHHUE HA AHAIOTHIO MEKIY TIOTYYSHHBIM PE3yIbTa-
TOM U O0COOBIM PCIICHUEM 3a7a4l O HOPMANBHBIX KOJICOAHUSX IENOUKH YaCTHII,
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Puc. 146 Puc. 147

COCIMHCHHBIX MPYKUHIKAMH Pa3nuYnoi xectkoctu (3anaga 7.4 B). Heoamopoa-
HOCTH € IEPUOA0M 2¢ BJIOJIb ICIIOUKHU [IPUBOAUT K HAPACTAHHIO BAOJIb LEHOYKH
AMTIIATYABl YCTAHOBUBLUETOCS KOJICOAHUSA, TIPHYEM «JJIMHA BOJNHEBD» paBHa 4da
(puc. 140), nogobHO TOMY KaK NEPHOIAUCCKOE H3IMEHCHHUE CO BPEMCHEM 4YaCTO-
Thl OCHUJUIATOPA [IPUBOAUT K BO3PACTAHUIO CO BPEMEHEM aAMILIUTY/bL.

Ermre 6osiee moynyio aHajJoruio MOXKHO 00HAPYKUTH ¢ 3aaucii 7.6. Odmactu
HCYCTOUYHROCTH OTHOCHUTEIIHHO MAPAMETPUUECCKOrO PE30HAHCA COOTBETCTRYET
3anpenieHHasl 30Hd CIIeKTPa KOMeOAHHH TIeTTOUKH.

K nogoOHbIM k€ ypaBHEHUAM TPUBOAUT B KBAHTOBOII MEXaHWKE 3aaada o
JIBAKCHUH YACTHITBI B IEPUOUUCCKOM TI0JIE, B 9TO 3a7a49€ TaKKe MOSBISIOTCS
«3aAIPCHICHHBIC 30HBI» U «IIOBEPXHOCTHBIC COCTOSHHA,

0) Ecmu |w — wp| > hwg /4, TO

x = Cf sin(Q + ) coswt — C B2 cos(Qt + 1) sin wt,

e © = $/16(w — wp)? — (huwp)?,

Bio— \/4 o)+ hwo mpu w > wy,
12— +/4(w —wp) + hwy mpu - w < wp-

Konebanusa nmpencrasnaroT coboil OueHus:

z = Cy/4lw — wo| — hwg cos(2Q1 + 1) cos(wt + 6),

e 6 — MemmeHHo MeHsromasacs daza (em. puc. 147). Ecnmu wactora nmpubmika-
eTCs K rpaHune oOnacTH HEYCTOHUMBOCTH, TO TMYyOWHA MOAVASINAN KOneOaHwi
TpPUOMDKAETCS K TOHOH, a IepHoa HX HEOTPAHUISHHO PacTeT.

Kaxogr Bz konebanuii upu |w — wo| = hwy/4?
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8.9. Ilycrs mpu 0 < t < T komebamme x = ‘!, Torma Ha oTpeske
T <t <27, ¢ — aeiv2t 4 pe—ivat,

1€ a U b OHpeAessoTes yCIIOBUEM «CIIUBAHUS» [IPU { = T
ZC(’T*O)IZC(T—FO); 37(7__0) :CE(T+O)7

OTKYyIa W1 + W2
a S ——

’i(wl—QJg)T
€ b
2(,4)2

h— Wa — W1 ei(lerwg)T.
2&)2

AHAIOTHYHO HAXOAHMM, UTO MpH 27 < t < 37

T = aewht _~_6€—@w1t’

e 2 2
T -wl —I_ (4)2 :
x=e COSWoT + 2 SinwsT |,
21 Wo
2 2
.. : Wiy — Wwh
B =isinwyre’™1T =
2&)1(4)2
Scno, uro xoebaHmne BHIA
Ae@w1t+B€—@w1t (1)

npu 0 < ¢ < 7 HePEexXojIUT Yepes NEPuoL 27 B kojicdanue
A(Oéeiwlt +6€—iw1t) 4+ B(a*e—z’wlt +6*€iw1t) —
= (aA+ B*B)e™ + (BA+ o B)e ™1t

Haiinem takyro mumeiinyro komoumammio (1), uToOnI gepes mepuos 27 konaedanue
COXPAHSIO CBOU BH/I ¢ TOUHOCTHIO JIO MOCTOSHHOTO MHOXKHUTEIIS

(}A+ *B eiw1t+ BA+(I*B e—iwlt - Aeiwlt' +B€—iw1t’ ,
¥

sneck £ =t — 27,
aA ‘|‘6*B — ue—?zwlTA,

BA+ "B = pe®™1 7B,
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Cucrema (2) nMeeT HETPUBHATHHOE PEMNISHUE IPH YCIOBUU

(a o ue—Qz’wlfr)(a* o ue%wlfr) _66* _ O,

OTKY/IA
p2 =y E/y? =1,

e , ,
Wi + W

SN w17 SIN WaT.
2&)10.)2

v = Re(ae®™17) = coswi T coswaT —
Yepes n meprHogoB KonedaHue

r1,2 = Alﬂg(eiwlt + Aljge_iwlt), 0<t< T,

— 23w T

ﬁ*

€ —

/\1,2 = H1,2
MIEPEeX0 UT B

r1,2(t) = Mf’,zAljg(ei“’lt, + /\1’28—@1#)7 0<t =t—2nt <.

JIroboe KomebaHue MpescTaBIaeT CO00H CYICPIO3HITHIO KONCOAaHui BUAA X'1,2
B YACTHOCTH, ACHCTBUTEIHLHOE KOMCOAHUE (TOMBKO H UMEIOLISC HETIOCPEACTBCH-
HbIN PU3nUecKuil CMBICT)

ZL'(t) :Aeiw1t+A*e—iw1t’ O<t<’?’,

ecth cymma x1(t) + x2(t) ¢

A¥ — X A MA— A*
A= —— " Ag="T"T"""—.
D VD VL D VR
Ecnu v < 1, 10 |p1,2| = 1 u xonebanua x1 o(f) (a ¢ HumMu u x(f)) ocramrcs

OI'PpaHUYCHHBIMH,

Ecim ke v > 1, To pp > 1, B ammmmryna KojuedaHui HEOTPAHHYECHHO
BO3PACTACT. DTO U CCTh CIIYUail BOSHUKHOBCHHS 11aPAMETPUUCCKOTO PC3OHAHCA.
HerpyaHo ybemmThes, 9TO HOpH Malxoil pazHOCTH 9acToT |wq — wo| < wi 3TO
YCJIOBHE BBIIONHAETCS, €CJIM YaCTOTHI OIu3KH K 71/ 7:

(w1 — wa)?T
Wi + w2

(w1 +w2)T — 27mn| <

Ha puc. 148 (r3arom u3 [20]) mokazaHsr 00aCTH HEYCTOHYUBOCTH OTHOCHTEIBHO
mapaMeTpPUUeCcKoTo pe3oHanca,
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(wl-w?)7?
272

5_

4_

3_

2

1_

/ (w%'l'a)%)ij

O 1 2 3 4 5 6 27?

Puc. 148

8.10. VYpaBHeHUA NBUKCHUSA

F+w?r — 2azy = 0,

i + 4wy — az® = 0.
Pemmenue uiieMm B BUIC

r = Ae™t + A¥e ™ 4§,
y = B€2iwt + B*e—%wt T 5y’

npubumMas, uto A u B — MeUIeHHO MEHSIHECs aMIUTHTY/IBI KOoJleOaHwi,
a Oomee OBICTPO OCIMIIMPYIOIMMH CIIANACMBIMA 4 M 0y MOKHO TIPEHEOPEHD:
|A] < w|A| <« w?|A|, |B| < w|B| < &?|B|, §x ~ §y < |A|.
Coxpassis TONBRKO crnaraembie ¢ £t (coorseTcTReHHO 2™ M IpereOperas
|Al, | B|, momyuaem
wA — iaBA* =0,

: 1
dwB —iaA? = 0. D
Jlerko Buyets, uto U3 (1) caenyer

Al* +4|B|* = C = const (2)

(3TO 3aKOH COXPAHCHHS YHEPTUH) U

A*’B + A’B* — D = const. (3)
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Ucnonszysa (1), Haxogum

w%|A2 — ia(A*2B — A2B%). (4)

Bossenem (4) B kBagpar u yuareMm (2), (3):
d 2 e .
(5AP) = —S5lAB+ 478 — 441" B]] -
(5)
2
= %[\A“(C ~ A% - D).

YpagHeHue (5), aHATOTHYHOC 3aKOHY COXPAHCHHUA YHEPIUM JUIA 33,1891 00 0/IHO-
MEPHOM ABIUKCHHH YaCTHIBL ¢ KoopaumaToii | A|2, ynobno necneaoBars ¢ momo-

meio rpaduxa U(|A]%) = (JA]* — C)|A4|* (puc. 149).
Taxum 0OpazoM, aMIuTUTyAa | A| HCIIBITHI-

BACT KONMCOAHWS — IpOUCXOnsT Ouenwus. 3a- U
BHCUMOCTb amruiutyn |A| u |B| oT Bpemenu A
MOXKCT OBITh BBIPKCHA UCPE3 HIUTUIITHUCCKUC )
pyHKIHN (MBI HE Oy/IeM 3TOTO /1eJ1aTh). -D
OrmernM, UTo, B OTaHYHE OT Kojeda-

HUH OCHMJUISTOPOB € JUHCHHOMW CBA3BIO (3a-
naua 6.8), B JAHHOM CIy9dac OT HAYAILHBIX Puc. 149
aMIUTUTY/T U (pa3 3aBUCHT HE TOIBKO TTyOHHA
OueHwuii, HO U NIEPHOJI.

DT1a 3a7a4a UMeCT OTHOMICHUE. HAMPHUMEP, K CBA3H MPOJOIBHBIX U H3THO-
HbIX kouieObanuii Mojiekylibl COs (Tak naspiBaeMmblid pesonanc Pepmu, cM. [21])
W K YABOCHHIO H ACICHHIO YAaCcTOTHI CBETA B HEMUHCHHOU omTHke (cM. [22]).

2.2
8.11. w2 = “2; + % (cp. [1], § 30 3anaua 1).
8.12. 2 g2, 3(ar)?

a) Usdpd = QQ[Q—G—F (8)],

mw T r
2 2 3(ar)?
&) Ushd — — " [a_ _}
) Uskd m(w? — wd) Lr® T s

IJIe Wy — COOCTBEHHAN YacTOTa OCHUUIATOPA.
O6patiM BHUMAaHHWE HA TO, 4TO 3aBucuMocTh Usdd o< r— % xapaxrep-
HA A0 MEKMONCKYIApHEIX cii. Ecmm moactasutsh B (1) 3HaucHus pemuuwmn’:

e (107'° K)?
deg 107 d/m-10°

0—30

'B cucreme CH: o ~ m o~ 1 kr, ¢ ~ 10710

G
Uny ~ 10718 (£)7 I
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a~e?~(5-1070en CI'CI)2, m ~ 1072 1,0 ~ 1078 oM, w ~ 1010 cex™?
TUIHYHBIE JUTS ATOMOB, TO TOyunM Uy ~ 1079 apr- em®/7®, uro no mopsiz-
KY BSIMYMHBLI OJU3KO K [PABWILHOMY 3HAYCHUIO I BaH-JCP-BaaibCcoBa B3a-
uMoacHcTBUA. Takol pe3ynbTaT MOXKET CIYXKHUTh yKa3aHHEM Ha (PU3HYECKYIO
IIpUpOAy 3TOT0 B3aumMmozeicTsus. [lonHbIN ke pacueT BaH-Jep-BaaTbCOBBIX CHI
BO3MOXKCH JIHIITh B KBAHTOBOH MCXAHHKE.

8.13. JIpwkenue BIOMb OCH 2 MOYTH PAaBHOMEPHOE, 2 — vi. B mutockocTu
(2, y) Ha yacTuIy aeHcTByeT OBICTPO ocrmiumpyomas ciwia f, = 2Ax sin kuvt,
fy = 2Aysinkvt. Coorsercreyronmii s¢pdexrusuptii morenmuan U,y =

_ mO?, 0 2 _A\/§
== (x4 y?), tne Q = v

2
CormacHO YCIOBHIO 4acTOTa KOTebanuid cuiael kv > (), Tak 4TO cmia Jei-
CTBUTEIHLHO ObICTPO ocimuumpytontas., Mtak, B mwiockoctu (x, y) yactura co-
BepLIaeT TapMOHUYCCKUE KoJjeObanusl ¢ yactotod () okoio ocu 2. IJra 3aaaqa
WLTFOCTPUPYET TPHHLIUT KECTKOH (OKYCHPOBKH My4KOB YACTHIL B YCKOPHUTEIISIX.

8.14. YpaBHeHHUA ABHKEHUSA
. e .
mi = £ ()Y,
mij = — S (x)i.
Himem 3aKkoH ABHDKCHHS B BHIIE

r=X+E, y=Y +1, (1)

7€ caaraeMble &, 1) OIMUCHIBAIOT OBICTPOE NBIDKSHUE TI0 IOUTH KPYTOBOi opbuTe,
a X,Y — meqnernoe cmelwuenue ee ueHtpa (cpasuute ¢ [1], §30). Iloacrae-
nsst (1) B ypaBuenus gwxenus, paznaracm S (X + &) no crenchsm &:

M o N . e a% . .

X+E&=wY +wn+ ME B (Y +n),

. . . ' e a%}ﬂ . .

V+ij= —wX —wf — me 9y (X +98)
U pazeisieM ObICTPO OCIHUJUTMPYIONING U ME/UICHHO MCHSFONIMESCS ClIAraeMbie,
JUTs O CMJLTUP Y IOTITUX. CIIAraSMBbIX

. . .
E=wi, fj=-wf w=ZA(X),

OTKyna
£ =rcoswt, 1= —rsinwi.
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HJIH MCIJICHHO MCHAIOMIMXCA YJICIIOB HMMCCM

X =¥ 4 72 9% e,

V= —wX - 159250,

e
2

(&) = —r?wlcos? wt) = —%, (gg} — 0.

[Mockoubky X, V ~ cw X, ewY, 10 NeBBI¢ YacTu (2) MOKHO TIONOXUTH PABRHBIMHA

HYJTFO.
Hraxk,

_er? 9 _1_ .
= ome oz~ 250 X =0

(CropocThb cMereHHUs eHTpa opOUTHI (CKOpOCTh aApelida) B Oonee obeM ciy-
yae paccMoTpeHa B [2], 3a7aua 3 k § 22 u [§], § 25.)

8.15. VYpaBHeHue nBHKCHUS IIAPHKA

_dU(y)

a0 + f(¢t).

MYy =
CoOCTBCHHOEC JIBHIKCHHUE IIAPHKA 1101 JICUCTBUCM HTPYKUHKH OIHUCHIBACTCS «HHU3-

KOYACTOTHBIMY» CMEMICHUEM T = Y — g COS YT, U KOTOPOIo

dU (x + yo cosvt)
dx '

mi = —
VYepenuss mo nepuoay 2w / 7y BBICOKOYACTOTHOIO JBIDKCHUSA

({eos™™ 1 32) = 0, (cos®t) = L. (cos"yt) = 3).

noy4InM 3 (PEKTUBHYIO CHITy H COOTBETCTBYIOIIYIO 3(DPEKTHBHYIO IOTEHI[HATH-
HYTO SHEPTHFO

Uspp(x) = Ax® + Bx*, A= -C+ %Byg.

I'paduk byuximn Usgyg () nzobpaxen Ha puc. 150.
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pu A >0, wm T =95 >T, =4C/9B
LapuK KoieOmercs BOIM3H Toukd x = () ¢ ua-
crotol w = +/2A/m o« T —1,. Ipu
A< 0,um T < T, munumymsl Usge(z) pac-
MOJIOKEHBI B TOUKax *x9 = +v/—A/2B un
WApHUK KoeOmeTcs BOMM3M OJHOTO H3 HHUX C
vacTotoit w = /—A/m o< T, — T.

Bosnukaromast kaptuHa BechMma OH3Ka
K KapTuHe (ha30BBIX MEPEXOA0B BTOPOTO pojid,
OTIHCBIBAEMBIX (DEHOMEHOJIOTHUECKOM TeopHei
Jlangay [23]. BeICTpBIC BRIHYKICHHBIC KOJICOAHUS SIBISIOTCS AHATOTOM TETITO-
BOTO JABHXKCHUA (COOTBETCTBYIOLIECTO ONTHYCCKUM MOAAM KONCOAHWI CHCTCMBI,
HE CBA3AHHBIM ¢ TIEPEX0/0M), a Beaugauna T’ = y3 — amanor temmeparypsl. [Ipu
Ooabmux 7' cucreMa KoOJICOJIETCS BOKPYI HooxKeHusl pasuoBecud x = (). [lpu
3TOM UMEETCA CHMMETPHS OTHOCHUTETHHO 3aMeH®l x — —x. [Ipu ymensmenun
TeMIeparypsl 10 3HadueHust 1 < T, mapuK HAYUHACT KOJICOATHCH BOKPYL O/I-
HOTO W3 HOBBIX TIONIOKEHUH pAaBHOBECHS: Xy WIH —Xg. [IpH sTOM CHUMMETpHS
r — —x, OYCBUAHO, paspyluaetcs. 3mauenue 7, — anajor TeMreparypsl ¢dazo-
BOTO TIepPEx0aa RTOporo poaa. B okpectHoctr Touku 1' = 7, BenMUKWHA T Mana,
To x /1. — T, n Mana gactora cOOCTBEHUHIX KoleOanmil w.

Puc. 150

§9. /IBu:kenue TBepaoro reja. HemnepuuaiabHbIle CHCTEMbI

oTcuera
1) 2m 4 M) 262(m — M) 0
20%(m — M) 2a*(m+ M) 0 :
0 0 4a2(m + M)
6) 4a*m 0 0
0 4a’M 0
0 0 4a*(m+ M)

9.2, Jlns obeux Quryp 0MHON U3 [IABHBIX OCCH SBISICTCS OCH, ISPIICH/TH-
KyJisipHast K [UTOCKOCTH PUCYHKA W HPOXOAAINAs UePe3 MEHTP HHEPIHH (QUTyphI
(ock 2). [maBuas ock = mOBepHyTa HA YO ¢ K cTtopore O’z kaxmoi 3 Guryp.
[mapHas ock y meprneHANKYIIpHa K ocu x. OO 3TH OCH MPOXOAAT Yepe3 [CHTP
TSIKECTH PUTYP.
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a) Koopmumars! rentpa B ocax O'2'y’ (2" = b, vy = a):

L. = 2(a® + b*)(M +m),
Lz = (@ = 0*) (M +m) F /(b2 — a2)2(M + m)2 + 4a22(M — m)?,
Ly, = (0> + b2)(M +m) + /(02 — a2)2(M + m)® + 4a®b2(M — m)?,

npu a 2 b, ¢ = 1 arctg 20b(M — m) :
2 (a® — bH) (M +m)
0) B ocax O'x'y'z" (puc. 151) xoopauHatel neHTpa
macc O: ' = ¢y = a, 2/ = 0. B cucreme xoopgunar y
Ox"y"z" ¢ ocamu, napayuiensabiMu ocsM z'y' 2/, Tensop y"

HHEPITHH

" 2

% = dma

o =
e
e o O

[pu nepexoae k cucreme (Oryz, TMOBEPHYTOH HA YTOn
@ BOKPYT z”, KOOpIMHATHI [PEOOPA3YIOTCS CIICHYOIINUM
obpazom:

Puc. 151

x=12"cosp +y'sing, y=—2"sing+y" cosy,
z=2",
4 KOMITOHCHTBI TCH30Pa HHEPIUH — KaK MPOU3BEACHUA KOOPHHAT:
Inw = I}, cos® ¢ + 21 sinpcos g + I sin® ¢ =
= 4ma®(3 cos® ¢ + sin 2 + sin” @),
L, = 4ma?(cos? p — sin 2¢ 4 3sin® @),
1., = 16ma’,
Iy — 4ma®(—sin 2p + cos 2¢p),
Ip. =1, =0.
Vron ¢ BBIOHMPAEM TAK, YTOOBI BBIIONHAIOCH yC10BUC [, = (0, HanpumMep,
@ = w/8. Torna
Low = 4ma*(2 +V2), I, = 4ma*(2 — v2).

93. I, — Zliknink.
2,k
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(R—r)r?

R3_T,3

OT UCHTpa Lapa BiIeBO. Teo — cUMMETPUYCCKUI BOAYOK. OTHOCHTEILHO OCH

9.4. Llenrp macc: TOYKa HA OCH CUMMCTPHH HA PACCTOIHUH

CHMMETpUH [3 = ———— = —1r°); OTHOCHTCIBLHO NCPICHIHKYISPHBIX OCCH,
¢ I Rsm 32 R® — r®); otnoc SHJTHKY. oc
—7r

MPOXOALIUX YePE3 CHTP MAacc,

== s By B

Rgirg (RS*T’5)*

I\

9.5. Dy — (2 Im)(sik 31, (om. [2], §99).

9.6. lleHTp MacC pacHONOKEH HA OCU IOIYyLIaApa HA PACCTOSHHUU %R oT

meHTpa mwapa (R — pamuyc mapa). MOMEHT UHEPITUA OTHOCUTEILHO JTI000H 13
OCEeH, MePIICHANKYIAPHBIX K OCH CUMMETPHH (7 — Macca moayapa)

= 2R~ m(2 )2 _ 83 R
I—5R m8R —32OmR.
[Ipu wonebaHUAX ICHTP MAacC MOXKCT JBUTATHCSA TOJBKO 10 BepTukamu. Ilycts

(0 — YroJI IOBOPOTA MONYIIAPa, 2 — BBICOTA IICHTPA MACC HAaJ MIOCKOCTBIO, 2 =

= R— %R cos . Oynkmms Jlarpanxa cucremsl /. = %I@Q + %mz’:2 — mgz, Ipu

MaJTbIX  UMeeM [ = %I H? — %ngg&Q. OTcrojia wacToTa MaJIbIX KoJebaHuii

Lo 1209
83 R’

9.7. OueBHAHO, CKOPOCTH MIAPUKA MOCTE CTOIKHOBEHUS V MOXKET OBITH
HAMPAaBIEHA TOJIBKO B/I0JE WiH nipotuB V, T.e. v = vV /V. CKopocTh ranTenbku
OCTIC ylapa U HampaBiIeHa BIONL V, €€ YIIIOBasd CKOPOCTD W.

3aKOHBI COXPAHCHUS UMIYJIBCA, YHSPTUH U MOMCHTA UMMYIIbCA {OTHOCH-
TEIIHHO IICHTPA TAHTCITBKH):

mV = mv + 2mu,

1 2 1 =9 2 | 17 2
2me = 5mu + mu +21w,

mVr — mur + [w,

rIe m — Macca mapuka, r — ero paguyc, I = 1402 — vowmenr UHEPIHHA

o
TaHTEILKHU.
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Ortcroma 1

13

S|

VvV =

_ 1 _ D
V, u—13V, w713

9.8. B macrosmee BpeMs pacCTOAHUSA OT IEHTPA HHEPITHH CHCTEMBI 3eM-

ns—JIyna 10 3emin U JIyHBI paBHBI #R H %R COOTBETCTBEHHO, 4

MOMCHT HUMITYJIbCA CHCTCMBI

m(ﬁféﬁéJzﬂﬂ+lW(j%%%g)%%1+IQ3—WHL1+IQ%

_ Mm p2
J_AJerR’ ()

rae Sl u )3 — yoioBble ckopocTu BpanicHus JIvasl Bokpyr 3emiun v 3emiin
BOKpYT coOcTBennoi ocu (£23/2 ~ 28). Tpu 3anucu (1) mel cunranm JIyny ma-
TePUANBHON TOUKOH, a Y 3eMIM YUATHIBATH BpaIlleHHue BOKPYT LEHTPA WHEPIHH

U BOKPYI' COOCTBEHHON OCH {(C MOMEHTOM MHEpUuH [ = %M' a?).

B MoMeHT, Kor1a CYyTKH CPaBHAIOTCS C MecAlleM, YITIOBas CKOpOCTh Bpariie-

HUA 3eMIH W COBIAAACT C YITIOBOM CKOPOCTHIO JIyHBI, paccTosHuEe OT 3eMJIH JI0
2/3

JIyusr (o TpeThemy 3axkony Kemmepa) craner paBubiM (€)1 /w)™/°, a MOMEHT
HMITYJIbCA
1\ 4/3
[J(F) +I}w. (2)
U3 (1) u (2) HaiineM ypaBHEHHC A0S T — Qi:
3
w1+ k- 2)® =13 (3)

Qs

e k =

umn:§@g2 m_Qn 5 q
€23 2\ ) M4 mh T

Vpasrenue (3), unmn x(4,8—x)° = 2,01, uMeeT 1Ba AeHCTBUTEIBHBIX KOPHS:
1 ~ 1/55 u z9 =~ 4. TlepBsiii u3 HUX OTBEHACT OynyILEMY, BTOPOH — MPOLLIOMY.
CoOTBETCTBEHHO B MEPBOM CIIY4ac MECSI[ CTAHET PaBHBIM 55 COBPEMCHHBIM
CYTKaM, BO BTOpoM — Obl1 paBen 6 yacam. Paccrosmue ot 3emmu a0 Jlyssl
craHer paBubiM 1,6 R, a 66110 — 2,60,

(O Oonee peanUCTHYECKHX, YeM PACCMOTPEHHAS, MOJCIAX 3BOJIOLUHN CH-
crembl 3emisi—JIyHa cm., nanpumep, [24], T, 2.)

9.9. a) Teno Bpamaercs ¢ YINIOBOM CKOPOCTHIO 2w; B TEIJIO MEPEILIO 5

. N 7 7
HaYaIEH0H KHHCTHYCCKOM 3HCPTHH.
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V2

0) JIMHMA IEHTPOB BpaAeTCs ¢ YINIOBOH CKOPOCTHIO =W BOKDYT HAMpaB-

neuns moMenrta M, coCcTaBIAIOmEro ¢ Hel yrom 45°; IpH 3TOM TENO BpaniaeTces

BOKPYT JIHHWH LEHTPOB C YITIOBOM CKOPOCTBEO S . B 1emo [epeLLIo 19 1a-

14 28
YAJILHOU KHHETHYIECKOH JHEPTHH.

9.10 —mg+ 2
Jd0a. fljg—m(g E)

9.106. VYn0o0HO BOCTIONB30BATHCS MOJBHUKHON CHCTEMON KOOPAWHAT C HA-
qajioM B Touke A W ocaMH x1, o, X3, HApaJUICIbHBIMEH pebpam AB = «,
AD = b, AA’ = ¢ napannenenunena. B 3Toii cucteme yrmoeas CKopocTh £2 =
= On, tmen = 1/, 1 = (a, b, ¢), a MOMEHT HMIOyIbca MapajuieNernnesa
M = (1191, IQQQ, 1393), rac

L= %m(b2 + %), Iy = %m(aZ +c?), I3= %m(az +b%)
— €TO IMaBHBIC MOMCHTHI HHeprK. Bextop M HCMOABHKCH OTHOCHTCIHHO CH-
cteMbl Ox1x273, T.€. B TaOOPATOPHOM CHCTEME BpalllacTICHA C YIVIOBOM CKOPO-
cthio €2, Tak wro M = [QM].

[Tycrs cuiel, AeHCTBYIOmMME Ha Hapamieiemunen B toukax A u C’, paB-

bl —f v f (crner TsRECTH MBI He yawThiBaeM). Moment atux cun K = [If].
VpaBuenne asmwxeHnsa M = K NpHUBOAHT K paBeHCTBY
QnM]| = [nf],

MO3BOJAIONIEMY onpenenuTs £ — cocrasmsrontyio cuist £, neprenmkynsapuyro
BEKTOpY N

£, = %MJ_ — %{M —n(Mn)} =
_ 22

30

Cocrasasromas cubl T, napannensnas juaronanu AC’, He Moxker ObITh
HaijeHa B MOJICIIH, PacCMaTPHUBAIONICH HapaIISISIHIIE)] (M MapHUPLI) KaK Hee-
dbopmupyemoe TBepaoe Teno. Jlerko BUAeTh, UTO ONpuiaras K napaniclncnuneay
B ToukaXx A u C’ cunel Nn u — N1, Mbl He TOBIUACM HA €70 JBHKEHUC.

Takum 00paszom, cuibl, npraoxkenusic K mapuupam A u C', pasubt f 1 1,

2
(a*+b* +cb)-(a, b, ¢) — 27;72 (a3, b3, ).

2
— 2";7?(@3, B, ) + N'(a, b, ¢),
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2
2m? (&4, b4, 64)).

rae N — neonpeaenumas seandnna. (Mol sBBeimmr N' = N — 5

B naGopatopmoii cncreme BekTop f| BpamiaeTcs ¢ yroBoil CkopocThio €2,

9.11. MomenT uneprun smmuncouga (cm. [1], § 32, 3amaua 2e) orHOCH-

TEIIFHO OCH BpamieHus /s = 25ﬂa2; OTHOCHTeJIBHonHO620i/’1 NEePHEHANKYIAPHOU
o w M(a® +c¢

eit ocu, mpoxomsmieit uepes nenTp mace, I; = (T) (M — macca >mmur-

comza).

Haneraromas wacrtuna maccel m << M mepepaer JJUIANICOUAY HMILYIILC
P = (Pz, Py, =) = mv(0, —1,0) 1 Moment ummynsca M = mu(p1, 0, —p2).

B cucreme, nBWKYIICHCS CO CKOPOCTBHIO

Mim, Haitmem (cm. [1], §33),

UTO 3NTHIICOH T, 6YI[GT BpaiaThCsl BOKPYT IIQIIYOCH C € YI‘JIOBOH CROPOCTBIO Qg =

M, Hmupa
= = — OJIHOBPEMEHHO MpeleccHpys BOKpyT HanpasneHus M c

I3 oMa?’
q_ Ml _ 5muver +p

YITIOBOH CKOPOCTBI)
L Md®+ )

9.12. OG6O3HAYHM YITOBYIO CKOPOCT BPAIIEHHs JHCKA BOKPYT eT0 OCH 1,
VYIOJI MEKAY 3TOH OChI0 M HATIPABIICHUEM HA CEBEP . YIIIOBAA CKOPOCTh JIMCKA
B HHEPLMANBHOM cucreMe w = 2 + ¢ + 2, ee LPOCKLUHEY: HA OCh JHCKA ws =
= w + ) cos o cos , HA BepTHKANb Wi = ¢ + ) sin v, HAa TOPH3OHTATBHYIO OCh,
MePIEHANKYTSIPHYIO OCH JUCKA, wo — {1 cos avsin . @yukius Jlarpamka paBna
KHHETHYECKOM dtepruu {yurem, uro [; = Is):

L= %Il(c,b + Qsina)? + %AQQ cos? asin® ¢ + %Ig(lb + Qcosacos ¢)?.

UccrnenoBars ABWKCHHE YAOOHO, HCIHOJB3YS HHTCIPAbl JBEKCHHSA Py U
E :pww ergo(fb — L:
py = I3(¢ + Qcosacos @),

E = %Il(gbz — O%sin?a) %IlSZQ cos? asin? o+

—|—%Ig(¢2 — 07 cos” acos” ).

Hckmrouns 1, HAXOOUM

E = %Ilgbz + Usgpap(p) + const,

i (=
Uspr(0) = —pySlcosacosp + %Il 02 cos® a cos” .
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OrpanmauMes ciydaem ¢ 3> €. Torna py ~ Iz1),
Uspp(0) = —pyp€lcosa cos .

Dyuxrma Usgg (@) mMeeT MEEAMYM 1pH @ = 0 (T. €. B HANPABICHUN HA CEBEP).
Ocb rEpoOKOMIIaca KoNeOIeTes: OKOIO 3TOr0 Hanpasienus. JIas MaIbIX KoneOaHHil

Uspar(p) = %Igzbﬂ cos v - p? + const

" [13 0
W YacTota KoneOaHHUii ocu paBHA I—Sﬂw cos . Hampumep, ans rupockona,
1

aedarouero okoyio 10 Teicsd 000poTOB B MUHYTY, MEPHOJ KoJieOdaHui pudim-
I3
I
KaxnM 06pazoM MOKHO YUECTh MOMEHT HHEPIHH PaMKH?

3UTEILHO MOJMHHYTBL (A1 == cos v ~ 1).

9.13. Vno0HO MCOONB30BATH TIOBIMKHYIO CHCTEMY KOOPJMHAT C OCBIO I,
POXO/IIIICH YePEe3 TOUKY KaCaHHs JIFCKA C MOBEPXHOCTHIO CTOJA.
B aToi cucreme
d'M
dt
rae M — MOMEHT HMITYJIhCa BOTYKA OTHOCHTENFHO HeloABIKHOH Toukn O, K —
MOMEHT JISHCTBYROIIMX Ha Hero cui (cp. [1], § 36). IIpoexknus (1) Ha och =

+ [, M] = K, (1)

M, — oM, = K,.

OueBunno, M, = 0, K, = 0, Tak uto M, = const.
[lycte [1 = 1o # I3 — TnaBHBIC MOMEHTHI HHEPITHE BOJIKA OTHOCHTEIHHO
touku (). B HayanunIii MOMEHT

M =013, M, =13cos0.

Korna nmpockanb3slBaHue TPEKPATUTCSA, OChb & CTAHCT MTHOBEHHOM OCBIO Bpare-
Hus, T. €. YIJIOBasi CKOPOCTh BOJUKA w OVIeT HAMPABIeHA BIOML OCH &, a M, =
= Jzwcos? @ + Iwsin? 8. Takum o0pazom,

QI3 cost
W= .
Iscos? 0+ I sin? 6

OrMeTuM, 91O MOCIE MPEKpaineHus MPOCKaNb3bIBaHus ¢ = —w tg .
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9.14. Ilyctb @ = b # ¢ — mosyocu smanconaa, B, ©, & — chepuueckre
KOOPJMHATHI TIEHTPa WHEPITHHA NIIHIICORA, &, ¢, 1) — SHIePOBHI YT, MPHYESM
OCh T3 ABIKYLICHCS CHCTEMBl HalpasieHa BIOJL noyiyocu c. Kunernmueckas
sueprus Tena (cm. [1], § 35)

T = %(R2 + R?0?% + R2d?sin® ©)+
(1)

—~y

L (c,o2 sin @ + 92) + L

[ _3 b .YQ
+ 5 2((,000894—?,”,

tne [y — I, = %(az + cg) uls = 2?711&2 — MOMECHTBI MHEPIIMH JJUTUIICOnIa
OTHOCHTEIBHO OCEH T1, T, T3.
[Ipeanoxxennasi MOTEHIIMANBHAS IHEPTUS B3aUMOJCHCTBUS ITUMIICOUIA C

KYJIOHOBCKHMM LICHTPOM MOXET ObITh HpeobpazoBaHa K BHY

7’}/?7’&]\/[ B ")/]\/[D ' 3005206* 1

U — R 4 R3 9 (2)

e D = 2(I; — I3), a a — yron mexkny pagnycom-BektopoM R 1 ockio 3.
E/VHUYHBIN BEKTOD €, 31a01INK HAIPABICHUE OCH, IMEET KOMIIOHEHTHI
€;, = (sinfsin @, — sinf cos ¢, cosf). Orciona

Re,
R

3

— cos 6 cos © 4+ sin# sin O sin(p — ®). (3)

N3 (1), (2) u (3) monydaercs OkOHUATENBHOE BhIpakeHue Jutsi pyuxumm Jarpan-
wka L =T —-U.

9.15. Paccmorpum BHawaie Biawsianue Toibko Connma. Hadano cucremsl
koopauaat coBmectrM ¢ ComHuem, och X3 (cM. 0003Ha4YECHHs OpPEAbIAYIICH
3a/1a4K) HAIPAaBUM MEPICHUKYIAPHO K IIOCKOCTH OpOUTHI 3eMIIH, OCh T3 — HA
ceBep.

MoXKHO 0WAaTh, YTO YINOBas CKOPOCTh MPEHECCHH 3€MHOH OCH (p mana
IO CPaBHEHHWIO CO CKOPOCTIMH CYTOYHOTO w ¥ ropuaHOro O BparmeHms e
[osrtomy B Qpyukiue Jlarpamka COXpaHUM JIHIIE WICHBI IEPBOTO MOPSAKA TI0 (D,
Kpome Toro, monoxuMm mocTosHHBIME Ben4uHel B, © = 7/2 1 P, npu4eM
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¥ yepemunuM cos” o 3a Tox: {cos® ) = (1/2)sin? 4. Tlocne sToro

3yMm(a? — c2)

Y sin” 8.

L %Iléﬂ T %I?,(a}z + 24 cosf)

W3 coxpancHns py, — I5(4+¢ cos @) up, = I3 cos 6 cnenyer, uro ¢ u 6 — 23°

COXPAHSIOTCS (C TOYHOCTBIO 10 BETHIHH MOPSAKA ). YPABHCHNUS IBIKCHHS 110

yriIy 6

3yMm(a? — c?)
10R?

116+ I sin 6 + sinf cosf) = 0

¢ YYE€TOM TOT0, YTO 0 ~ 62 ~ @2, JTaeT
3’}/]\/[ aQ — (32
AR3y @

a® —c* 2(a —¢)
Ioacrasisig coornomenue (1) u — N 7 » LHOJly4uM
a

B = cos 0.

O A —% = = cosf ~ —16" B rox.

CkopocTb mpereccud, BhI3biBacMoi JIyHOM, monydaercs u3 (2) 3aMeHOM
maccel Conmura M wa maccy JIywsl U R — paccrosnudem ot 3emiu A0 JIVHBL 1
oxasbisaercd pasuoki —31” B rox. IMonmas ckopocts = —48" B ron. Hadmio-
naeMas BEJIHYHHA Oser. = —H0, 2”7 B Toa (em. [24], mt. 2).

Taxum 0Opazom, 3eMHAS OCh BpaacTesi BOKPYT OCH X3 € EPHOAOM OKOJIO
26 TBICAY JIET B HAMPABICHHH, MPOTHROMOIOKHOM BPAICHHIO 3¢MITH BOKPYT
Coumna (Tak Ha3zbIBaeMOe IIpeBapeHue PaBHOICHCTBII).

9.16. ]\/fl + (l — L)A/IQJ\J:S = Ky,
Ir 13
- 1 ]- Y
Nyt (5 ) MsMy — Ko,
13 Il
y 1 1 ; R—
Mg+ (£ 5 ) MiMs — K,
Il I2
npu I = I

M, = Beos(wt + @), DMy = Bsin(wt+¢), Mz = const,

W = (Ii — Ii)]\/fg (cM. [1], § 36, a Taoke cp. ¢ 3azaueii 10.20).
3 1
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9.17. PaccMOTpuM ABIDKEHHE BOKPYT OCH, OMH3KOH K OCH HHEPIHH 1.

N3 ypasrenmn Jiinepa (cMm. [1], popmyna (36.5))

: Is T

Ql + 3—1Q2Q3 =0

I

nojgydaem {23 = const ¢ TOYHOCTBIO JI0 WICHOB, MPOHOPIHOHAIBHBIX
(a3/C01 < 1. [Ipa Apyrux ypaBHCHUS MPH ITOM YCIOBHH CTAHOBSTCS JTHHCH-
HBIMH OTHOCHTENBHO (1o 1 (13. [Ipenmonaras

¢
Qo3 ox e, (1)
MOTyYaeM AT § YPaBHEHHE

(It — I;)(I, — I)
§? = 2 P 02, (2)

Ipu 1o < 1 < I3 wmm I3 < [y < Iy ypaBHeHue (2) UMeeT NEHCTBH-
TEJIbHBIC KOPHH, 4TO, coracHo (1), cOOTBETCTBYET HEYCTOHUMBOCTH BPAIICHUS
OTHOCHTEIILHO OCH Z1.

Ecmn ke MOMEHT HHEepLHH {1 ABIAeTCA HAHOOBITHAM HIIH HANMCHBIIINM, TO
ypaBHEHHE (2) UIMEET MHUMBIC KOPHH, T. €. H3McHEHHUE (o U {13 UMeeT Xapaxkrep
OCIWUIAIANA U BPalICHUE BOKPYI OCH &1 YCTOWYHBO.

9.18. JIBwkeHWe mapa OmnpeeaaeTcs YPaBHEHHIMHA

mv = mg + f, (1)

ITw = [af], (2)

v + [wa] =0, (3)

e m — macca mapa, I = 2ma? — ero MOMENT HHEPIUH, 4 — PAANyC IIapa,

5)
HpOBeHeHHBIﬁ B TOYKY €I'0 KacaHud C LHHJIHHIPOM, r — cuia, MMPHIOKCHHAA K

mapy B 3TOH TOUKE (CyMMa CHUJI PEaKIHH U TPEHHSA), V — CKOPOCTb U W — YIIOBasI
CKOpOCTB mIapa.

V106HO BOCIIONIB30BATHCS [TUITHMHAPHYECKHMH KOOP/IMHATAMHE C OCBIO Z, Ha-
LIpaBJICHHON 110 ocu nuwinHApa. IIpyn 310M HEOOXOAMMO YUHTBLIBATL, YTO MPOCK-
IS CKOPOCTH M3MEHEeHU JII000T0 BEKTOpa A Ha MMOJBIXHBIE OCH ONpeeieTcs
dbopmynamu

(A)p = Ay + [PA], = Ay + PA,,

(A), = A, 1 [pA], = A, — ¢4, (4)
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(r =b—a, ¢, 2 — KOOPAHHATEI IEHTPA WIapa, = v, /7). 13 ypaBHeHwHii

[IOJIyYaeM

W3 ypasuennii

CIICAYET

OTKya

z

miy, = fo, lw,=af,, v,+aw,=70

v, = const, w, = const, f,=0.

mv, = —mg + [, Uz_awap:()a

I, + ¢w,) = —afs, I — guy) =0

(I +ma?)o, + I¢tw, =0,

I . 2 Vyp
o, 0= [T [T
i o, 0=yl = 25

dyr n \/gC’ sin(2¢ + «),

2av,

= 20 — aQ sin(Qt + «).

Q

Taxum oOpasom, map coBepoiaeT rapMOHHIECKHE Kolnebanus Mo BLICOTE, H B TAKT
ITHM KONeOaHusIM UBMEHSIETCS pagdaibHas KOMIOHEHTA YITIOROM CKOPOCTH.

9.19.

a) B xadectBe 0000IMEHHBIX KOOPJMHAT BBIOMpAeM KOOPJHHATHI
X, Y nenrpa u siinepossl yoibl @, €, 1 ([1], §35). Ocs Z Beprrkaibha, MO-
IBIDKHASL OCh T3 HAIpaBJicHA II0 OCH AWcKA. JIMHuA mepecevyeHusd INIOCKOCTH
JUCKA C IITOCKOCTbIO X Y (MUHHUSA Y31OB) COCTABASACT Yyrod ¢ ¢ ochio X . DyHK-
us Jlarpanxka

I = %(X2 + Y2 + %602 cos® 0) + l]1(92 + @2 sin? g)+

2

+%Ig(gb cosf + 10)2 — mgasiné,

rne Iy = 1o u Is — MOMEHTBI HHEPIUU AMCKA OTHOCHTEIBHO OCCH 1, X2, T3,
4 — pajmyc, m — mMacca jgucka (BBICOTA IEHTPA AUCKA HAJ TUNIOCKOCTBIO £ —

= asind).
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HurterpanaMu IBIKEHHS SBIAIOTCA 000OIEHHBIE HMITYIHCHI

mXpr, m}}:pY7
Iigsin® 6 + Iz cosf (¢ cosl + ) = p, = Mz, (1)
Is(pcosd + 1) = py = M3

u 3Heprus. B cucteme koopaHHAT, ABWKYIICHCS € MOCTOSHHOM CKOPOCTBIO
(X, Y, 0), meHrp jucka IBIKETCS TOIBKO B BEPTHKAILHOM Hanpasienunir. 13 (1)
HAX0JTAM

. My — M;cos8

5 ]\/[3 7]\42*]\/./[3(3089
I sin? 6

, = cos 0, 2
4 I3 I sin? 6 2)

1, TIO/JICTABIIAA B MHTETPAJI DHCPIHH, MOIYIaeM

M3 N (Mz — M3 cos8)?

F =
213 21, sin” 6

(It + ma® cos” 6)6 +

+ mgasing. (3)

b | —

Orcrona 4uepe3 KBapaTyphl OMpeAcIAeTCs 3aBHCUMOCTE H(t), a 3aTeM C TIOMO-
uieio (2) 3aBucuMocTh (1), 1 (1).

Yron HakJIOHA AKHCKAa COBEPIIAeT KONeOaHHUs, U B TaKT C HUMH H3MEHSIIOTCS
CKOPOCTH PELECCUN Y W BPALLICHWA BOKPYI OCH w Ypasuenws (2), (3) noao0Hb1
YpaBHEHUAM ABIKEHUSA TSDKEJIOT0 CHMMETPHUECKOro BOJYKA (CM., HaLpHMep,
ypasHenus (4)—(7) w3 [1], § 35, 3aa4a 1).

Kauenwe nmcka ycroitumso npu Y3 > mgal, /I3, Bepuenme — mpm
Q2 > mga/l.

0) B oTcyTcTBHE MpPOCKanb3bIBAHHS HA JUCK, KPOME CHI THKECTH ME |
peakuyu onopsl R, neiicteyer eme cuna rpenus f.

YpaBueHue

M — [aR] = [af]

yI0OHO 3allicarh B HPOEKIAX Ha OCH Z, T3 U £ (0Ch £ — NMHHHA y3710B)':

Mz = foacos®, Msz= fea, (4)
doL oL :
W oj 08 feasing. (5)

IB orcyrcrnre bl TpeHHs 5TH ypaBHEHHS TpencTanisioT coboii ypapmenws Jarpamka mms
yonos Diinepa.
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31eck a — BEKTOp, IPOBEISHHBIH U3 IIEHTPa AHCKA B TOUKY €0 CONPUKOCHOBEHHA
C TUIOCKOCTBIO.
3alumeM ypaBHCHUE

mV =f+ R+ mg

B IPOEKLMAX HA OCU £ U 7], IJIE OCh 1) TOPH30HTAIBHA U NEPIEHAMKYIISIPHA OCH £
(cm. dhopmyny (4) npeaslymmei 3agaqm):

fe =m(V)e = m(Ve + Vi),
fn= m(V)n - m(Vn — PVe).

VYenosue KadeHus 0e3 npockans3biBanmst V + [2a] = 0 IPUBOANT K paBEHCTBAM

(6)

Ve = —a(y + ¢eosh), V= ab. (7)

[oncrasis (1), (6), (7) B (4), (5), HoayunM cuCTEMY VPABHCHHI OTHOCHTCIIb-
HO YIIOB Jiinepa. J[BmwkeHHe 0Oe3 MPOCKANB3BIBAHMSA M 0€3 OTPBIBA JUCKA OT
TUTOCKOCTH BO3MOYKHO, €CITH

fl<pumg+2), g+Z=0

(¢t — x0IPPUIHEHT TPeHUSA). ) _
Ionaras 8 = 0, monyuaem ¢ = v = (), upudem 8, ) U ?) CBSI3aHLI COOTHO-
TIICHHEM

Ip(peosf 4 ) sinf — I1p? sinf cos § 4+ mga cosf = 0 (8)

(3nech U nanee Ii,s =113+ ma?). LleHTp aMCKa, ABUrasich ¢ MOCTOSHHOH IO

BemUnHe CKOpocThio V = alQs| = aly) 4 ¢ cosh|, OmacHBaeT OKPYRHOCTD
paauyca R = V/||. YenoBus (8) MOXKHO MpencTaBATh TAKXKE B BHIC

ILRV? = |I1aV? cosd + mga®R* ctg 8]

B wactHOCTH, €CIIM Macca AUCKa cocpenoTodeHa B ero ueurpe ([; = I3 = 0), 1o
IIOJIyYacM dJIeMeHTapHOoe cooTHowenue: V2 = gR| ctg ).

I'mpockonmdeckre 3((eKTH, BOZHUKAOMFE NPH OTIMYHBIX OT Hyas [ 3,
MOTYT OKa3aThCs BeChMa 3HAYMTEILHBIMH, Hanpumep, /Ut 0JIHOPOAHOTO JHUCKA

(2 = I3 = %ma,g) B ciyuae IR > a monmy4aem %Vz = gR ctg0|; nns obpyua

(2I; = I3 = ma?) B Tom xe cnywae 2V2 — gR| ctg 4|,
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ITpyu KaueHnH QKUCKA B BEPTHKAJILHOM MOJIOKEHIH
Q:g, © =0, 9 = Q3= const. (9)

Jna uccueioBanust yCTOMIHBOCTH TAKOTO JIBHKCHUS TOJIOKHM B YpaBHEeHUsIX (1),

(4)-(7)
41 COXpaHPIM TOJIBKO YJICHBI HepBOFO HOp}I,Z[Ka MAJIOCTH. HOJquaeM

Mz =1 + I38233 = const, {13 = const,

113 + 15923 — mgaf3 = 0, 1)
OTKyaa
I3+ (Ii—féﬂg — mga)ﬁ = %]\/fzﬂg.
Ecmn
0 > I}ZZG, (11)

TO MPW OTKJIOHCHWH YA § OT 7 /2 BO3HUKAIOT Malblec KoncOanust 5 U ¢

IO M
8= B + o cos(wt + 6),

Ilw2
_ mgaMz 13035
= — sin(wt + 4),
¢ 177 T, ( )

1315 02 _ Mga
L

Hampasnenne nsmKeHus AucCKa TAKKe HCIBITHLIBACT Majble KoneOaHus,
IpHYEM JUCK JIBIDKETCS HE BOIM3M MPsIMOIl, a BONM3H OKPYKHOCTH pajHyca
afd31w? fmgaMz.

Takum 00OpazoM, HATUUKE MAJIOTO OTKJIOHCHHS HAYAJILHBLIX YCIIOBHH OT (9)
MOKET IIPUBECTH TMOO0 K MaJIbIM KOJEOaHUAM BOIIU3H «PaBHOBECHOTO» JIBUKEHIS
no npamoit (ecmm M, = 0, 39 # 0) mub0o K HOBOMY «PaBHOBECHOMY) JIBHIKCHHIO
(ectmr M. #£ 0, Go = 0).

Ecmu nepaBenctBo (11) He BLIMONHEHO, TO ABHKEHHUE HEYCTOUHBO.,

e w2 =
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MoxHo cKka3arh, 4TO JBIDKEHHE MNPOHCXOANT ¢ ¢ = const, ecnu B «mpo-
CTpaHCTBE» 6, ), zp TOUKA JISKUT HA MOBEPXHOCTH, ONPEIEIAeMON YpaBHEHH-
em (8). Herpynno ybenurbes, 4to 1pu yeiosud (11) aBmxenne yCrod4uBo or-
HOCHTEIIBHO BO3MYIICHUMN, BBIBOASITAX TOUKY (€, &, w) ¢ MOBEPXHOCTH (8) W
0e3pa3InIHO OTHOCHTEIHHO e¢ TepeMeIeHNI TT0 3TOM NOBEPXHOCTH. AHATOTHY-
HO OOCTOMT JENO M C YCTOHIUBOCTHIO JBMIKCHMS NUCKA HA IMAAKOH MIOCKOCTH
(HyKHO TONBKO 3aMeHUTh [7 5 1 Iy 3).

Bepuenne nampcka BOKPYI BEPTHKAIBHOIO JHAMETPA VCTOMYHMBO, €CIIH
>, > mga/I;.

B) OTCYTCTBUE BpaIICHUs BOKPYT BEPTUKATIBHOM OCH (BEpUCHHSA) IPUBOIUT
K YCIORHIO

Qz = ¢ +1cosh = 0. (12)

Ha nmck B 3TOM ciyyae ACHCTBYET 00aBOYHBIH «MOMEHT TPEHHS BepueHHA» N,
HAMpPaBIEHHBIN BEPTHKANIBHO, H BMECTO (4) momydaeM

Mz = feacosf +~ N, Mz = fea + Ncosé. (13)

Huterpuposanre ypaBHEHHH ABIKECHIS OTHOCHTEIBHO JIETKO CBOANUTCS K KBaJ-
parypaM (B OTJIHYHE OT YpaBHECHUM TIyHKTa 0)).
JBWKEHUE € MOCTOSHHBIM YIIOM HAKIOHA BO3MOXKHO, €CIIH, KPOME YCIIO-
BHA (8), BEIONTHSAETCS B yenoBre (12), T.e. o u w onpeaensroTcs yrmom 6. B atom
cllydae
mga® sin 0
I, — I ctg? 0

R=alsinftgd|, V*—

KaueHne ncka B BEPTHKATHLHOM [ONOKEHAN yeTolumBo mpw 22 > mga/ 5.

r) [1pn HamHHIHH MaJTOTO HAKITOHA IITOCKOCTH K PpyHkipH Jlarpanka ciexyer
nodasuthk wien L = —mgaX (ochr X nampasiena BBEPX BOJb IUIOCKOCTH,
ocb Y ropuszoHTalbHA, OCh £ UepreHauKkyadapHa miockoctu). Ilonaras B (1),

(=7
b=5-0, B8<1, §~0<Qz &~ 3~ <y
1 100aBIAs BKIA O L, mosydaeM

L8+ (I — I)N% 8 — IQ 74 — mgaB — mgacsin Qzt,
I+ (Is + 2ma®)Qz 83 = —mgaacos Qzt,
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OTKy/1a

2
P = (2 + 2mfa + nfgc;, )acos Qzt, B= —2asinlzt.

[oncrasss (7) u 6, ¢ =1yt Y B
Xngcosgp—Vnsingp, Y = Vesing + Vj,cosp

W YyCpeaHss o NEpHOAY BpaCHUsA, HAX0INM

) . 2 maga
X)) =0, Y—(1+ma+ )aﬂ,
X ¥ I anaz /)

T. €. JHCK CMCITACTCH, HC TCPs BLICOTEI.

9.20. a) [lonoxkenne mapa onpeneaseTcs KOOPAUHATAMH €TO [IEHTPA MacC
X, Y, Z u yrnamu Diinepa 0, ¢, ¢ (em. [1], § 35), KoTopbIe 3a1a10T HOTOMKESHHS
IaBHBIX ocell muepnuu. OCch Z HarpasjieHa BBEPX, OChb X3 — OT IIEHTPa Macc
K FEOMETPHYECKOMY IIEHTPY mIapa, 1 KOTOporo xs = b, paguyc mapa a. Hc-
cIIeJIOBaHFE JIBIDKEHNUS MIapa MPOBOANTCS TAK Ke, KaK W B MPeAbAyINel 3aiaqe.

Ecim My # Mz, 10 Uspg(d) nmeer munumym upu 89 # 6, m v npn
sueprun £ = Usgg (6o ) MpoHCXOUT YCTOHYHBOE BPAIICHHE IAPA ¢ HOCTOSHHBIM
yroM 8 = 6y, npu 31om Z = g — bcosfy. Touka mapa, KoTopasi B JaHHBIH
MOMEHT COIPHKACAETCS € IIOCKOCTBIO, HMEET CKOPOCTL v = (b + a,zb) sin 6y,
HAITPABICHHYIO BAOJL JIMHHAK Y3JI0B.

YyTem Teneps Malnyio cuiy cyxoro Tpenus f. OHa HampasieHa B CTOPOHY,
NPOTUBOMONMKHYIO ¥, U MPUBEACT K M3MEHEHUIO yrna 6y, [lpn v 2 0

My = F fbsin#y, My = T fasin 8y, (1)
OTKyga
Mza — Msb = C = const. (2)

g 6e1cTpo Bpamaromerocs mapa M ~ Ms, Mz ~ M cos 6y, wim ¢ yaetom (2)
M(acosfy —b) = C. (3)

OTcroma BUAHO, YTO MPH YMCHBITCHHH MOMCHTA UMITYJIHCA U3-3a TPCHUA yrou 8
JOJDKEH YMEHBINATHCA, €CITH ¢ cos 6y — b > (), 1 yBeIHUHBATRCSA, CCIH @ COS Hg —
— b < 0. Ipu atom B cuy (1), (3) 8o = — fb/aC(acosby — b)>.
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LlenTp Macc MemIEHHO ABKDKETCH BJOJb OCH /£, a4 B INIOCKOCTH XY Tie-
pemeHHas cuia TpeHus fx = —fcosy, fy = — fsiny BeI3BIBaET BpareHne
LEHTpAa Macc M0 MAJIOH OKPY:KHOCTH € YIIOBOW ckopoctbio . Koneuno, na-
e Mallas CHJIa TPCHHS MPHBEACT CO BPEMCHEM K TOMY, YTO MPOCKAaIb3bIBAHHE
FCUYe3HeT M CKOPOCTH HIDKHEI TOYKH mIapa CTaHeT PaBHOH HYIIIO.

0) Mycre R, = (X + bsinfsing, Y — bsinfcosyp, a) — xoopau-
HATHL TEOMETPHYECKOTO menTpa mapa; & = (Qx, Qy, Q) = (Bcosp +
+absinfsin g, Osing — rsinf cosp, G + 1 cos §) — yrnoeas cKOpoCTb Bpa-
menns mapa 1 a = (0, 0, —a) — paamyc, IPOBeICHHBIH M3 T€OMETPHIECKOTO
HEHTPa Iapa B TOUKY KacaHus. Torna yciioBue KaueHus mapa 0e3 MpocKaib3bl-
panns Ry + [Qa] = 0 upencrasisier cob0ii HErOIOHOMHYIO CBSI3b!

X — 0(a — beos @) sing — (ar) + bp) sin b cos @,

. : ) 4
Y = —0(a — bcosB)cosp — (ay) + b) sinfsin . @)

VYpaBHCHUS JBHKCHUS

mX = A, mY = \g, ()
My = (A cos g + Aasinp)bsin b, (6)
Ms = (A1 cos¢ + Ao sing)asin, (7)
dOL OL _ , \ _
Fos 06 (=A1sinp + Az cosp)(a — beos) (8)

COZEPKAT B MPABBIX YACTIX CHJBI TPEHHA W MOMEHTBI 3THUX CHJI. MHOXHUTENIH
Jlarpamxka A, Ao ¢ MOMOTMIBIO YCIOBUH CBsi3H (4) MOTYT OBITH BHIPAKEHBI UEPE3
yruel Dinepa. Tak, NPOCKIMU CHJIbl TPCHHS HA JUHUIO Y37I0B f)| U HA MEPICH-
TUKYSIPHOE HANpaBIIeHUE f| pPABHBI

fi = méb(a — beosh) — m%[(aw + b)) sin b, (9)
fo= —m%[é(a—bcos@)] — mip(ar) + bp) sin . (10)

3amernm, uto (6), (7) cosnmaayr ¢ (1), eciin B ypaBHeHusax (1) 3amennts cruly
cyxoro Tpenms F f Ha cuiny Tpenua nokos f) (9). Kax v paneme, M. a — M3b =
= (' sBIACTCS HHTETPAJIOM JBIOKeHH (2).

9.21. Ilpu pemeHUM 3ama4¥ HEOOXOAMMO Y4ECTH, YTO BBICOTA TENa Haj
3eMyel h mMana 1mo CpaBHEHHIO ¢ pajanycoM 3emnu R B neHTpoOeKHOE yCKope-
ure R$)? (€ — yrmosas ckopocTh 3eMIIH) Majo MO CPABHEHMIO € YCKOPEHHEM
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CBOOOIHOTO TIAJIeHNA HA MMOBEPXHOCTH 3eMiin ¢g. TakuMm oOpa3oM, B 3aja4e ecThb
JTRA MAJTBIX TIapaMeTpa:

g1 = h/R < ey = RO? /g ~ 0,01,
B ypasHeHuHM jiBKeHUA (v — IpaBuTalioHHas nocrosuaas, M — macca 3emin)

R+r

¥ = —~M
R tP

+2[vQ2] + QR +r, Q (1)

Pa3IoKKM IepBoe claraeMoe B psja o Majomy mapamerpy r/R < £7:

P =g+2[vQ] + g1+ [2r]], r0)=h, v(0)=0, (2)
g = _fyM% +IQRQ], g1 = %(SR% - %) [1+0(e1)].

Kopronucoso ycxopenue 2[vE2| ~ gtf) ~ \/e1€2¢g U g1 ~ £1¢ UMEIOT NEPBBIH
Hopsytok Manocty, a [Q[r]] ~ e1629 — BTOPOIi.

Beptukans h antnnapannensHa BEKTOPY € W COCTABIACT MalbIil YIOM v —
= g£98in Acos A ¢ HampaBieHuneM BekTopa R. (3mecs A — cemepHas mmpoTa
(reonieHTpUYeCKas) — YroJl MExXAy ILIOCKOCTBIO 3kBaTopa u BekropoM R). Bei-
Oupaem och z [0 BEPTHKAJIN BBEPX, OCh & — 10 MEPHJHAHY K 0Ty, OCh Y — IO
TITUPOTE K BOCTOKY, TOTA

g=1(0,0, —g), R=R(sinq, 0, cosa), @ = Q(— cos(ax+ A}, 0, sin{ex + \))

B HyneBoM OpUONMKEHHH Y4CTHIA ABUXKETCS C YCKOPEHHUEM —¢ BJIOJH OCH 2.
B mepBoM NpUOMMKEHWH KOPHOIHCOBO YCKOPEHHE MPHBOIUT JIUIIL K OTKIOHE-
HHIO Ha BOCTOK, IIPUYEM BEJIMYMHA CMELICHUS i ~ \/£1E2 gt2 ~ €12 h. Ycko-
peHHe g, UMeeT BjI0JIb 2 COCTABIMIONINE ~ £1(, 4 BAOIL T H Y — JIAIIH BTOPOTO
nopsigka, Mo3TOMY B MEPBOM MPUOMMKEHUH BIMSHHUE ; MPHUBEACT JUIIH K YBE-
TMYEHHIO BPEMEHH MMaIeHHS C BBICOTHI i HAa BENMUHHY ~ €14/ 2h /g. OTKIOHEHHE
K 10Ty, TAKAM 00pPa3oM, BO3HHKACT JIMIIL BO BTOPOM MOPSJIKE. 3alyieM ypas-
HeHre (2) B MpoeKuiX Ha BRIOpAHHBIE OCH, YieP:KUBas I KOMIOHEHT 2, ¥, &
claracMbIc HYIEBOTO, TIEPBOTO U BTOPOTO MOPSAKOB MATIOCTH COOTBETCTBECHHO:

P= g, y— 220cosA,
#=200sin\ + g(3zsina — z)/R + Q?zsin Acos .
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Pemas mMetomoM mocneaoBaTeNbHIBIX TPUOMIDKSHIH, HalaeM

z=h-— % 2, y= %gt?’ﬂcos A,z = 2ht*Q% sin A cos \.

[oactasnss spems nagenus { = /2h/ g, HaiineM OTKIOHEHUS K BOCTOKY W FOTY
Yy = %V 8c162 hcos A, T = 2189k 8in 2,

9.22. Bocnonbzyemcsa CUCTEMOM OTCYETa, BPAIAKOILCHCA BMECTE € COCY-
JIOM; OCh T HaIllPaBUM BI0JH A3, HAUam0 KOOPAWHAT TIOMECTHM B HEMOIBIKHOM
TouKke — mepeceucHun oced AB u C'D. VinoBas ckopocts cucrembr {2 = w +
+wo = (w2, w1 cOSwat, —wq sin wgt). Ha xaxay 10 9acTHIY *KHIKOCTH MACCHI 1M
B DTOH CHCTEME OTCUYETa HAPAAY C CHJIOH TSDKECTH g JACHUCTBYIOT CHIIBI MHEP-

5 m[Qr]?
wuu (em. [1], § 39): cuna Kopuomnuca 2m | vE2], nentpodesxmas cuna r 2 E
CHJIa m[rQ], rne £ CKOPOCTH H3MEHEHHA BeKTopa {2 B HETIOIBIKHON CHCTEMe
oTcYeTa.

[Ipu 3arBepaeBaHUN CMOJIBI CKOPOCTH YaCTHI] (OTHOCHTEILHO COoCy/ia) 00pa-
maTes B Hyllb ¥ cuita Kopuoinca ucuesaet. OcTanbHbie TPH CJIAIAEMBbIC HYXKHO

YCPEHUTE [0 TIEPHOIAM BPAIIEHES:
(mg) = —mg({coswit), {sinwitsinwst), {sinwit coswsat)) = 0,
ECITH W1 # W2,
(m[rQ)) = m[r(Q)], () = (wiws]) = [(wi)ws] =0.

Haxonerr,

rne
U = ([Qr]*) = (Q*r? — (Qr)?) =

= (W} +w3)r? — ((zwe + ywq coswat — zw sinwat)?) = ()
2,2 wi 2N/ 2 | 2
= wiz” + (7 +w2)(y + 27).

[MoBEePXHOCTE KHJIKOCTH PACTIONOKKATCS 110 JimHEK ypoBHs U (r) = const. Cmona
3aTBepieeT B (POpPME ATIUICONA BPATIEHHUS.

Y10 M3MEHHUTCS B 3TOM PE3YARTATE NPH Wi = Wa?

Ilpu g = 0 w we — 0 u3 (1) mony4aeTcs, OUEBUAHO, HENPABHIHLHOE pEIIIe-
nue. [louemy?
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9.23. m / dr
t=,/% ,
2 JE+MQ— Uy
Q) dr

]\/[
V / \/E—F]\/[Q Urj(b(b

e [ — sHeprusa, M — MOMEHT UMIIYJIbCA BO BPAIAIOMICHCS CHCTEME OTCUETA,
2
Uspp = Ulr) + M ;- Hanommum, uto B = Ey — MQ, M = My, tne Ey n

2mr
My — 3Heprus ¥ MOMEHT UMITYIbCa B MHEPIHAIBHON CHCTEME.

Murtepecto, 410 neHTpodeKHas MoTeHnuanbhas sneprus —mQ%r? /2 ne
BXOAUT B Uy

9.24. B cucrteMe KOOpJWHAT, CBA3aHHON ¢ pamkol, (pyuxnusa Jlarpamka
JTAHHOM 3aJ1a9¥ COBIIA/TAET ¢ PACCMOTPEHHOH B 3a1a4e 6.36 (mpw z = 0 u ¢ mapa-

METPAMH W, = —280, W] o = =2 (kl 5 + fll ) — 2. pr w? , > 0 aBwKenHE
YACTHULHI COBIANAET C ;[BH)KeHHeM AHU3O0TPOITHOTO OCLILIATOPA B MATHUTHOM
none S = —2mcfl/e. Tpaekropust YaCTHIBI LI CIyYas Wi = wo H300paKe-
na Ha puc. 97 k 3anaue 2.32. B 4vacroocTH, ecim wi; = we = (), JBWKCHHE
TACTHUITHI COBIIAIACT C ABMKCHIEM CBOOOHON TACTHILI B MATHUTHOM IOJIC T =
= T + A COSW 4t, Y = Yo — A SINW 4ot, T. €. TACTHIA PABHOMEPHO JIBIKETCH 11O
OKPYKHOCTH Pajinyca @ ¢ NEHTPOM B TOUKe (Zg, o). Murepecno pazobparbes,
KaKoMYV JIBHOKCHUIO YACTHI[ B HCMOABIIKHON CHCTCME KOOPAHHAT COOTBETCTBYCT
IO CJICTHAN CITydai, B YACTHOCTH NpH a = () un| npH xg = 4o = 0.

Ecnm neaTpodexHas cria IPEBBICHT CHITH BO3BPAIAIOIINE, JCHCTRYIONTHE
CO CTOPOHBI 0OCHX NPYKUHOK, w%,g < (), To "acTHIla HO-MPEKHEMY COBEPIIACT
MaJible KojaeOaHusa. XOTd MOTEHIHAIbHAS YHEPrusd uMeeT npu & = y = () Mak-
CUMYM, YCTOMYHBOCTH ITOTO TIOJIONKCHHS PAaBHOBCCHUS OOCCIICUMBACTCH CHIIOH
Kopuomnuca.

Ecnu ke w? B w3 UMEIOT pasHble 3HakW (T.e. T = y — 0 — cepnoBad Touka
IUTSI TIOTEHI[HATBHOM SHEPTHH), TO 3TO MONOKEHNWE PABHOBECHSI HEYCTOHUNBO.

HuTtepecHo coloCTaBUTH 3TH PE3YIILTAThl ¢ OTBETOM 3ajiadn 5.4. B cucreme
OTCUETA, BPALAIONICHCS € YIIOBOI CKOPOCTBIO {2, TOUKA 1y, (0o JICKHUT HA TPCOHE
«IIOTEHIMAJILHOTO [UPKA»; MOTEeHIHabHas sHeprua (J = — % — —m%gr2 1Me-
eT MAKCHMYM OTHOCHTCIBHO CMENICHUS B HAMPARICHUN pamrlyca—BeKTopa U HC
M3MCHSAETCS TIPH CMEMICHUH B Q3UMYTAIIbHOM HaIpaBJcHuH. B 3ToM ciayuae on-
HO W3 HOPMANTBHBIX KONeOannil MPOUCXOANT C YACTOTOH w, JaCTOTa Ke APYTOTO
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obparaeTcs B HyJb: TOJI0KEeHHe PAaBHOBEeCHA 0e3pas3iIHuHO OTHOCHTEIHHO HEeKo-
TOPBIX BO3MYIIIEHHI (HanpuMep, H3MEHEHHUS ).

9.25. ®yuknusa Jlarpamka

L= %(V + [wr])® + mgr —

::%Ui—ww”+@+w@2+?‘gﬁg+jgﬂ'

JI1s1 MaTeIX KojieGaHuii MOKHO OMYCTHTh 2, TOT/la YPaBHEHUS JBIKEHUS
j—m@+(%—wﬂx:a
g+mm+(%—wﬂy=0

Nmewm pemenne B BUAE
= Aeiﬂt’ y = BC@'Qt

g €02 monydaeM ypaBHEHHe

Q* — (%+%+2w2)ﬂ2+ (%wz)(%wg) = 0.

Jlerko yOennThCs, YTO KOPHU €r0 AeMCTBHUTENBHBI. OIHAKO OpH

(@ ) (5 ) <o

OJIMH U3 KOPHEH Q% < (), TaK 4TO COOTBETCTBYIONICE JIBHKCHUEC

_ Qqt — |1t
I—Ale‘ 1] +A26 | 1|,

y = Brel®lt | Boeult

NPUBOJIAT K YXOJY YACTHITEI OT HAYAJIa KOOPJIMHAT. DTO W O3HAYAET, YTO HIK-
HEE [MOJOKEHHME YACTHII HEYCTOIUNBO. CunTas Al ONPEaCNEHHOCTH a > b,
noJIy4acM 00nacTh HEYCTOMYUBOCTU

g

2 g
a<u.) <E
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O6paTiM BHAMaHHE HA TO, 9TO NpH w’ > ¢/b JBHKeHWE YCTONYMBO, XOTA

TOTeHITHATHHAS SHEPTHA BO BPAIAIONICHCS CHCTEME OTCUeTa

o= g (- )

MPEACTABIIET HE MOTEHIIMATBLHYIO AMY, 4 MOTEHITHAIBHBIK TOp0. YCTONYHBOCTH
B 9TOM CIIydae oOecrneunBaercs aeiictsuem cun Kopuomnuca.

9.26. a) [lorennuansuas sueprus (BKIOYasl 1MEHTPOOEKHYIO)

my“x

Ulx) = k(z —a)? — 5

Venosre U'(zg) = 0 olpeaersier HoJ0KEHAS PABHOBECHS

2ka

Tg — ————.
0 2k — m~?

HHuTepecHo, 4To Npy 4acTOTE BPAUCHUS ~, OONIbIIEH YaCTOTH COOCTBEHHBIX KO-
neGanmii YacTuImt A/ 2k /m, okasemaeres xg < 0, a mpw my? >> 2k nonoxkenne
paBHoBecus OJIM3KO K OCH BpallcHUsI.

3nak U"(zy) = 2k — m~? onpeznenser ycTOWUMBOCTL TOJOKEHUS PAaBHO-
BecHS: TIPH m~y~ < 2k paBHOBECHE yCTOIUNBO; mpu m~> > 2k — HeyCTOMIHBO.

0) OdeBuaHO, MONOKEHHE PABHOBECHS TAKOE XK€, KaK B MyHKTE a). s uc-
CIEeOBAHUSA YCTOWYHBOCTH PACCMOTPHUM MOTCHIHMANBHYK 3HEPTUK OPU MANbIX
CMEITICHUSAX K3 TOJOXKCSHUS PABHOBECHS:

L 2 L 2 _ 2
U($, Y, Z) — U(:EO& 0: 0) + 22y + 32Z + klwa
rae
ky = 2k — m~?,
 fHEEo—a) f—k(xo—a)

ko = —my? = —m~? + ka.

[+x0—a [ —xg+a

Cpasnenre ¢ 3aaaueil 9.24 npHUBOINT K 3aKITIOUSHHIO, UTO PABHOBECHE HEYCTOU-
YUBO JIMIIbL B TOM CIIVHAe, eciu k1 1 ko UMEIOT Pa3HbIC 3HAKH, B dacTHOCTH, TIPU
m~? > 2k+2f /1 paBuosecue yCTOMUHBO, B OTIHYKE OT PE3YILTATOB IYHKTA a).
Ecmum xe k1ka < 0, TO OTKIIOHCHHE YaCTHIB OT TOUKH (%o, 0, 0) HapacTtaeT co
BpeMcHEM (IT0Ka HE CTAHET CYIICCTRCHHBIM BO3ICHCTBHC CTEHOK PAMKH, KOTOPOE
MBI HE pacCMaTpPHBAEM).
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9.27. Bocnomp3yeMcs AeKapTOBBIMH KOOPAMHATAMH BO BPAMIAIONICHCA
cucreMe orcueta. Hagamo koop/MHAT HOMECTHM B IEHTP MACC, CHCTEMA Bparia-
€TCA ¢ YINIOBOH CKOPOCTBIO W BOKPYI OCH 2, @ 3BE3/bl PACIONOKEHBI HA OCH &
(puc. 152).

IIyctp paccrosiims OT 3B€34 OO0 UEHTpa Mace

y l . mz1a
1.2 = —_— Y
’ ™ mi1 + ma

paccrodane MeKy HAMH. M3 paBeHCTBa

» LAC T 2 — MACCBLL 3BC3A, 4 —

mimo mima
aw? = e

r 2
/ ) M+ m2 @

m O My X (7 — rpaBUTAIMOHHASA MOCTOAHHAN) OIY4aeM
W=y
a

[ToTeHnmanmbHas YHEPTHSA TETa MAcChl M (BKITIOUas HEHTPOOSKHYIO IHEP-
THIO)

ymmy  ymmnz  omw? o o2
U(*T:a Y, Z):_ 71 o To + ) (3: Y )7
TIC 71,2 — PAacCTOSHHUE A0 3Be3a, T = (x, ¥, z) — pagmyc-Bektop Tena. [Tomoxe-
HUE PABHOBECHS TEJIa OMPEAETACTCS YCIOBHEM daU = 0, mm
r
‘ m m mi + m mia maa
d—U:fym 1, M2 1+ Q:U—fym 101 | Toda) g
O -3 3 a3 3 3
1 2 1 2
‘ m m m1 + m
d—U—fym( 31_|_ 327 1-; 2) _0,
dy Ty T a
ou (m1 ma )
. — M| — + — |2 = 0-
o: N

Otcrona z = 0u (mpu y # 0) vy = re = a.
Taxkum 0Opa3oM, 3BE3/bl  TOUYKA PABHOBCCHS HAXOAATCA B BEPIIMHAX TIpa-
BHJIHOTO TPEYroNbHUKA. ECTh IBC TakMe TOYKH, TaK HA3bIBACMBIC TOUKH Jla-
av'3
TpamKa, To — 4] = (g — T = %, Yo = :I:T, 20 = 0.
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Bommsu Touek Jlarpamka

U(:EU + 1, Yo + Y1, 20 + Zl) =

1 2 2

2,2
o MW 2y,

3 9
= U(=g, Yo, 20) — g wy — 2maxiyr — gmw yi+
3v3
——5v(m1 —ma).
4a’
JIBU;KeHHC B HAIMpaBICHUW 2, OYEBUIHO, YCTOMYHMBO. YpABHEHUSA ABUKCHUSA
B IUIOCKOCTH ¥, Y . 3
] — A

Y1 — %wal — 201 + 2w = 0.

20Pr — 2ccyy — 2wy = 0,

loncranopka & = Ae®¥, iy = Be™ npueoguT k ypasuenmio s €2
Of — w207 4 2Lt — 402 =0,
Ero kopHH sielictBuTenbHbl IpH 6402 > 23w*, T.e. npn

(mq + m2)2 > 2Tmyimsy .

DTO YCIIOBHE BEIIIONHASTCS, €CITH Macca OIHOI 3Be3/1bI O0JIbIIe IPYroi He MeHee
yeM B 25 pas. B 310M ciy4yae ABUXKEHHE TEIl B OKPECTHOCTH TOYeK Jlarpamxka
VCTOMUHBO. YCTOMYHBOCTH ABIKCHUA oOecmeunBactcs cuiamu Kopuommca (cp.
¢ 3amaueid 9.25).
Ha ocm x ecTp eme TpH TOYKH, B KOTOPBIX 8_U
BOMM3HM HUX HEYCTOHUYHBO. or
Ans cucremsl Conaie —KOmurep B Toukax Jlarpam:xa HaOIIOOAIOTCS acre-

POHIBL.

= (), ogHAKO JBHUKEHHE

9.28. bynem paccMaTpuBaTh KONEOAHHS B CUCTEME OTCUETA, BPAIIAFOIICH-
cs BMecTe ¢ Monekynoil. dyHkims Jlarpamxa momxydaerca u3 (1) 3agauud 6.49
3aMEHOH U, Ha U, + [§2, rqp | Ug|, @ YIVIOBAsE CKOPOCTh BPAMICHUS CHCTEMBI
orcuera ) BHIOMpacTCA PABHOH YITIOBOW CKOPOCTH BPAICHHA MOJICKYJIBI B OT-
cyTcTBUE Konebanuii £2m, > frgo — M. Vcnoeue (3) 3agaqu 6.49, 3KBUBANICHTHOE

%(w + Y2 + ys) )1

MOKEM MPEACTABUTE (PYHKITUIO

TpeGOBaHUIO Y + y2 + y3 = 0, orcyrcrByer. Beas g4 =

npenebperas KpaapaTH4HbIMU 110 §2 ueHamu',

lyLleT 3THUX NOIPABOK NPUBEN OBl K 3aMeHam:

e (), e )
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JlarpaH>ka B BHAjE

5 o o2 2y Bk

L=+ 245 + 245 1 i) — 5 (@ + a3 +a3)t
+maq1ds — qadr) + 3m0(q243 — q3d2).

VpaBHEHUS JBHKCHHUS IIPUBOAAT K HOPMATBHBEIM KOIeGaHmaM

") = A cos(wit+ 1), of) = Qu%fh sin(wit + 1),

Qélg, =0, w= %,
Qéz’g) = Ag 3 cos{wa st + ©2.3), q;g,?’g) — + As g sin{ws st + wa 3),
Qﬁf’) =0, weg= %,
gtV = i—%a ¢ =0, ¢Y=ct+D.
1

BMmecro ycnosus (3) 3ajaum 6.49 nonydaem
Z{[raﬂﬂa] + QQ(PQOU—GL)} — 07

win g4 — 2{Qq; = 0, aro coorBercTByer BHIOOpY C' = (. IlocTosHHYIO 1),
OTIPE/IENAIONTYI0 Ha4alnbHBIH MMOBOPOT MOJEKYJBI OTHOCHTENLHO Bparmarorehcs
CHCTEMBI OTCUETA, TAKXKE YA00HO MOJOXKUTH PABHOH HYJIIO.

Kak BoInmamar koneGaHMS, e€CIH BO BPAIMAIOMICHCT CHCTEME OTKIOHCHHS
B Ha4YaJbHBIA MOMEHT HMECIOT BHA, W300paskeHHBIN HA pHC. 133, a HavanbHBIC
CKOPOCTH PaBHBI HYJIIO?

§ 10. Ypasaenusi 'amuiabrona. Ckooxku Ilyaccona

10.1. Ilycth € — BeKkTOp OSCKOHETHO MAJOr0 CMEeMIEHIs; IPH 3TOM

/ 4
ra_>ra:rﬂ+€a Po — Ps — Pas

H(I‘a, pa) = H(I‘;, pfa)'

oH
Orcrona » | OH _ 0. Hcmonb3ys ypaBHenHe I aMHIBTOHA, TIOIYYAEM:
a

or,,

PZPG_Z%O’ P = counst.
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IIpu 6eCKOHETHO MAIOM IOBOPOTE d¢p
r, — 1, =1, + [0pr.], P, — Py = Po + 0P,
(ra, po) = 10, 05 S { 2L 5, + gf Gopal } =0 =

@

= Z{—pa[écpra] + r[dpp,|} = —d¢p Z d%[rapah

i

M = Z[rapa} = const.

102, H- Db @e pecosOP

25 211 sin? ¢ 215"
’p2 wix? 3 -
10.3. H = + +qx”. B yacTHOCTH, 11t MaJIbIX KoJjieOanmii
2(1 + 28x) 2

(laz| < w?, |8z < 1)

w22
+ax® — Bxp? +268%2%p — ...,

2
_ P
H="5%+%

U ¢ TOYHOCTBIO 10 JIHHEHHBIX IO ¢v, [3 WwieHOB n00aBKa K (pyHKIHH 1'aMHIBTO-
HA TAPMOHHYCCKOTO OCIIM/UIITOPa CBs3aHa ¢ modaskol kK (pyHKuwH Jlarpamxa
cootHomeHneM 0 H = —J0L (cp. [1], § 40).

10.4a. x =acos(wt+¢),p = —wpasin(wt+p), tme w = (1+2XEp)wy,

Iy = %wgaQ.

10.46. p=po+Ft,z=xz9+% (\/po + I't—\/po). Jannas ¢pynkuus [a-

MHJIETOHA NPUOJIKEHHO OMHCHIBACT ,I[BI/I}KGHI/IG 3aPSHKEHHOIO BUXPEBOI'O KOJIBIA
B YKUJKOM TeJIMH IIPH HAJTMYHH OJHOPOAHOIO 3ICKTPUYECKOIO IO BAOIL OCH X
[32]. XapakTepHasg 0COOCHHOCTD TAKOTO ABHXKCHUS — UMIYJIBC BUXPS PACTET CO
BpEMEHEM, a CKOPOCTh ero JBWKeHus mamaeT & = A/(2v/pg + F't).

105 i=2 p= %g—’f p=pl.

IlpennoxenHas QpyHKOUs |'aMHIIBTOHA OMUCHIBAET PACTIPOCTPAHEHHE CBETA
B TIPO3PAYHOIL Cpelie ¢ MOKAa3aTeNeM MPEIOMIICHUAA 1 B TIPHONHKCHHH TEOMETPH-
qeckoi onTHkH (cM. [3], § 65). «HacTHieih» sBIsCTCS BOMHOBOH MMakeT, r(t) eCTh
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3aKOH MMEHHO ero JBWKEHHS; T — DTO IPYIIIOBAs CKOPOCTD, 4 BEKTOp P, ep-
HEeH/IUKYTAPHBIA K BOTHOBOMY (DPOHTY, OTIPENENSET BOITHOBOMH BEKTOP.
Tpaexropus nipu n(r) = ax

z =, ch(ci1 +02),

rae C, C'y onpenenaoTcsa HadadbHOH H KOHCUHOH TOUKAMH TPAeKTOPHUH.

m(v — a)2 )

10.6. a)L="""0 6) L=0;

MOAOOHEIE «HYACTHIIL» HEJNb3sl OMUCHIBATH ¢ MOMOIIBI (DyHKIuK JlarpaH;ka
(eM. [2], §53).

10.7. JlaHHbBIH BeKTOPHBIH MOTEHLOHAN OMNpEeACIseT MAarHUTHOE Mone ¢,
HampaBJIeHHOE MAPANIENbLHO OCH 2.
DyHkIuA |'aMunbTOHA

2 2
Py TP 1 2
H(:U; ya Z7 pﬂ!’?? p’y7 pz) = m2m Y _|_ 2m (py - %%:ﬁ)

Tak kak H He 3aBUCHT OT ¥ U Z, AMCEM p,, = const, p, = const. [Ipeacrasus H

2 2 2
Pz mw ) P e S CPy
BBUOe H = =2 4+ 2 (¢ —=x = e W = —~, rg = ——, BUAUM, 9TO

A T, P, ToNydaercs Takas e QpyHkns ['aMAnsToHa, Kak Ij1sl TapMOHHAYECKOTO
ocuwsuraropa. Ilosromy

r = acos(wt+ ¢)+xg, pr = mwasin(wt + ).
JJst onrpeneieHUs iy U 2 UCIIOJIB3YEM YPABHEHNS

U= 9H _ %(py - %yg:{:) = —wacos(wt + ), =75
Opy
OTKyZa

Yy = —a Sin(wt -+ (p) + Yo, 2= %t + zp.

YacTuma JBUKETCS 110 BUHTOBOM JINHHH € OCBIO, mapamneapHoil J£. O0o0icH-
HBEIH UMITYNBC Py, OTIPEAEIAET PACCTOSTHHE 3TOM OCH OT ITOCKOCTH ¥ 2.
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10.8. MarauTHOoe MoJie HAampaBJIeHo MO OCH Z U paBHo 2hx. [[BmkeHHe
o OCH Z paBHOMEPHOE, QTBIEKASACH OT HETO, PACCMOTPHUM JIBH)KEHUE B TUTOCKO-
ctu xy. Pynkunda ['amunsrona

2 2

Dy 1 eh 2

H=—=—4 — — ==
om | am \Pv T e

HE 3aBHCHT OT ¥ | t. [TooTOMY HHTEIpalaMHi ABHKCHHS

ABIAIOTCSA 000OMIEHHBIN UMITYIBC Py U DHEpPTHS [

: h
py — my + %3329

i 1 ho2)
b= % + Uspo(2), Uspp(x) = 2 (p'y - %$2) .
st p, < 0 rpaux U,yyg(x) m3obpaxeH Ha
puc. 153, a npuMepHbIi BHT TpacKTOpHK — Ha pUC. 154.
CrnenyeTt y4ecTb, 4TO CKOPOCTb

Puc. 153
Il en o
o m me®
BCIOLY OTPULIATENbHA U KoneOneTcs BONN3H 3HAYCHUS Py, /1.
1 y |
y U
_x1\ XX %
i hﬁ\\\) —X, X %
Puc. 154 Puc. 155
Hns p, > 0 rpaduk
2h2 PuC
Uspr (1) = w2 —22)?, mp ==&
o () chg( 0) 0 s

u300paxkeH Ha puc. 155. Cxopocrb

ch (

Y= me zg — %)
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TIPH JTIOOOM 3HaYeHUH [/ TPpUHUMAET KaK MOT0KUTEbHBIE, TAK U OTPHUIIATEITHLHEIS
3Ha4eHws. [IpuMepHEIii BUI TpaekTopHii m300paxeH Ha puc. 156, cnyqaasMm g —o
COOTBETCTBYIOT YMEHBIIAKOMNECS 3HAYCHUA JHEPIUH.

Puc. 156

ITpu Gompminx sHeprusx £ > U, = pg /2m pasmax koneOaHHI IO OCH T
BEMUK U CpeHEe 3a nepuos 3Hauenue (x?) 6ompure x2. 1103TOMY cpenHee 3Ha-

YCHHE () = ?%—hc(ajg - <$2>)

oTpuuaresbHo (cM, puc. 156, a). IIpH yMeHbIICHAN JHEPIHU {(fj) BO3PACTACT J0
Hyna (puc. 156,6), a 3areM CTAHOBHUTCS MONOKWTENbHBIM (puc. 156,6). Ilpn
sHeprun F = U, 4actiua, HMEIOmas B HAYAIbHBIM MOMEHT & > xg U & < 0,
ACHUMIITOTUYCCKU MpHONmKaeTcs K ocH y (puc. 156,2).

Haxoueu, upu E < U, yacruua aBmxercs judo B obnactu BOU3u (—xy),
mbo B odnactu BONMU3M xy (puc. 156,0).

MoxHo nokasare, 4to (y) mpu atom Oombiue Hyms. Ilpu |z — z¢| € xg
JACTHIIA JIBHKETCS 110 OKPYKHOCTH, LEHTP KOTOPOH MeAneHHo Opeiidyer BIOMb



10.9] § 10. Vpasnenus amromona. Crobxu [Iyaccona 287

ocu y. UToOB HaiiTu ckopocTh Apeiida, HeoOXomMMO TIpU BhMHCIEHHH (12)
YUUTHIBATH MEPBBIC AHTAPMOHHYECKUE TIOTIPABKH

2
T = @ + a.coswt — 24— (3 — cos 2wt),
433‘0

YTO nacT

W cl
W)= 2hxie

(cp. ¢ 3amaueii 8.14).

10.9. Bseas koopauHathl ieHTpa Mace R U OTHOCHTEILHOTO ABHXKCHUS T
(cp. ¢ 3apauamu 2.25 u 2.26), npeacrapnsieMm ¢pyHKUuio Jlarpanixka B Buae

_Mp?, e : ) € :
L= 5 R + 26[]&”1‘]R—|—L1(r, )+ 26[3’5R]r, )
M = m1 + mo,

e
) = M2 ’ 62 ; Ma—M )
Il ¥) = G+ T+ & (= TR0
(™ — mpuBeOEHHAs Macca).
ITocnenree cnmaraemoe B (1) mepenuiueM B BUAC

[ HER]E = | Hr R+ 4 ¢ #R]:.

2c dt 2c

OrGpackiBasi IOJHYIO IPOM3BOAHYO 110 BPEMEHHM, HMEEM
L= —R + = [%r]R—}—Ll(r T).

Dta QyHknus Jlarpanka He 3aBucuT sABHO oT R, moaToMy coxpaHsiercsi 0000-
TIMEHHBIA UMITYJIBC

oL

PdR

~ MR+ & [3?1'] = const . (2)

OyHkus [aMUnIBTOHA CUCTEMBI UMEET BUJ

1= (e foee) L (o goen)’
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Otcrona ¢ ydetroM (2) BHIHO, YTO YaCTHIIA MACCHl 1M, JIBUIKETCS B OJTHOPOIHOM
MATrHUTHOM TI0Jie S’ ¥ B CHJTOBOM TI0JI€ ¢ MOTEHIMATBLHON dHeprueii

2

U=-5%+5-(P- [33?1‘])2.

ol®

Ecin Hanpasuth ock z o FE, 10

2
U= —% + %mw2[($ —a)? + (y — b)?] + const,

Y i S )
C\/T1 Mo edl eF

Iocne HaxOxkACHUS r(t) 3aKOH ABHKCHHS [CHTPA MACC ONMPEACIACTCS U3 YpaB-
HeHUs (2)

R(t) = Dt _ ¢ [3&? /t r(t) dt-| I Ry
0

M ﬁc[ J

P =po+eft, =(p)—efr =<,
(r —rg)e€ = c(py + e€t) — c(py)-

10.10.

31ech rg, Po ¥ £g — HOCTOSHHBIC.

10.11.
p_e£+§[v3‘£}.l

10.12. a) e(p) = I, py = const, TI€ P, — NMPOEKIMA MMIYIbCA HA
HAIPABJICHHE MATHATHOIO 018 J€. Tpackropus B HMIVILCHOM LPOCTPAHCTBE
oIIpeJieNAeTcs JUHMEH HmepeceueHHa ABYX IOBepXHOCTeil: e(p) = E U p, =
= const.

6) W3 yparHeHus IBMKeHIA P = £ [iJ] BHHO, UTO MPOSKIUA TPACKTOPHIT
AMEKTPOHA Ha TIIOCKOCTh, MEPIEHIHKYIAPHYIO K MATHATHOMY TTOIIO J¢, TIomy-
qaeTCs W3 TPACKTOPHH B WMIY/JILCHOM MPOCTPAHCTBE MOBOPOTOM HA yroJi 7 /2

BOKPYT J ¥ H3MCHEHUECM MacIrrada B 7

Monpo6uee o nBwKenHH 2M1eKTpoHoB B MeTasute (3amaun 10.9-10.13) oM., narpumep, [18], [25],
§4.
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10.13.
g s—/dEj{ r=-93
e J |vi| vl OF’
TI€ V| — OPTOTOHAIRHAS K F€ COCTABIAIOINIAST BEKTOPA g}i
10.14. a) *Zeijkxk;l *Zeijkpk, *Zewkﬂ’ﬂ;
k k k
0) ab,

{aM, br} = {3 @iy, > by b= " aiby (M, 25} =
i j ij
= —Zaibjeijk.ﬂ?k — —[ab}r, —[ab]M
ijk
B) 0, nrr" 2, 2a (ar).
10.15. {Ai, AJ} = — ZeijkAka {Ai, A4} = 0, 34€Ch i, j, k [IpHHHUMa-
k
foT 3HaueHud 1, 2, 3 (cp. ¢ 3amaueii 10.14 a).
10.16.
{My, Ajpy = =) el — Y eamhij,
! !
{Njr, A} = 055 My + 0 My; + 050 Mg + 0 M5,

rac My, = prxi — pixk

10.17. Ilpu noBopore CHCTEMBI KaK LIEI0r0 Ha OSCKOHEUYHO MaJIbIi Yroil £
BOKPYT OCH Z U3MeHeHHe ) mo00i (PYHKITHH KOOPAUHAT U FMITYJTHCOB B IEPBOM
MOPS/IKE 110 £ PABHO

6(70 = go(a:—ey, y —|_ EZU, Z pSE—EpyJ py + Epan pZ) — (P(wa y7 Zv psr:: py7 pz) =

_ (92, O¢, D¢ 9o N _ 1

leij % — NOJHOCTBK) aHTHCHMMETPHYHBIN TEH30p,
€123 = €231 = €321 = 1, €132 = €321 = e213 = —1;

OCTallbHbIC KOMITOHCHTEIL ez-j;c PaBHLBI HYILO,
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Ecmm ¢ — ckamsp, T0 ero m3MeHeHHe IPH IOBOpPOTe paBHO Hym0. llostomy
{v, M.} = 0. Ecim ¢ = f, — KOMIOHEHTa BEKTOPHOH (PYHKIMH, TO ee M3Me-
HEHHUE IIPU MoBopoTe J f;, = —& f,, 3HAYHT,

{M., fo} =—fy wm {M,, f} = |nf]

(cp. [1], § 42, 3anaun 3,4). Hemy pasHb ckobku [lyaccona { M., Ty}, tme Ty —
KOMITOHEHTa TEH30pHOH (PyHKIIHH?

10.18. [f, aM] — [f, a], {fM, IM} — [fIIM + 3 M, M {f:, I ).
ik

10.19.  llonmaras Bo BTOpOi (opMync npensiaymich 3agaun f = e u

1 = e, rne e; ¥ e, — OpTH Oceil ( M § B NOABHKHOI CHCTEME KOODIHHAT,
TOJTy UM

{M¢, Me} = +M,. (1)

10 PABEHCTBO OTNHYACTCA 3HAKOM HpaBOﬁ JaCTH OT aHaJIOTHYHOIo COOTHOLIC-
HHAAg 11 lTpOGI{III/Iﬁ MOMCHTA Ha OCH HGI'[O,I[BI/DKHOPI CHCTCMbI KOOpOHHAT

(M., My} = —M,. (2)
]7"\\ y,1
v M
\\ r\
! ! \\M,: ’
\\ : \\ _é_—“g
‘\‘ ’T,-—-—:""—r
e - X,
M, oM, s
oM, =+eM
6)
Puc. 157

Kak Os110 Tokazano B 3agaue 10.17 (cm. Takxke [4], § 8.7), ckoOku Ilyaccona (2)
XapaKTepU3YIOT H3MEHCHHE KOMIOHEHTEI A, TIPH ITOBOPOTE CHCTEMBI KaK [IeJ0T0
Ha OeckoHeWHO Manwlif yron ¢ (puc. 157,a) 6M,; = <{M,, M,} = —eM,,.
Cko0ku Ilyaccona (1), paBanie

{ecM, e,gM} = {J\/fgeg}M,
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XapaKTePU3yIOT H3MEHeHHe TIPOeKIHH HeloBIKHOTo BekTopa M Ha och e¢ 1pn
OeCKOHEUHO MAaJloM IOBOPOTE MOABIKHON CHUCTEMBI KOOPIMHAT BOKPYT OCH (
(puc. 157,6; na pucynke ocH &, 1, ( COBIAAIOT JIO IIOBOPOTA C OCSAMU T, ¥, 2).

10.20. M, = Zea,g.y(f_l),},g]\af,@]\af(g, B Y4CTHOCTH, €C/IH BBIOPATH I10-

Byé
JBUKHYIO CUCTEMY TaK, YTOOBI TCH30p UHepIuu | 5 GpLI JAArOHAICH, ITOIYYUM

ypaBHeHUA Diinepa (cm. [1], § 36 ¢ yueTom coornomerust M, — 1,2,).

10.21. VYpaBHeHUs JBUKSHHSA
M; = {H, M;} = ~eijxM; 5, wm M = —~[5#M],

T. €. Bekrop M Bpamaercs ¢ yrioBoi ¢ckopocTeio —yH.
a) Bexrop M npeneccupyer BOKpyr HarpaBiacHus H:
My = M, (0) cos~y#pt + M, (0) sin ~v.5t,
M, = —M,(0) siny ot + M, (0) cos v H#ot,
M, = M,(0).
0) Bekrop M Bpamiaercst ¢ yrioBoid CKOPOCThI0 —yH, KOTOpas B CBOIO
ouepens BPAIAeTCsl BOKPYT OCH 2 ¢ YINIOBOI CKOPOCTBIO w. YI00HO BOCIIOIB30-

BATLCS Bpamaromeicst CucreMoif orcuera, B KOTOpPOi BeKrop F HEIOBHIKEH.
B 370l cucTeMe KOMIOHEHTEL YIIOBOM cKOpocTH BekTopa M paBHEL

! / / —
w, ==y, w, =0, w,=-—-—w=c
TTpu 3a7aHHOM HaYaILHOM YCIOBHH KOMIOHECHTHI M BO Bpaltaromieiics cucremMe

M — —a%]\/fg(l — cos At),

l\/f; = aMysin A\,
M = (£ | a®cosAt) M,
= cos 0,
rne A = /22 + 2HA2, a = v /e + AL
B HenoaBm:xHOM cHCTeMe

M, = M coswt — M, sinwit,
M, = M sinwt + M, coswt,
M, =M,.
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Llpn 7 < )y 3aBucuMocTh aMmumaTyn M, OT w HOCHT Pe3OHAHCHBINA Xa-
pakrep: BoOOIIE TOBOPS, 9TH aMILUTHTYALL Manbl ~ M7 /A, HO npH |g| =
= |w+ 7| S v A1 oHd pe3ko BO3PACTAIOL, OOCTHIas 3HadeHui ~ M.
B wactHOCTH, TipH w — —7 H)

M, = —Mysinv7t sinv 7t
M, = Mg sin~ 7t cos v Hpt,
M, = My cos~dt.

10.22. {v;, v} = —ﬁ %eijk%k-

pt | Fi?.
m - 2m’

10.23. a)p(t)=p—+Ft, r({) =r+

0)
p(t) = pcoswt — mwqsinwt,

q(t) = qcoswt + % sin wt.

Pasymeercs, 3T BeTMIWHBI TTPOIIEC BRIMHCINATE, HE UCTTONB3Ys ckoOOK [Tyac-
coHa. Ho mpemmoxkeHHBIN METO JTETKO MOXET OBITH MEPEHEeCEH B KBAHTOBYIO
MEXaHUKy {cM. [26], § 34).

10.25. a) CornacHo mpeasaymieii 3aaavue

af _ _0H _

0) @ynkuua ['amuibsrona

Py 1
H-— =L 0
om * 337 0 o Pe),
rae
2
f(0, pa, py) :pg + — (’; + 2ma cosf.
sin“ 0

Wnrerpanst asuxkeHus: E, p, U, COMMACHO MPeaBIAYIIEMY, f.
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3
10.26.
Y {4, Aj} = % Zsijk]wkv
k=1

3
{4, M;} = —ZEijkAk;
k=1

6){H, J12} =0,{J1;, Jo;} =0

3 3
{J16s J15 = — E cijk Ik,  {J2 J2i) = — E EijkJ2k,
2
H — _%_
4(J7 +J3)
Bekropet J1 u Jo — HezasucumMbie HHTEIPasibl ABKMKeHUA. Kak bl 13 HUX uMeeT
Takue ke ckoOkd llyaccoHa amsi CBOMX KOMITOHEHT, KaK ¥ OOBIYHBIN MOMEHT
UMITyNIbca. Hanudne NBYX TaKHX «MOMEHTOB)» TECHO CBSI3aHO € TaK HA3bIBAEMOH
«CKpPBITOH cuMMeTpUei» atoMa Boaopoaa {cm. [27], . I, § 5).

§11. KanoHHYecKHE 1Peodpa3oBaHHs

11.1. a
) q—\fist, p=vV2mwP cos(),
: W : w
Q:w—l—%&nQQ, P:—PECOS2Q.

B nannom cnydae PP U () — nepeMeHHbIe 1eHCTBUE-Yro/l. DTH NEPEMEHHBIS
ynoOHee, 4eM p U ¢ Ul PeIIeHHs 3a1a9d METOIOM TEOPHH BO3MYIICHHH, eCITH
YACTOTA w MEHAETCA MEANEHHO: |w| < w? (em. 3amauy 13.10).

0) /
g = F2+ Esm@, p=vV2mwPcosQ,

mw

Q7M+F1/2P cos ¢, P = FV2mwP sin Q.

11.2. U(p, Q) — —Q(1 +1n —;)

11.3. ®ywkumsa ¢(q, ¢z, - . ., qs, Py, P, ..., P,) onpenemsieT KaHOHH-

yeckoe nmpeobpazosanue, ecau det

8%8Pk 7é 0.
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11.4. Ilycte ) = gcosa — psina, P = ¢gsina + pcosa. Torma

_ 1.2 2 =

1P, Qlpg = —14, Plp,gsin” a + {p, q}pqcos®a = 1. Jlns CHCTEMBI C OTHOH

CTETICHBIO CBOOOJIBI ITOTO JOCTATOYHO, YTOOBI IpeobpazoBanre ObLIO KAaHOHH-
YCCKUM.

11.5. HerpyaHo coo0pasurh (M 3T0 MOATBEPXKAACTCS MOCICAYIOMUME
BRIYHUCIICHUSIMH), YTO KAHOHHYECKOE MPeoOpa3oBaHUE AOIDKHO OBITH OMU3KO K
TOKIECTBEHHOMY U uneHsl ax> P u bP? B npouspoasmeit pyHKIHH Massl, UTOOHI
paspeluTh COOTHOLLEHUS

p=P+2axP, Q=uz+ax®+3bP?,

OIIPEICIISIONIAE KAHOHUIECKOE MPeoOpa30BaHre, OTHOCHTEIBLHO T W P, 3aMCHSCM
B MAJIBIX WIeHaX x Ha () u p Ha P:

p—=P+2QP, z—Q aQ? - 3bP° (1)

[TomoOHBIM ke 00pa3oM IOCTyIaeM, BBIpaxkas (PVHKIHIO [ aMHILTOHA B
HOBbBIX TICPEMCHHBIX !

2 212
H'(Q, P) = f; + ¥ 2Q +a@Q? + QP2+ 2aQP? — awQ®—

—3bw?Q P? + wieHs ueTBepTOi cremenn 1o (Q, P.

Monaras o —aw? = 0, 3+2a—3bw? = 0, 06paTUM B HYIb U YICHBI TPCThCH
cTenend. Takum 00pa3oMm, B YKa3aHHOM B YCIIOBUM 3371a4¥ TIPHOIMKEHHH () =
= Acoswt, P = —wAsinwt u cormacuo (1) z = Acoswt —aw 24%2 — (8 +
+ aw™2)A? sin® wt (cp. [1], §28).

11.6. Ilpuscas ¢yHKIu ['aMumbTOHA K BUAY, PACCMOTPCHHOMY B 3a-

nague 10.4, monyuaeMm x = () — ﬂQ?’ — %QPQ, rme (Q = Acoswt, P =

Swi 8w

= —wpAsinwt, w = wy + %Az (cp. [1], § 28).
0

1.7 '(P.Q)=H(P. Q).

Ipu X = Asin(wt + ¢), ¥ = 0 — ocinsTop coBepluact ABHKCHUE IO
AITHTICY
r = Acos A sin(wt + ¢),

y = Asin A cos(wt + ¢).
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11.8. [Ins Toro 9TOOBI cAenaTh 3aluch MeHee TPOMO3MKOil, yI0OHO Bpe-
MEHHO TIOJIOKHTh M = W = € = ¢ = |. B OKOHYATENIbHBIX BBIPAKEHHUAX 3TH
MHOXKHTEJIH JIeTKO OyzeT BoccTanoBuTh. IIpeobpazosanue zamaum (11.7) mpen-
CTaBIsIET COOOH MOBOPOT B MIIOCKOCTH XDy U YDy, MOITOMY OHO COXpPAHSET BU]
gacTl QpyHKIUU ['amMunsToHa, paBHO

1
5@+ + i+ py)-

JlobaBKa e, BO3HHKAMAS OT WICHOB %%ﬁ ‘x? — #xp,, paBHa

%%Q(XQ cos® A + P2 sin® A 4+ 2X Py sin Acos \) +
+ A (X2 — PE)sin Acos A — S (cos® A — sin® \) X Py

HemnaronansHeiil uneH X Py UCUE3HET, CCIIH MOJIOKHATH

sin? A\ —cos? A + #sinAcosA =0, Te tg2\= 2

"

ITocne necioxuLx mpeodpazoBaHnid GyHKIW | aMHJILTOHA IPUBOAUTCS K BHTY
2

H:%(P)Q(—Q—Pf/ctggz\)+%(X2tg2)\—|—}’2). (1)

Taxum o6pazom, mepemerHbie X, Y HCIIHITRIBAIOT TApMOHHYECKHE KoreOa-
HUA € 4aCTOTAMH, PABHBIMH COOTBETCTBCHHO

w) =witgA = \/wQ—I— (ﬁ)z— et

2mce 2mc’
2
o - e () - 5

(ep. [2], § 21, 3amaga). Kaxkaoii u3 koopauHar X, ¥ COOTBETCTBYET JIBIKCHUE
IO 3JLTHIICY; TIPOU3BONIEHOE KOJIeOaH e — CYMEPIO3UIH IBYX TAKHUX IBHKEHHI
(cp. 3aymaum 6.36, 11.7).

HurepecHo, 410 TipH ' — 0 oKaspIBaeTcsa A = 7/4 (a orHioOb He A = 0).
TO 3HAYUT, YTO AAXKE MPH OYCHH CIA00OM ToJe € «HOPMATbHBIMUY OKA3BIBA-
I0TCsl KOJIeOaHusl, «IOISIPH30OBAHHBIC MO Kpyry». Komebanus ke, oTBEeHarompe
koopauHaraM X (V) mpu A = 0, kotopele B OTCyTCTBUE TIONs S ObLmH OBl
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JTHUHEHHBIMH, TIPU HAJUYIUU N0Jg ¢ MEeIICHHO U3MEHSIOT HAIPABJICHHUE ITOMI-
PUBAIIAN.

Ecim MarHuTHOE 10JIe IepeMeHHoe, T0 K Ppyukunu ['ammisrona (1) cnegyer
100aBUTH YaCTHYIO IIPOU3BOIHYIO IO BPEMCHH MPOU3BOAAIICH (HYHKIIHH

PXPY $PX +yPy
to A
mw  BAT COs A

(BeipazuB ee uepe3s X, Y, Px, Py) (cM. Takke CHOCKY K pelIeHHIo 3aja-
au 13.25).

® = —mwayctg A —

11.9. Tlomarass B KAHOHHYECKOM MPeoOpa30BaHUH NMPEABIAVIIEN 3aiadu
2w g wa

2 2

W = wa, tg2A =
we +wi — w

, TIOYYIHM

92
H' = g (PR + PR +p2) = ZOX® - ufY? +uds?)
2

rae €1 » onpeneneHsl B 3aja4e 6.36.

11.10. IlpeobpazoBanue (A = 7/4)

1 Py ) 1 ( Pxe )
\/5( T Nmwg/’ 452 V2 st Nmuwg

coxpanseT Bua (pyakiuu 'amunsToHa (Cp. ¢ 3amaueii 11.7)

gs1 —

p?, +p? Nmw?
2Nm [ S;J\fms2 2 ; (qgl T qgQ)} -
R 2 2 2
Pys+Pys  Nmwy , _ 2
- 9Nm [ INmM + 2 (XSJFY:S)}'

KoneGanue, coorBercrytomee X, = A cos(wst + J), ectb

Ty = % sin{wst + nps + 5),

a cooTBeTCIBYIOIEe Yy = B cos(wst + 3) — ecrb konebaHne

Ty = B sin{—wqt + nws — 3) .

V2
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11.11. Hosas ¢ysxmus I'amunsrona H' = wP,. VpaBueHus IBIKeHHUSI B
HOBBIX NIEPEMEHHBIX UMEIOT BUJI

P1:P2:Q2:0, Q1:w.
Kak m3Menurcs Bun QyvHKIEK ['aMusroHa H', ecin A 3aBUCHT 0T BpeMeHU?

11.12. TIpemnoxkennoe npeodpazoBanne p = al’, r = )/« ectb npeod-
pazoBaHUE 110;100HS.
11.13. T’paauenTtHOE Ipeobpaszoparne A’ = A+Vf(r, t), o = %a—f

P
MOHO TIPEIICTABUTE KaK KAHOHHue CKOEe mpeodpaszosanucr’ = r, P/ = P— %V fs

%} .
H =H — %d_{ C HOMOIILIO HPOU3BOISIIEH (yHKIHH

O(r, P) =rP — S f(r, t).
11.14. ®(q, P) =qP — f(q, t).

11.15. 6) F,(q, Q) — &( Q)+ 2 QP
B) Fi-(q, Q) = —2¥_12¢Q — (¢° + Q%) coswT].

11.16. 2a) Q =r +da, P = p — cJIBUr CHCTEMBI KaK IEJIOTO Ha da (KN
CJIBUT CUCTEMBI KOOPJIHHAT Had —O0a).
0) C TOYHOCTBIO 10 OECKOHEUHO MAJBIX MEPBOrO MOPSAKA BKITIOYUTEIHLHO

Q=r+[0p,r], P=p+yp,p.

IlpeoOpazoBaHne IIpeacTapIsieT COOOH TOBOPOT CHCTEMBI KOOPAHHAT Ha
Yromn —d¢p.

B) Q(t) = q(t + 1), P(t) =p(t + o7), H(P, Q,t) = H(p, q, t + 7).
ITpeobpazoranue npeacraisieT co0oi ¢casur Bo BpeMeHu Ha o7 (cp. [1], § 45).

I Q=r—+2pda, P=p— 2rdo.

[TpeobpazoBanue mpeacrapisieT coOOH MOBOPOT HA Yroi 20 B KaXKIOH
nape miockoctei z;p; (i = 1, 2, 3) B ha30BOM TpOCTPAHCTRE.

2 sin wT

11.18. a) &(r, P) = rP + nPda + nrP|dyp, rae da — cMmemenue Baons
2%5 @ — YTroJ MOBOPOTa BOKPYT n (/ — mar BUHTA);
0) ®(r, P,t) =rP — VPt +mrV;

B) O(r, P, t) = rP — t5QrP].

HaIpaBJICHAS N, a o —
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1119, 3£(q. p) = MW, flpg

B caMom nerne, moicTaBss 3HAUCHH HOBBIX IEPeMEHHbIX P = p—

oW
A "
O g 2\OW P 9 |

—q—+ 5D B f(Q, P) u paznaras nody4eHHOE BBIPAXKEHHE IO CTETICHAM A,

MOJaYYHM € TOYHOCTBIO A0 IICPBOIro NMOpsAaKa BKIKOYHTCIBHO

L\ OfoW(q,p) | Of OW(q, p)
0f(g, p) = /\a—qa—p Ao g

11.20. llonaras B npeasiaynieid 3agaue ¢ = rP + ArP, momyuum npeod-
pazoBaHue nogodus ¢ a« = 1 + A (em. 3agauy 11.12). TlpennoxeHHas GyHKIUA
I'amunsrona Takosa, uro H'(P, Q) = «*H (P, Q), w nosromy M H, rp} =

— H' — H = 2XH(\ — 0). C apyroii croponsl, {H, rp} = %(rp). Orcroma
rp — 2Ft = const (cp. ¢ 3amaueii 4.13 0).

11.22. Ilycth 61g 1 §;1p' — H3MEHEHHS KOOPIHHAT M UMITYILCOB, CBA3AH-
HBIe ¢ npeoOpaszoBanueM, 3aaaBaeMbeM $1. Torma

f(q+01q, p+01p) = flq, p) + M {Wilq, p), flg, p)} + A p1(q, p). (1)

K kaxxkmomy n3 crmaracMbeIx mpaBoii yacte (1) npuMenumM gajiee mpeodpasoBaHue,
3apaBaemoe pyHKIMed O,

flg+021q, p+621p) = [+ Ao{Wa, f} + M{Wa, fH+

(2)
FAM A {Wa, {W1, 1} + Me1 + Ajee.

IIpeobpazoBanue A31(g, p) AacT A0GABKY BBIIIC BTOPOIO MOPSAKA MAJIOCTH.
Pesynbrar mpuMeHeHHa 3THX Mpeodpa30BaHUN B OOPATHOM MOPSIIKE

f(Q+5IQQ7 p_l_ 612}9) - f + Al{Wla f} _’_AQ{WQ? f}+

(3
A o {Wr, {Wa, £1}+ Alp1 + Ao )

OTIHYAeTCA OT (2) TONBKO 4WIEHAMU BTOPOTO MOPSAAKA, NPOMOPITUMOHATHHBIMH
A1 9. Beraaras (3) u3 (2), monydum

AMA({Wo, {Wr, fH —{Wi, {Wa, f}}) = AAdf, {W1, Wall

IYK'&}KGM, HallpuMep, HIMEHEHHE UMITYITECA € TOYHOCTREIO 10 BTOPOTO TTOPsSARA:

OWi(q, P) _ | OWi(q, p) 2 02Wi(q, p) W1 (g, p)
e Y ag L apdg dg

ip=P —p=—2A
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IloaTomy, B yacTHOCTH, caBuru AW = daP (cm. 3amaqy 11.16) nepecTanoBoYHHI,
a OBOPOTHl BOKPYT pasHbix oceil AW = dp[rP| — Her.
CrpaBeIHBO JIH yTBEepKACHUE, 00parHOe cPOPMYITHPOBAHHOMY B 3aaaue?

11.23. KanoHm4eckoe mpeoOpa3oBaHWE C TEPEMEHHBIM NapaMeTpoM A
MOKHO paccMarpHBarhb KaK «JIBHKEHHE», TIPHUEM A Hrpaetr poiib BPEMEHH,
a Wi(q, p) — ¢pyrkmua Famunsrona (cp. ¢ 3amaucii 11.16B). YpaBHeHUS «IBH-
HKEHUS

iQ OW(Q.P) 4p  OW(Q,P)
d\ or 7 dx o0 '

DTH ypaBHCHHSA JIETKO MOAYUYHTH M (PopMaNbHO U3 pesyabrara 3agaun 11.19.
a) beckoHeuHO Manoe M3MEHEHHE KOOPJMHAT U MMNYJILCOB TIPH JIAHHOM
KaHOHHYECKOM IIpeo0pa30BaHHH HMEET BHII

__A _ A —
61‘ - N{W7 I‘} - N{Ma: I‘} [Il, I‘}é‘(pj
61) = —[Il, p]5907

Aa
N
MOBOPOT CHUCTEMBI KOOPAMHAT HA Yol 0¢ BOKpYr HampasicHus n. Hanpasus

OCh 2 MO a, NMNoJAyYacM OKOHYATCIBHO

meM = [r, pl,n=2, dp= . D10 npeodpa3oBaHue MpeacTaBiBieT OO0

X =xcosg —ysingp, Y =ycosp+asing, L ==z

W aHATOTHYHBIC (JOPMYIBI AJi KOMITOHCHT UMITYIIBCA.,
0) beckoHedHO Majoe U3MEHEHHE KOOPAHHAT B UMIIYIBCOB IIPH KAHOHHYE-
CKOM HpeoOpa3oBaHUH, 3a/1aBaeMoM A, UmMeeT BUA

0x = pz 0p, Oy = —pydp, O0py — —xdp, dpy =yoy,

rae dp = A 310 IpeoOpazoBaHue IIPeACTaBIAeT OO0 MOBOPOT HA YOI +J¢p

2N
B INIOCKOCTH TP, U HA YIOJI —O¢ B IIOCKOCTH yp,,. [loaTomy

X =z cosyp + pysin g, Y =ycosp — pysing,
Px = —xsinp + p,cos, Py = ysiny + py cos .

Ananoruuno As(A3) 3amaeT mOBOPOT HA yroll ¢ —p) B IIOCKOCTX ZPy
" ypy (xy 1 pypy) 1 Ay — OBOPOT HA yTON 4 B MIOCKOCTAX TP, U YDy
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OTHIOE He 000 MOBOPOT B (Da30BOM MPOCTPAHCTBE ABIAETCS KAHOHUYE-
ckuM TipeoOpaszoBanneM. Hanpumep, MoBOPOT B INIOCKOCTH 2P, — HE KAHOHH-
YeCKOE peodpazoBaHue.

HHTEpEeCHO CPABHUTE ABUKCHUC JBYMCPHOIO H30TPOIHOIO rapMOHHYCCKO-

ro ocruaaTopa (GpyHkuus ['amunsrona H — %A4) WU JBUKCHUEC YACTULBI

B IUIOCKOCTH *Y B IIPOM3BOJIGHOM II0JIe, OONaafolieM OCEeBOM CUMMeTpHeil,
U(a:2 + y2). B 0o0ounx ciydasx mHTErpagamMu sIBISIETCS MOMEHT UMIYIbea 2 Ag,
COXPAaHEHUE KOTOPOIO CBSI3aHO ¢ UHBAPUAHTHOCTBIO CUCTEMBI IO OTHOIUCHUID
K TTOBOPOTaM BOKPYT OCH Zz. [IJI OCIMIUTSTOPA, KPOME TOTO, €CTh WHTErPANbI
apmwkeHust A1 U Ao, coOXpaHeHHe KOTOPHIX CBA3aHO CO «CKPBITOH» CHMMETPH-
el — WHBAPUAHTHOCTBIO (DYHKIMHA [ aMUIBTOHA OTHOCHTENHHO OMpeHeNeHHbIX
TTOBOPOTOB B (Pa30BOM IIPOCTpAHCTBE. B 3TOM CMBICIE OCHUIIATOp MOmo0eH
YACTULY B TPEXMEPHOM LEHTPAILHOM LOJIe, 11 KOTOPOM €CTh TPU HHTEIpad
aermxenns M, ., ..

Hanuiane nomOMHUTENBHBIX HHTETPANIOB ABHXXEHUSA Y OCHHIUIATOpA TIPUBO-
JUT K TOMY, 4TO TOYKa (7, ¥, Pg, Py) B (a30BOM IMPOCTPAHCTBE ABUIKETCA IIO
3AMKHYTOH JIMHHM, B TO BpeMs Kak 1 gactuinl B mose U (22 + y?) dasosas
TPACKTOPHSA «3AMOTHICT» ABYMEPHYIO NOBEPXHOCTE {cM. [1], § 52).

P

PotApPy -

Por™ | |

i | | X

p O+Ap 0 If
m

Puc. 158

11.24. a) B ummynscHOM H Ja30BOM TIPOCTPAHCTBE BHIACIEHHBIH 00BEM
C TCUCHHEM BPEMCHH HE MEHSETCs, B KOOPAHMHATHOM IIPOCTPAHCTBE IIPOUCXO-
OUT €r0 «PACTIIBIBAHUE». TaK, eclu B HAYATHHBIH MOMEHT COCTOSHUE CHCTEMBI
uzobpaxkanock npsmoyroiasaukomM ABC D (puc. 158), To uepes Bpems ¢, oH Tie-
peiiner B napamnenorpamm A’ B'C'D' (AD = A’'D’), npuuem paccrosinue 1o

Apo
ocu x Mexay Toukamu A’ u ¢ pasuo Az = Axg + Wpt. Co BpeMeHeM 3TOT
TapaIeIorpaMM BEIPOKAAETCS B V3KYIO TTOTOCKY OONMBINOH JTHHBL,
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' P

patApg ';;C PotAPop=sz=s ===

Po Py
T T

—Po —Po “““““"“““5":

! =

R SR / Do ApofT -

a) 6)

Puc. 159

0) Ecnu B Touke x = L pacmono:KeHa CTEHKa, TO BBIACTCHHBIA (Pa3OBBIM
o0beM yike ne OyaeT napamienorpammom A’ B'C' D', a 6yner umeTh Buj, W300-
paxxeHHBIH Ha puc. 159, a. C TeueHneM BpeMeHH IePBOHAYATLHEIN (Pa30BHIH 00b-
em ABC'D mipeBpaTtuTcs B P OYCHb y3KHX MapaieIbHBIX MOTOCOK, KOTOPBIC
TTOUTH PaBHOMEPHO Paclpe/ensiTcs BHYTPH JABYX MPAMOYTONBHUKOR 0 < o < [,
po<p<po+Apyunl< <L, —pg— Apg < p < —po (puc. 159,6).

B) PazoBas TpaekTopHA A8 OCHIIUIATOPA ¢ 3Heprueil I M yactoTol w —

5 2
JJITHAIIC ac_2 -+ P _ 1 ¢ monyocsamu a — 2L , b= E. Bce Toukn BeIOETEH-
b? mw” m

a
HOTO (a30BOTO 00OBEMA ABIHKYTCS MO TAKAM TAUICAM U uepes neproa I’ = QW—W

BO3BPAIIAOTCSA B HCXOAHOE COCTOSHEE. PazMepsl BEIAEIEHHOTO «00heMay TI0 KO-
opjmHaTam Az v uMmnyibeaM Ap nyabCHPYIOT ¢ 9acToTol 2w. B ommmumne ot
IIPEABLYIICTO MYHKTA, 31¢Ch HE MPOUCXOAUT PACILILIBAHHUS BLIACICHHOIO ($a30-
BOTO 00BeMa MO BCEH AOCTYMHOM 00macTu (a3oBoro mpocTpaHCTBa.

r) Jlma ocummnsTopa ¢ TpeHueM (cuia TpeHus I, = —2mAL)

A

T = ae” M cos(wt + ),

p = mi = —mae”Mwsin(wt + ) + A cos(wt + )],
U KOJNCOAHUS CO BPEMEHEM 34TYXAKT, MO3TOMY (a30Basi TPACKTOPHSI MPEACTAR-

nseT coOoM crnupanb

2 Maw

72 n (p+w)\a?)2 _ o2
a

Boigenenuslii pa3zoBelii 00beM ¢ TeUEHHEM BPEMEHH YMEHBILAETCS A0 HYIISL.
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HecoxpaHenme (pa3oBoro o0neMa 3/1ech CBI3aH0 ¢ TeM, UTO CHCTEMa He SBIIIeTCH

KaHOHHYECKOH — IS MOJTHOTO €€ ONMMCaHWA HeoOXOIMMO 3a]1aBaTh HE TOJBKO
¢yHxrwro Jlarpamxka [ = % (j72 — w%xz), HO W JUCCHUIATHBHYIO (YHKIHIO

I = %m)\;ﬁ (em. [1], § 25).
Ecau ke ans JaHHOW CHCTEMBI BHIOPATh «byHKIHO JlarpaHka» B BHIAC

I — %62)\:: (iz — w2a?)

(cp. ¢ 3anaucii 4.17), TO JiIA COOTBETCTBYIONIMX KAHOHMYCCKHX TICPEMEHHBIX &
L’ . .

np — 9 BBIACICHHBIN (a30BbIi 00beM OyIeT COXPAHATHCSH, O HAKO B HTOM
T

cywae 06obmennbil mMynse p’ = mae’t He uMeert, Kak Mpesk/e, MPOCTOTO

(hU3HUECKOr0 CMBICTA.
1) Tak KaK mepHoa IBHKCHUS B 9TOM CIIy4ac 3aBUCHT OT SHCPTHH, BBIJCITCH-
Has 00IacTh (azoBOTO MPOCTPAHCTRA C TCUCHHUCM BPEMCHH PACTATHBACTCS, «3a-
TIOJTHASH BCIO JIOCTYTHYIO 00MacTh (ha30BOTO NPOCTPAHCTRA (CP. ¢ MYHKTOM 0)).
[TycTh BHaualme BEIAENEHA 00macTh Ty < & < xg + Az, po < p < pg + Ap.
HeTpyHO oreHHUTHh BpeMs, depe3 KOTOPOE caMbie OBICTPBIC YaCTHIIBI CJICTIAI0T
Ha 0HO0 Kojebanue 0oJibine (MIH MCHBIIE), YeM CaMble ME/JICHHBIC!

T2 dT polAp | dU (o)
~ L AT ~ SL AR AFE ~ ‘ A
TYOATY dE= m | e v

¢) Ilycte umeercs N 9acTHI TAKUX, YTO TOYKH (Pa30BOTO MPOCTPAHCTBA,
U300paXkaromue UX COCTOSHAE, pacipeIeicHbl B HAYaIbHbIM MOMEHT C IIOTHO-
cteio Nw(xg, po, 0) U IepeMEnIatOTCs COIMACHO YpaBHEHMAM

I — f(xl]a Po, t)a
P — 90(95'0: Po, t)

(1)
3nech
Po
f(x(]a Po, t) = Xy —+ mt: (,O(ib’o, Po; t) — Po
T CBOOO/THOTO JIBMYKEHUA W

Po .

f(xo, po, t) = xo coswt + —— sinwt,

w(xo, po, t) = —mwzg sinwt + pg cos wit
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IUIs1 TAPMOHHMYECKHX OCIHHUIATOPOB. Torma KoIHuecTBO YaCTHI] B BBEIACIEHHOMN
o0macTi (Haz0BOTO TTPOCTPAHCTRA, BCE TOUKH KOTOPOU NBIDKYTCS TIO TAaKOMY XKe
3aKOHY, OCTACTCSA MOCTOSHHBIM, B YaCTHOCTH, 11 OECKOHEUHO Mamoro (pazoBoro
oObemMa dx dp umeem

Nw(x, p, t) dxdp = Nw(zg, po, 0) dxg dpg.

Cornacuo teopeme JInyswing (cm. [1], §46) P
M = 1, nostomy
a(xg,po) ’ ] e 1 S It

w(x, p, t) = w(xg, po, 0). (2) : |
Buipaxas u3 (1) zg v pg i i

X X X
g = f(xa b, _t)a Po = QO(ZE, P, _t) ’
Puc. 160

W NoAcTaBasas B (2), momydaeM

w(wa P, t) — ’lU(f($, b, *t)ﬂ ()O(xv P, *t)? 0)3

HIH
wla, p, 1) = 0@ = X)? =Bz — X)(p — P) —~v(p — P)’]
» Py 27w Apo Ay ’
T,I[GX :f(Xoa PUat):'P:Q‘Q(XO: PU} t)a aK03(1)'
(bHIHEHTH v, (3, ¥ AN CBOOOJHBIX YaCTHII p
1 t
o = —-7, — T T T o T
2Az2 g mAz? {} =~
L L I
K AP 2mPAx’ L
X/ x
U UL OCHHJLISTOPOB ,/I
_ cos®wl n m2w? sin? wi e
2Nz} 2ApE

3= cos® wt sin” wt Puc. 161
2Ap? 2m2w? Az’
’Y:sinwtcoswt(mwg— 1 2).
Apy  mwAxg
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Ha puc. 160, 161 nmokazaHo, kak mepeMeniaioTcs odmacTe (a3zoBoro mpocTpaH-
CTBa, B KOTOPBIX 2mAxgApg w(x, p, t) = % (118 cBOOOTHBIX YACTHIL M OCIIHI-

JSATOPOB COOTBETCTBECHHO ), DTH 001aCTH MPEJICTABIAIOT CO00M auncsl, jedop-
mupyromuecs co spemerem'. LIeHTpLL BX IepeMEIaloTcs [0 TakoMy JKe 3aKo-
Hy (1), kak u wactuubl. B cayuae cBoOOAHOIO ABMKCHUSA HTOT JUIMIIC HEOIpa-
HHUYEHHO PACTATHBAETCS, B CIIydae e JBIDKEHUS! OCIHIIATOPOB — JIHIIb TTYIh-
CUPYET. 3aMEeTHM, UTO PACTPEeACIICHUS 10 KOOP/IMHATaM U TI0 HMITYJIHCaM YiKe He
SIBISIFOTCS He3aBHCUMBIMH (w(x, p, 1) He pa3OuBaeTcst HA Ba MHOXHTEIA BHIA
wi (7, Hyws (p, 1)).

[IpeacraBnsieT HHTEPEC PaCCMOTPETH QYHKIIUH PaCIpEaeIeHHs IO KOOPIH-
HaTaM (HE3aBMCHMO OT 3HaUYEHWH UMIIyIbCa)

o0

wa, )~ [ wiap ) dp
U TI0 UMITYJIbCaM s
w(p, t) = /w(:ﬁw p, t) da.

OTH pacnpeAcicHUs OKa3bIBAKOTCS TAYCCOBCKUMH ¢ MaKcuMyMamud B X u P

COOTBETCTBEHHO: (2= X)?
1 PYE
w(x, t) = ————e 2827
V2r Az
_(p—P)*
i, t) = ——=—e 87

rae A1 CBOOOIHOIO IBMKEHUS
Ap?
2 2 0,2 2 2
Az® = Az + — 17,  Ap” = Apy,
m
a4 7Sl OCHHJUIATOPOB

Ap}

2.2
Ap? = Ap? cos? wt + m2wiAz? sin® wt.
D Do 0

Az® = Axf cos® wt + sin? wt,

IEcym macurraBer 110 ocsiM p 1 2 B Ga30BOM TPOCTPAHCTBE TAPMOHMYECKHX OCIHINIATOPOB BbI-
Opanel Tak, 4To M — 1, TO (ha30BBIe TPAEKTOPHH IIPEACTABIAIOT CO00H OKPYKHOCTH, @ BEIAETeHHAN
obnacTk B (pa30BOM IIPOCTPAHCTRE BPAIlAETCS BOKPYr Hadana KOOpAKHAT, He gedopMupyscs.
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11.25. a) {a*, a} = —i, Hy = wa*a.
6) Iepemennsie P u () kaHoHWuecKHe, Mockonbky { P, Q} = 1. M3 paseH-
ctBa dF = p(x, Q) dx — P(x, Q) dQ oupeaensercs npon3sosnias QyHKIms

Flz, Q, t) = %mwx2 + %Q%Qm — iV 2mwaQe ",

Hosas ¢yukmus I'amuisroHa

OF(z, Q, t)
N

. ) 4
4 Qe—zwt - ipezwt
o=
2mw

cnaraemoe —3Q%P?/2m2w?, He cojepKariee BpeMeHH, MMOTY4aeM YCPETHEH-
Hy10 QyHKIFO | 'aMHuIBETOHA

H{(Q, P) = Hg + = 0.

B) Boiaenus B

3
(H'(Q, P)) = - >250* P>
8muw
B nanpHeiiniem ckoOku ( }, 0003HAYAIOIIKC YCPETHEHHE, OIIYCKACM.
Ouermano, uto —iQP = |Qy|? = |a|* — unTerpan apmwkcHMA.

YpasHeHus ['amMmHinsTOHA

. . 3 2
QO =—icQ, P=icP ¢= &,
Amw?
OTKyaa | |
Q — Qge_wt, P — ngezst’
TakK 4YTO
T = 21 (Qoe™ ™"t + Qﬁei“"’t) — xgcos(w't + ).
mw

Bausuwne noGasxku 64U cBOANUTCA K W3MEHEHHWIO YaCTOTHI

343\@0\2 35’:8%
I _ _
w = Ww —|— —4m 5 = W + 8

(cp. ¢ 3amaueii 8.1).
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r) Hosas ¢ymkima ['ammnsroHa

. ) 4 ] _
Qe—zwt _ ?,Pe“"t e4zwt + €—4wt

2mw 2

H'(Q, P, t) = m*w e

nmoche yCpeadHCHS CBOOUTCH K
(H'(Q, P)) = S(Q"+PY).

Jlna nepemennoii € — —iQP — |a|?, nponopuHoHaTEHON KBaAPaTy aMILTUTYIBI
koIe0aHNH, YpaBHEHHE ABIKCHHS

§={{), & = —12(P* = QY.

YHUHuTEIBasA, UTO

%(Q4 + PYH = A = const,

HAXOIUM
&-2 _ —4A2 +O{2£4-
Taxum oOpazom, £ U3MEHAETCs TaK e, KaK KOOPANHATA YacTHITH (¢ Maccoii,
2
paBHoli enunuIe) B mojae V(&) = —%54 npu sHeprun —2A2 (cp. ¢ 3amaueii 1.2).

AMIUIMTY/1a 34 KOHEUHOE BpEMsl BO3PACTaeT A0 OSCKOHEUHOW BEIMYMHBL (Tak
HA3bIBAEMBIA B3PBIBHON POCT aMILTATYABI).

Pazymeercs, ncnonp3oBaHre YCpeIHEHHON (GyHKIMH I aMUIBTOHA CIIpaBe]-
B0 TOBKO MpH €| < wé, T.e. mpH € < w/av.

11.26. BBoIHM HOBBIEC MEPEMEHHBIE:

- MmwE + ipy iwt g mwaly + 1Py iont Mmws3z + 1P, piwst
e — Pl - ?
2mw 2mwo 2mws

?

(W = w2 + w3) W KAHOHHUYECKUC COMPSHKCHHBIC MM HMIYIBCHL ia*, tb*, ic*.

Hogas ¢yHKIHS ['aMHAITBTOHA, yCpeTHEHHAs TI0 TIeproIaM 27 /wa 3,

(H") = ¢la|* + n(a*be+ ab*c*),
o

4/ 2mwwaws .

E=w —Ww, n=



11.27] § 11. Kanonuueckue npeobpazosaniis 307

VpaBHEHUSA TBHUKECHHUSA

a = —ica — inbc,
b= —inac*,
¢ = —inab”

HMCEOT IfIHTel"pEU'H)I1

(H)=A4, |a*+p* =B, |a|*+|c = C.

YpaBHEcHHE

i 2 - A gk
dt|a\ = in(ab™c* — a”be)

MOXKHO Hpe,Z[CTaBI/ITB B BHJIC, y,Z[O6HOM A KaQUCCTBCHHOTO HCCIICIOBAHISI!
2 LV(E) =0
3 =0,
2
rae £ = |al”,

V() = (A —26)” — 4n*¢(B — )(C —§).

B HawaneHBIH MOoMeHT ¢ = 0, mostomy A = =, B < (Cn

V() = (C—&)°(e* — 1) — 4P°¢(C — B)(C — ).

I'paduxn V(€) ans cyuaes £2 < 4n?C n e2 > 41> C upwusenens Ha puc. 162,a
uob.

B nepsoM ciaydac £ HCOBITRBACT KOACOAHMA, TaK
9TO TIPOUCXOAAT OMCHHA. DHEPTUsA MEPHOAMYCCKH Me-  V ]
PEKAIHBACTCS OT OCLIILIATOPA & K OCLMIIATOpaM 3, 2 N ¢ <41 C

u oOparno. Bo Bropom cnyuae (T.e. mpu OOJIBIIOH \/ \ g
a)

«paccTpoiKe» £ U MalTBIX HAYATbHBIX aMILTHTY/AaX ) KO-
nebaHus y M Z He BO3OYKJIAKOTCA.

[TogpobHO 00 3TOM 3a1aue cMm. [22]. %4 &>4n°C
1127, a) (H') = ela]® + pla* + n(a® + ™), >>?{//ﬁ\\§
9i (5 5)
30 hio Puc. 162

FTYTT M:8mw27

"Wurerpanet B 1 C' Ha3piBaloT MHTerpanamMi Manmu — Poy.
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0) YpaBHenus IBIDKEHHS

—a = i(e + 2plal®)a + 2ina*,
a* =i(e + 2ulal*)a* + 2ina

HMCIOT IMOCTOAHHEBIC PCLICHMS

apg = 0, |CL1|2 = 2M

JOnsa ¢ = |a|? nonyuaem ypasHeHne

¢ = —2in(a*? — a?).
Vuutsisas, uto (H') — £ + pé? + n(a® + a*?) — C — const, noyuaem
&+ V() =0,

rne V(&) = 4n?[(a*? + a?)? — 4|a|t] = 4(C — & — u€?)? — 167°¢2%. B un-
TEPECYIONIEM HAC CIIydae, COITAcHO HavallbHBIM YCIOBUSM, BeanauHa C' Maja.
B obnactu pezonanca |¢| < 2n rpaduk V(€) (puc. 163) mo3Bonser 3aMeTHTH,
uT0 ¢ HCHBITEIBAET KOMEOAHMS B Hpefenax oT Hyls 10 &, ~ 2|a;|?.
Taxum obpazom, mepexos K yCTaHOBHBLUEMYCS
1% pexumy xonebaHmn £ = |a1|? (cp. ¢ 3anaueii 8.7)
~ *’:m, MOXKET OBITh 00CCTICueH JHWIIG KaKHM-TO HEydYTeH-
£ HBIM HaMH MEX4aHW3MOM, HalpHMep TPCHHEM, W
\/ OBITH BEChMa MIHTETbHBIM. llomuepkHeM, uTO 3TOT
MEPEXOTHON TPOIECC UMECT XapakTep OWeHWH na-
&Ke TPy HYJIEBOH «paccTpoiike», ¢ = 0, B OT/IMUHE
OT MEePEXOAHOTO Mpolecca B MHHECHHBIX KOICOaHUAX
(cM. 3amaay 5.11).

Puc. 163

11.28. VYcpenHenHas pyHxuus ['amMmuasToOHA

(H'(Q. P ) = H'(Q. P) = = (= B)@2 + L (s )12

Benvmauna \/ Q? + P?/m?w? npenctasnsieT cobol ammmutyay xoneOGanus. [le-
peMeHHBIC () B P Mano M3MEHSIOTCS 3a mepuojp 27 /. DT0 JIErKo BHACTH U3
ypaBHeHHH ['aMHUIBTOHA, coAep:KamuX Maible mapamMeTpsl € u A.
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P

|
1
(u

Q
AN
a) 6)
Puc. 164

Ha mnockoctu (), P Touka, H300paxaronas cOCTOSIHUE CHCTEMbI, ABHKCT-
ca no muaun H'(Q), P) = C' = const. Ha puc. 164,a u 6 mpuBemeHb ce-
MeHCTBA TAKHX JIMHUH Ul OONMaCTH MapaMeTPHYecKoro pesoHaHca |¢| < /2
U ee OKPEeCTHOCTH |z| > h/2. B mepBom ciyuae aMIIuTyAa B KOHEYHOM CUETE
HCOTPAaHHYCHHO PACTET, BO BTOPOM — UCMBITHIBACT OMeHUs {Cp. ¢ 3agadci 8.8).

11.29. a) Jlerxo nporepuTh (cp. ¢ 3agaueit 1 1.4), yto maHHoe npeobpazo-
BaHHE — KaHOHHYIECKOE.

[Ipu V = 0 aBmkeHHE x-0CIIILTTOpa U300pakaeTcsl ABHKEHHEM TOUKH 1O
OKPYKHOCTH B IJIOCKOCTH &, Py /Mw] € YACTOTOH w. Pageyc 3TOH OKpy>KHOCTH

2
Dy
m2w?

a=, x>+

COBIIAJAeT C aMILIMTYA0H KosebaHuii 1o ocn x. B mnockoctn X, P /mwq 210
Oyaner Hemompikaas touka X = x(0), P, = p,(0). Takum o6pazom, HOBHIE
nepemennbie npu V' = () HE 3aBHCAT OT BPEMCHH M oToMy H{) = 0.!

IIpp V' #£ 0 3TH mepeMcHHBIC 3aBHCAT OT BPEMCHH, HO T4K KaK HOBas
¢ynkums Tamunerona H' = H) +V = V mana, To ycpeaHeHHOE ABIKCHHC B

113 ypasnerwit TaMunsTONA 1714 HOBLIX HepeMeHHBIX (HanpuMep, X — OH[ /8P, — 0) cneny-
et, uto H|) He 3aBucuT oT HUX W otomy H(, — f(t), rae f(t) — nponsBonbHas GyHKLHS BpeMeHH,
KOTOPYIO MBI, HE Tepsisi 00IHOCTH, MOYKEM IOJNONKUTL PABHON HYIIIO.
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JTUX MePEMEHHBIX MeIJIeHHOE. J|eHCTBUTENBHO, OCHE YCPeHEHH

<H,> = — 6 (lePy — WQYPQ;) ,

4w
U U3 ypaBHeHHH ['aMHAnIbTOHA

=, 6’ ‘i
- / o
X—4f1Y Y— 4 2X

JCI'KO TOJdYHHTB

X =Acos(vt+ ), Y = \/i—;Asin(’yt—ﬁ—cp), v = ﬁ < wy, 2.

AHANOTUYHO [/ HOBBIX UMIIYAECOB UMCCM
Py, = mwiBcos(yt+ 1), P, = —my/wiwaBsin(yt + ).

Taxum oOpaszom, B mockoctu X, P, /mw| OpOUCXOOUT MEICHHOE (C Ya-
CTOTOH y) ABHKCHHE IO MUIHIICY, YTO OTBEUACT KOJACOAHUAM IO OCH T ¢ Med-
JIEHHO W3MEHAIOMICHCS aMILTUTYIOH

t) = \/X2 + (Py/muwr)? = \/A2 cos? (vt + @) + B2 cos? (vt + o),

T. €. OUCHWSAM. AHATOTHYHO AMIUIATYAA KoJcOaHmid Mo ocH i paBHA

b(t) = \/g\/ﬂ sin (4t + @) + B2sin? (4t + ).

OTCIO,Z[a BHIHO, 9TO DHEPTHH Z- M Y-OCLUHIATOPOR £, — %mw%az(t) nk, =

= §mw2 22 () mux cymma E — E, + L, He coxpanarorca. OqHaKo COXPAHACTCA

BCIHYHHA, KOTOPYH) MOXHO Ha3BATh MMOJHBIM YHCIOM KBAHTOB,

E:C E’y W1 42
n= oy The - 2 ©

rne C — v A2 + B2, a h — noctosHHas [lnanka.

B vactHocTH, Ipu ¢ = ¢ = 0 aMnauTyAa OWEHUI TOXOOUT A0 HyNA

x =X coswit + —— sinwit = C cos~t cos(wit + pg),

mw

- *C\/ W Sm’ﬁ cos(wal + o), tgwo = —%,

a IHEPTHS KOJNEOIeTCs ¢ 9acToTou 27:

E = %mwl C? (wl cos” vt + wa sin” fyt) .
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Hnrepecno oTMeTHTD, uTO jlaxke ciadas cBash V| <« Hy = I npusogur
K OONBIIAM H3MeHeHUsM dHeprun AF ~ F, Tak npu ¢ = ¢ = 0w wy 2 wo
IMeeM

AE = %mwl (w1 — w2) C? ~ (E) = imwl (w1 — we) 2.

YKakeMm, HaKOHEL, YTO 3Ta 3aja4ya copnagaert ¢ 3aaaqder 11.26 o Tpex ocumi-

JATOPAaxX CO B3aHUMO/ICHCTBHEM %moza:yz B [IPE/IeIIC HACTOIBKO OOMBITION IHEPTHH

z-ocmunusatopa E, > E, ,, 9T0 OMEHUS Z- U Y-OCUMNIATOPOB MOYTH HE CKa-
3BIBAIOTCS HA €10 JBIKCHUH

z = zgsinwst, w3 = wi — wa.

IIpu s1oM 3 = %ozzo, a nh coBmajiaeT ¢ OAHUM W3 WHTErpanos MoHnm —Poy

(c maTeTpamoM 3 B oOo3HaueHmax 3amaun 11.26). Tpernii ocuunmaTop Wrpaer
PoJIb OOJILIIOTO pe3epByapa FHEPIHH, ¢ KOTOPBIM - H -0 CHIWUISTOPBL OOMCHH-
BAKOTCS SHEPTHEH.

0) HoBbie xaHoHMueCKHEe IIepeMeHHBIC YKCIOHEHIMAIBLHO BO3PACTAOT CO
BpeMEHEM

W1

— t —t _
X =Ae""+Be ™, Y = Oy

(Ae"”t — Be_“/t) :

P, = muw (De'yt + Fe_ﬁ) . Py =—my/wiws (De“’t — Fe_'ﬁ) ,

9TO COOTBCTCTBYCT JKCIMOHCHOUAIBHO PACTYIIHM AMIIIATYA4M KOJICOaHUHA 1o
OCIM & H Y. B stom ClIyddc COXpPAHACTCA PpAa3HOCTE YHCIIa KBAHTOB

E. Ky, AL

hwl hwg h

(AB + DF).

§ 12. YpaBHenune 'amuiabroHa - SAxko0u

12.2.  OueBHAHO, YTO TPACKTOpHUA — IUIOCKas Kpuas. llepemeHHBIC B
ypaBHeHHH ['amuneToHa—SkoOM pa3/iensroTces, ecIu BOCHOJIB30BATBCS MOJIAP-
HBIMM KOOP/IMHATaMK, HAlIPAaBUB MOSIPHYIO OCh 2 BJoJb a. [lonHbli naTerpan
ypasaeHus | ammiasTona — Axodn

S—Et:l:/\/ﬁ—2ma,cosé?d9:|:/\/2mEﬁ/err. (1)
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I yrouneHsa 3HakoB B (1) Bocmomb3yeMcsl COOTHOLUSHHSIMHA

pr:m?z:g_f:i,,/zmg_g, @)

g = mr’f = g_*g:i\/ﬁ—Qmacos& (3)

M

Puc. 165

Ha magansaoM yuacTke Tpaextopuu 7 < (), § > 0 (MBI IpeanomaraeM, uTo Tpaek-
TOpHS pacnoaoKeHa HaJ 0chio 2, puc. 165). TlooToMy nepea nepBeIM paguKanom
B (1) HY’)KHO COXpaHHTh HIKHHH 3HAK, a TIepell BTOPBIM — BEPXHHH. PaBeHCTBO

% = I3 — 310 ypaBHEHHE TPAEKTOPHH
9 T
db / dr
+ = B. 4
0/\/627?1&(3089 7’2\/2mE—6/r2 ( )

HipkHue mpenensl HHTErpaloB MOXHO BHIOpaTh MPOH3BOILHO, MOKa HE OMpe-
nenena nocrosHHas B. Ilpu Hamem BuiOope w3 yciaoBus ¢ — 0 opu r — 00
cienyer B = 0.

[TocTosinnas [ ecTh WHTETpald JIBIMKEHHA Hamed 3amaun u u3 (3)
3 = pj + 2ma cosf. OHa BeIpaxkaeTcs Yepe3 napamMeTpsl YacTULBL IPU 7 — 00
ufl — 0, T.¢. 10 CTONKHOBCHUS, KOLAA pg — 1nvp (p — NPULICIbHBIA Napamerp),

B =2m(Ep? + a).

ITpu U3MEHEHHHU T OT OO0 10 Ty = 4/ % = ./p?+ %, OIPECIACMOrO

yenosueM p, = 0, & u3Mensiercs or Hyns j1o 6,, Takoro, 4Io

T'm

O
do dr B
O/\/ﬁ—Qma;cosQ+/r2\/2mE_ﬁ/r20' (5)

0



12.2] § 12. Vpasnenue Iumuromona— Hrobu 313

HaneHeliuid poct 8 conpoBoxgaercsa poctoM . llpu stoM p, MeHsAeT 3HaK.
YpaBHeHUE yuacTka Tpackropun LM

r

0
do _ dr _
9/ V3 — 2ma cos / 7“2\/2mE —8/r? 0. (6)

r'n?

VitoOHee mepenucarh, cJiokus (5) u (6):

OO T

0
de _ dr B dr _
O/\/QQmacosé? /Tﬂ\/QmE_ﬁ/Tz f?f‘z\/QmEﬁ/fr? 0. (7)

me rre

Ilpu r — 00 TPacKTOpHA ACHMITOTHYCCKH MPUOMIDKACTCS K OpSIMOH, mapai-
nenbHoi ON. V1ot Opmay MOKHO HATH H3 PaBEHCTBA!

grnax o0

de Qf dr _ ® (8)

/ VB —2macosd r2\/2mE - 3/r2 VB
T e
PaseHcTRO g—g = A ompenmemser 3aucumocth r(f). Beidupas A Tak, 4ro0bI

r(0) = rp, HOMTyIaEM

T:m:\/fm%ﬂzt?. (9)

HHTterpan mo r B (4) u (7) BEIUKCAACTCS ICMCH-
TapHO, a TI0 & CROANTCS K MLTHITHYCCKOMY.
Ilpu Ep? >> a MOKHO pa3T0kUTh MOJBIH-

TerpajibHoe BolpakeHue B (4) u (7) 0o creneHsm

2ma o, _a ~. C TOYHOCTBIO 710 MEPBOTO MOPAIKA

g Ep

rsinf =r (1 __¢ cos@) 10
m 2Ep2 ( )
Puc. 166

(puc. 166).

LO6parum BrIManTe na corenyTonmil TpHeM, TO3BOIAIONNI 05OHTH BEIYHCITEHHE HHTErPAIa 110 7
B (8). DTOT WHTErpaT He 3aBUCHT OT ¢ H, CIIeI0BATeNLHO, PaBeH JIeBOH vacTH (8) Taxke u npu a — 0.
A B 3TOM CIIy4ae QUeBUJIHO, UTO Pmax = 7, UHTErpal no ¢ BHIYUCILETCS TPHRUANLHO.
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B sromM npuOmmkeHWH Yrol OTKJIOHEHHS CKOPOCTH 4ACTHIIBI MOCHe pac-
cessHUs paBeH Hymr0. OOBACHAETCA 3TO TEM, 9TO ACUCTBHE CHIIBI Ha Pa3HBIX
y4aCTKaX TPACKTOPHH (B HyJIeBOM IpuOmmKeHun 210 mpsamas K’ M') vacrruHo,
a B MCPBOM MNPUOTKCHHH NOJHOCTBH KOMIICHCUPYECTCS.

12.3. a) Jlna ompenencHus yriaa OTKIOHEHHS 4YacTHLBI HYXKHO IpOBe-
cTi pasaoxkeHue no a/Ep® B (8) 3anaun 12.2 1o Broporo mopsaaxa. llomywaem
ypaBHCHHE

2
emax + % sin gmax + % (%) (emax + % sin Qemax) =T. (1)
2
Petas ero ¢ TOUHOCTBIO 10 (%) , HAXOAHM' yTOI OTKITOHEHHA

3 (ma\? a \?
—w@mx——w(—) —37T( ) 2
X & 4 J] 4Ep2 ( )

Ceuenue pacceanus

do = |dp?| = Varado (3)

1652
3aBUCHMOCTB OT X MOJyUaeTcsl TaKoH ke, KaK IpH paccestHUH Ha Mallble yITbl B
none v/, yossaromem ropasao obictpee, yem U (r).
6) do = 090,
8FY?
B) [Ipu ycnosuu Ep? > |b(0)] ans seex 6 umeem smecto (10) sazaun 12.2
¢ TOTHOCTBIO JI0 BTOPOTO TIOPSAIKA

p 0
1= fuoa- 32 [ o

l\DIOJ

« T
arcsin —* npu 0 < 0 < Oy,

T — arcsin TTm opu 0, < 0 < Opax-

"Miiem Oax B BHIE Gmax = Got+h+02+4...,Tneéq ~ (%)90. VYpaeueHue (1) B HyneBoM

npulixeHnu #g = ; B MepBOM OpHOIMEKEHHH 0 + (m) sin 8g = 0, orkyna &1 = 0; Bo BTOpOM
npUOINKEHUH g

2
G2 + ?91 cosfp + = 3 (n;a) (90 + % sin290) =0,

OTKyga cnenyet (2).
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Ecan -
fb(@) d = w(b) + 0,
0
TO CECUCHHE
do = m{b) do,
AEN?

TAKOC KC, KAK CCUCHHEC PACCCAHNUA Ha MAJIbIC YITILI B HICHTPAJIBHOM TIOJIC

U=—.
2
fo 2
Ecan ke (b) = 0, 10 do = 3: b >d0.
8E5/2 2

12.4. a) llepemeHHbIe B ypasHenun amuiibrona— SkoOn pasjiensiores,
CCJTH BEIOPATh CHEPHICCKUE KOOPAMHATHI ¢ OCBIO Z, apauieJbHOol a. Q0600ueH-
HBIE FMITYJIBChI

Dy = MP = —\/ZmE — B/r2,

po = mrh = i\/ﬁ—Qmacosﬁpfo/siHQ g, (1)

Py = mr?¢sin® @ — const.

2

D .
Ilocrosnnyro 5 = pg + — 29 + 2macosf nerko HalTH, 3aMETHB, H€TO
2 S1n
D .
pg + — “; p — M?, rne M — noJiHBIH MOMEHT YaCTHIIBL, €10 ya00HO BEIYHCIUTh
S11

opu r — 00, 0 — ® — a (@ — Yroll MeX/y Vs U a), T.€. 10 CTOJKHOBCHWS:
3 =2m(Ep* — acos a)
Cornacho (1) nageHue B LEHTP BO3MOXKHO NpH yeaorwuH [ < 0, unu

p° < (a/F)coso. (2)

Takum oOpa3om, MafeHHe BO3MOXKHO, €Cd ¢ < 7/2; B 3TOM Clydae CeueHHe
nageHus o = (7wa/E) cos . YepenHeHue Mo BO3ZMOKHBIM HAMpPaBICHHSAM ¢ 1a€T

w/2
1 TG 2o gi Ta
= — — . n = —. HHT HO, 4TO II Ka, oIpe-
(o) i bf 7 Cos - 2ms o do WG epecHO, UTO TIONIE,KE, OTPe

aensemMas ycaoruem (2), mpeactaBnsgeT coO0M Kpyr ¢ IIEHTPOM HA OCH ITy4Ka
YaCTHLL (XOTS MoJe He o0mafgaeT CHMMETPUEH OTHOCHTENBHO 3TOH OCH).
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6 2 ’
) o WE—G’COSQ% HpH0<oa<oamarccos42—E
0 IPH (v, < 6 < 7.

(o) = Ta wAd A2

- 4F  64qE3 8E?

B) 2
VYE
o %acosoa—%n/% mpun 0 < o < gy =7 — (arccos Z )
0 P gy, << x < TT.
R o B
r) ~ wh(r — )
7= E
TP YCIOBHH, 9To b(m — ) < 0,
12.5. TlRZ + % cosa, acosa > —ER?
O‘:
0, acosa < —ER?,

TIOE (v — YTOd MEXKAY Voo U a.

12.6. a) Mcoone3yem Te e 0003HAYCHHS, 9TO ¥ B 3aAa4e 12.2. YpaBHeHHE
HauallbHOTO Y9acTKa TPaeKTopuu (r — 0o, § — )

o0

j do :/ dr (1)
/ V3 — 2macosd r2\/2mE—ﬁ/T27

T

38— 2m(Ep® —a). (2)

OpuieM

B caygae 3 > 0 yroa 6 yOblBaeT npU M3MCHEHHH I OT OC JO T4y, W JaJbHCHU-
IIEM BO3PACTaHHUK A0 OC. YPAaBHEHHE yuacTKa TPAEKTOPHHM IOCIIE IIPOXOKACHUS
MHHUMAaTBHOTO PacCTOSHUS 10 IIEHTpa

/ do T [ dr
= . 3
9/\/62macosf9 2/ +T/ r2\/2mE — 31> (3)

Ouermymo, uto nipr Ep? > a ypasseHme Tpacktopun (1) m (3) coBmagaer
c ypasHenuewm (11) sagaum 12.2.
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Puc. 167

[Mpu 5 < 0 BO3MOKHO NaJeHKEe B IEHTP MOIA (3aMeTHM, UTO, COTTTACHO (2),
AOIYCTHMBI TOJIBKO 3HaweHus (3 = —2ma). IIpu 3TOM r MOHOTOHHO YyObIBaeT
oT oo 1o 0. Yrox § y6eiBaeT oT 7 10 6§, Ipu KOTOPOM py oOpamaeTcs B Hylb
(yaactok Tpaektopuun ARB; puc. 167). llpu atom 3 — 2macosfy = 0. 3atem

yTOII BO3pacTaeT A0 3HaueHws 27 — ¢ (yuactox Tpaextopnn B
o0

T 7]
/ dr _ do . / df @
rz\/QmE B2 ; VB — 2macos@ ; V3 — 2macosf

(s 1
B Touke HMIIVILC g BHOBbL MCHACT 3HAK H 0 y6bIBaeT J0 3HAYCHHA 91 B TO4-
KE _D, 3aTCM BHOBBb BO3pacTacT U T. 1.

VpaBHEHWE BCEH TPACKTOPHH MOXKHO OPEACTABHTH B BHE
o0

/ dr _ (_Un/ df N 2n/ dy
r2\/2mE—BT*2 / V3 —2macosd ; V3 — 2macosf

b

(n=0,1,2,..) (5)

Opnromy 3HaueHuto € (01 < 6 < 27 — 01) cooTBeTCTBYET GECKOHEUHO MHOIO
3HaYEHUH r (1 MOXKET MNPHHAMATH JTIOO0E LEI0E HEOTPHULATEIBHOE 3HAUCHUE,
TaK KaK WHTErpan B JeBOM uactw (5) mpu r — ( HCOTpaHUUCHHO BO3pacTa-
eT). Takum 00pa3om, yacTuua copepact 0ECKOHEHHO MHOIO KonebGaHuid Mexay
npsimeiMe BD u C'E npexxae, 4em ynacTe B LEHTP.

B ciIydae MaJbIX OpUIETBHBIX HapaMeTpos F p? < a okaseiBaeTcs m — §<1,

TaK 4TO B (5) MOKHO 3aMeHHTh cos @ Ha — 1+ % (m—0)2. B pesynbTare nonydaem’

Qzﬂ—p\@sin[% Arsh(%@)] (6)

"Arshz = In(z + V1 + 22).
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3akoH ABIDKeHUs (1) ompemenAercs Tak ke, Kak B 3agaue 12.2. Ecom 3 > 0, 1o
COpaBeNNIMB 3aKOH, onpetensieMblii hopmynoi (9) w3 3amaum 12.2, Ecmm 5 < 0,

r(t) =oVi2 — 72, v—=/2E/m, —oco<t<t=+//2E, (7)

Opu4eEM [MaacHuC IPOUCXOANUT B MOMCHT BPCMEHH T.

’—h\

a) 6)

Puc. 168
6) Ecrm 3 > 0 (Ep® > a), To

. T
7T — arcsin Tm, Omin < 0 < 06,,.

do : {arcsin TT”‘, O < 0 <,
60“(1 + sin 0)

a/\/1+2m

Ecmu 3 < 0 (Ep? < a), T0

iy 7] 0o .
/ + / +2] / do - / o
1 0 01 V3 +2ma(l + sinf) . r3\/2mE — 3/r? ’

rme { — 9HCIO0 MONHEIX KoyieGaHwili mo yrmy (ot 81 mo 62 u oOparHO), coBep-
IICHHBIX YACTHUEH, 3Haku (=) I7A ABWKCHHSA MPOTUB (MO) WACOBOU CTpEIKe
(puc. 168, 4a)

Ep? Ep?
le—arcsinTp, (5 = 7 + arcsin Tp.
Ecin 3 =0 (Ep? = a),
p tg(%+ﬂ4—9)
r = In — , —%<9<7T.
V2 B3y
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YacTura ABHMKETCS MO TPaeKTOPHH puc. 168,06, TpudeM 3aKOH NBIKCHHS 77 =
= — %t (t < 0 magenwe nporcxoauT Tipw ¢ = ().

12.7. llonHsiii uHTErpan ypasHeHus I'amunbToHa — Skodu (cm. [1] § 48)

2
SEt+p@gp:t/ B —2macost — p(’; dQ—/1/2mE%dr.
sin” ¢ r

O06o0meHHbIe HMITYIBCH TC K€, uTo B B 3afauc 12.4a. Ilagenme B ICHTP BO3-
MoxHo, eci 3 = 2m(Ep? — acosa) < 0 (4TO 3aBEIOMO BHITOJHSETCS MPH
o? < 2Ep*/a < ).

YpaBHCHUS TPACKTOPHUN

dé
ap:i/ Py , 0

5

sin® 04/ 8 — 2macos@ —

V]3] dé

sin? 0

To
ra :!:Sh/ ,
p2
\/E—Qmacoséi— — (2)
sin” @
1Al
07 omE

B 00meM ciaydae He MOTYT OBITE OPOUHTETPHPOBAHBL B 3ICMEHTAPHBIX (YHK-
muax. Ho xauecTBeHHOE OIMCaHWE NBWKCHMS JIETKO JlaTh, €CIIH 3aMETHTh, 9TO
ypaBHeHuE (1), CBA3BIBAIONICE MEKIY COOOH yTIbI f 11 (0, C TOYHOCTHIO A0 0003Ha-
YeHUH COBIAAACT C ypaBHEHHEM TPaeKTOpHH cPepruecKoro MasTHuKa (cm. [1],
§ 14, 3aiaua 1). TlootoMy wacTHIla JBUXKETCS TAK, YTO TOYKA NEPECCCUCHUS €¢
pajamyca-BeKTOpa ¢ MOBEPXHOCTHIO c(epsl paanyca | OMICHBACT TaKyIO XKe KPH-

BYI0, KaK 1 chepriccKUi MagTHHUK ATUHBI [ ¢ 3HEPruei, paBHOU b 2 1 MOMEH-
m
TOM HMITYJIbCA, PABHBIM P, B IIOJIE TDKECTH § = —%. DTa KpHBas 3aKIoueHa
m

MEXTY JBYMS «Iapalic/ibHBIMIY OKPYKHOCTSIMHE Ha cepe 0 = 01 u 6 = 0.
Lpu yenosun o < 2Ep?/a < 1 ypasnenus (1) u (2) nerko NpoHHTErpH-
pOBaTh:

9:71'—\/(6—%2>COS(2 %Arsb%)—l—e-i—%a

2004/ Ep?
0 —m &\/_ ) P :
V26 + a2 + (2¢ — a?) cos 2¢
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U3 (3) BugHO, UTO yacTHIla, Majas Ha IEeHTp, JABHKETCA B 0OIACTH MEXITy ABYMS
KOHHYECKHMH TIOBEPXHOCTAME 6 < 0 < 62, Bpamasch BOKPYT OCH z, TIPHUYEM
OJFH TOTHBIE 000OpPOT BOKPYT OCH 2 HPHXOAUTCS Ha JBa MOJAHBIX KoJeOaHUs
no yory 6. Jas cdeprudaeckoro MasiTHHKA B 3TOM TPHOTHKCHHH TPACKTOPHS
3aMKHYyTa ([Ipe/CcTaBseT coOOM IIUINIIC).

12.8. a) YpaBHeHMe TPaeKTOPHH (MHHTHOTO JBIKEHHS ([IPH KOTOPOM HET
majgeHus B LEHTP)

P
7 =1+ ecos f(0), (1)
rae
2F
P ey 1y S0 [ ——
ma \/1—2macosl9
o4

a KOHCTaHThl E U (3 yAOBAETBOPAIOT HepaBeHeTBaM £ < 0, 3 > 0.

Puc. 169 Puc. 170

Ecmm 0 < 3 < 2ma, 10 opbuta «zanonuset» odmacte ABCDEF

14 _ B
m, 91 é 0 g 92, 91 — arcsin S’

B> = 27 — 1, T.e. OPOXOOUT CKOIIb YTOIHO ONMU3KO K 000K Touke 3TOM oOna-
CTH.
Ecau 5 = 2ma, TO

(puc. 169); 11 < 1 < 1o, ri2 —

F(0) = V2Intg(8/4) + C, (2)

U TPACKTOPHA PACIONIOKCHA BHYTPH KOAbLa 11 < 1 < ro (puc. 170).
Ecou 5 > 2ma, TO TPpaeKTOPHA 3aMONHACT KOJBIO 71 < 7" < 2. B wacTHO-
CTH, ecJia (3 < 2ma, TO

J(6) =0+ Csin+ 370+ 2¢* + O, (3)
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rne ( = ma/B. 910 — cnabo nedOpMHUPOBAHHEII TIperieCCHPYIOIH IUTHIIC,
xapaxkTep AeopMarii KOTOPOTO CBS3aH ¢ €r0 OpHEHTanwel. YparueHwe (3)

—2
upuMeHuMo U npu § 2 (<. VHrepecHo cpaBHUTH €ro ¢ pe3yibraraMme 3aja-
un 2.24.

12.9. s nBMKEHHS B KONBIE 71 < 1 <X o

—or

/ ot 2ma cos /

Jlns nerokenus B oomactH 171 < r < 1o, B < 0 < 0

02

/ df _
1 — 2ma 0
01 4/ 3 COS

12.10. TIlepemenHsic B ypasHeHun ['amunbsroHa — SIkoOu pa3memnsitorcs, ec-
1u BeIOpaTh OCh z B0ONb BeKTopa a (cum. [1], § 48, dpopmyna (48.9)). JBuwkeHue

o pajmycy t = , /2 dr npr 3 = 0 Taxkoe xe, KaK W JBHXKe-

2
E —
\/ 2mr?

HHE JaCTUIBI B KyTOHOBOM 110JIe —v /1 ¢ MomeHTOM (3 1 3Heprueld . [lpu 3 < 0

(n u [ — nenele 9ucna).

=R

TPOUCXOUT NAJACHUE YaCTHLIBI HA IIEHTP. YPaBHEHUSA TPACKTOPHH 05 _ const,

5
08 Pe
o3

— const. Ilepsoe n3 HUX

@:if Py 48

sin® @4/ 3 — 2macosf —

v}

sin? 6

COBIIAJACT € YPaBHEHHEM TPACKTOPHH CHEPHUCCKOTO MAsiTHUKA C DJHEPrHei
3/2ml* u momenTom M, = p, B none TsmkecTH g = —a,/mi® (em. [1], § 14,
3amada 1). Bropoe ypasHeHue cBsi3piBaeT r U 6. [Ipu aHamm3e 3TOTO0 ypaBHEHHS
MOXKHO TaK)Ke BOCHOJIb3OBATHCS aHATOTHEN cO cpeprie CKIM MAasITHIKOM.

12.11.  a) |M.| < /mb/2.
0) ®UHATHOE IBWKEHHE BO3MOXKHO 1pH JFodom M.
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12.12.  ©) [lommuenii unrerpan ypasuenwns [amunbrona —Slkodom (cm. [1],
§ 48, 3agaqa 1)

S = —Et+p¢so+/pg(€) d€+/pn(n) dn,

e
B mop o ~ma + I6] F
2
m Py ma—08 F
po= L HE-Tam), U = 5 = TGl - B
U
“é:l ?2 é:
U. I L~ 4
\\/ Unmm
a) 6)
Puc. 171
TpacKTOpHs 1 3aKOH JIBHKEHHSI OTIPCICIIAIOTCS YPABHEHUSIMU
08 N a5
v _ g Y2 _ = A,
o3 T Opy ¢, OFE
T. €.
foof e %ok
Epe(€) non(n) 52 2. n*py(n)

—t—I—m/
(1)

JI1a vccre10BaHMs XapaKkTepa JBHKCHHS HYKHO OTIPCCIATD O0NACTH JIOMYCTH-
MBIX NIpH AaHHBIX E, p,, 3 3HaucHuil £ u 7. ['paduxn 3pPeKTUBHBIX MOTECHIH-
aneHBIX sHepruit Ug (§) u U, (1) nsobpaxenst Ha puc. 171.
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Ecmu F' = 0, To mipu —ma < 3 < ma (cM. kpuBble a) 1 F < 0 nBmxeHue
KaK 1o &, TaK ¥ 110 7} QUHHUTHO, NpH £ > 0 — wHPHHUTHO. C MOSBIEHHEM MaJIoii
cunsl F' > 0 Ha rpaduxe Ug(€) nosiBusiercss MakCUMyM {CM. KpHBbIE b); LpH
Upmin < £ < Ug max ABUKEHHE MO-TIPEKHEMY (PMHUTHO. B «mmockoctn pz»
IBIDKEHHE OrpaHHueHo ob0macteio & < & < &, m €< 1 < 12 (pue. 172);
cama ke TUIOCKOCTh pz BPAIiaeTcsl BO-
Kpyr OCH Z € YITIOBOH CKOPOCIBH) (0.
Tpaekropust 3amonHsieT 00macTh MpoO-
CTpaHCTBa, 00pa3zyeMyl BpallcHHEM
Gurypst ABC D Bokpyr ocu z (cM. Tak-
xe 3amady 2.36). lpu Ug max < £ 1BU-
KCHHC WHQHHUTHO.

C pocrom F BenmumHa Upg max
ymenbmaercs, a Upmin pacrer. Korza
okaxeTcd Uz max < Upmin, QHHETHOE
JBIDKCHHUE CTAHET HCBO3MOXHBIM (TipU

B < —ma+ %(Prmp:f,)l/‘3 IKCTPEMYMBI Puc. 172
Ut max BOOOIIE OTCYTCTBYIOT).

12.13. B mmirmudecknx KoopauHatax, p = o4/ (£2—1)(1 —n?), z =aén,

o =+vb? — a?, noremiman

o [oo npn €56 =b/o
10 mpu £ <&

3aBUCUT TOJBLKO OT &, W TIepeMeHHbIe B ypaBHeHHHN | aMmibToHa — Sko0n paze-
nsitotest (em. [1], §48).
[TonHblA HHTETpAT

B — 2mao? A(€) vy
SEHpWi/ 2motE - g e
(1)
8 p;
i/ 2mo? i — — dn,
L—n? (1 7%)?

e
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J115 9acTHIE, IpOJIeTAIOIIe 9epes3 Ha1a10 KoopauHar, p, = 0. M3 (1) momygaem

3 —2mo? A(¢ 262 —n?) .
pe ==+ 2mo?l -+ égnjl ):mggg_ln)g’ (2)

2 2
Py = i\/2m02E — 7 o _ 9 (52?72?7 )ﬁ. (3)

B Hauane koopauHat (p — 0, £ — 1)

2 2E — } )
ﬁzi“/miag U0, i=oléntng) = o

o V2ma?E — 3
TGOS = mo

HaxonuM 3 = 2mo’ E sin® v,
OO0nacTh HENOCTHKUMBIX 3HAYCHHH 7) OTIPeeNIAeTCA YCIOBHEM

1 U3 YCIIOBUS

2mo*E — 8/(1 —n*) <0 wm 5| > |cosal.

WTak, nu)eHre MPOUCXOMUT B o0nact |1 < |cosal, 1 < £ < & (3amrtpuxo-
BaHHag Ha puc. 173 oGmacTs).

12.14. [lepemenHslc B ypaBHeHHU [ammunbroHa—SkoOu paszupessirorcs B
HUHINITHICCKUX KoopauHarax (cMm. [1], §48, 3zamaua 2 npu a1 = —ae = a).
Jlts gacrurpl, sersmieid n3 OecKOHEYHOCTH BJIOJb OCH 2, HOCTOsIHHas (3 =
= 2mEp? | 4mao, Tae p — TPULCTBLHEIN mapaMeTp.

[Ipu 3 < 0 Tpaekropus KAUECTBEHHO HE OTIMYACTCA OT TPACKTOPHHU YaCTH-
IbI, paCCEUBAEMON B TIOJIC TOUYEUHOTO AUITOMA (CM. 3anady 12.66).

[Tpu # > 0 gacTHIa «majaeT» Ha U0 (T. €. IPOXOAHT B CBOEM JBHIKEHUH
yepes oTpe3ok (J1(J2) ¥ BHOBB YXOAHT HA OCCKOHEUHOCTh. ECIN 0MONMHATENBHO
pp(m) = 0 mpu 71 < 0, 10 YacTHIA ABWKeTCS B OONACTH, OTPaHHYCHHOMH
rutiepOosioid n = 1y (puc. 174).

12.15. B ypasuenun ['amunbToHa — SIko0m

L I8+ () (8 )]0 o
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7 0
Puc. 173
OTACILIFOTCA BpeMA H yIoll (o
S =—Et+p,p+S(r, 2). (2)

PaccMarpuBas najiee TOJBKO TPACKTOPHH, LEPECEKAKIUE OCh 2, IIOIOXKHM
P = 0. Pasnennte mepeMeHHBIE 7 U 2 B YPABHEHHH HE ynacTcs, H Mbl Oynem
UCKATh MHTETPAJ ero npuOIMKEHHO, B BUE PA3TIOKEHHS 110 1

~ 2

S(r, z) = Solz) + rp(z) + %O’(Z) + ... (3)

Tak kak pajiuanbHBIA UMITYJIBC

pr— 92 () o) + ... (1)

JUISL 4aCTHLL, JeTsinel Bjonbs ocu z (npu r = (), paBeH HYJIIO, TO JUIsl pac-
cMarpuBaeMoro my4ka dactun ¥(z) = 0. Honcrasmss (3) B (1) u upupasuuBas
KO3(D(QULIMEHTHI TPH OOWHAKOBBIX CTEIIEHAX ¥, moaydaeM (cp. [2], § 56, 3agaua 2)

50(2) = Pz, (5)

2
po’(2) + 0% + 46—625‘52(2) — 0. (6)

Bue muH3eI (ipH | 2| > a, #€(z) = 0) u3 (6) cnenyet, 410

o(z) = . —fC’l npy 2 < —a, (7)
o(z) = b ope 2 > a. (8)
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YpaBHEHUA TPACKTOPHH
2

08 pr
- _ — — B 9
(901,2 2(Z + 01’2)2 12 ( )
— ypaBHEHHs HPSMbIX, HEPECEKAIOIMX 0Ch 2 B Toukax —(' o,' T.e. 29 = —C,
z1 = —CY. U3 (6) noiydaem
a a
2 2 2
pol(a) —po(—a)+ | oc°dz+ 2 FO°(z)dz = 0. (10)
c
— —Q

[Mockoubky |20.1] > a, u3 (7), (8) nonyyaem

o(ta) = —%0. (11)

a
Onenum [ o2 dz. Cormacuo (6) o(z) — moHOTOHHAs (yHKIHs. [Toaromy
—a
. 2
2
/02 dz < a2p < po(Ea).
<10

—a

Taxwm obpazom, u3 (10)

4
1 1 e’ f 2 1
— t+ == O (2)dz = <. (12
‘ZO| 21 4C2p2 J ) f )
VenoBue |2g,1| 33> a eHcTBUTENBHO coOMoaaeTes, eclu g < %.

12.16. Bce BBHCIeHHS TpeAbIAyIIeH 3aa49u 10 GopMynsl (6) BKITO-
THTENILHO NMPEMEHUMBI H K 3T0H 3agmade. 3ameHa o — f'/pf npusogur (6) K

BUAY

2 2
(1+522%) f1(2) + S22 f —o,
4 3aTeM 3aMCcHA 2c

n(&)

cos&

wr =188, —5 <E<g, fl2)=

raet n"(€) + Nn(€) =0,

Mpn =z, Gmsxnx x (1,2, 0 — 00, Tax 9TO payioikenue (3) HenpumenHMo, OOHAKO ypaBHEHHS
TpaekTopuil (9) ocTalwTes crpaBe/IMBLIMU U B 3TOMH obmacT.
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rac
A2:1+%

42 522>

Orcrona
o =sin €&+ Acos® € ctg(A\E + a)

W YPaBHEHHE TPACKTOPHH

oS _ pr2 )\ cos? &
da 2sin*(\ + @) ’
W
rcos€ — B'sin(\ + a).
[pu r — 0 okazeiBaerca A&, + o — wn, oTkyna o — —Aarctg(srzp) U TOYKH
oKy CHPOBKH

HzZp = tE (arctg »Zo + ?177?)

B 3aBHCHMOCTH OT BENUYHMHBI A UMEETCS OHA MJIH HECKOJBKO TOYEK (HOKYCH-
POBKH.

12.17.

S(q: 40 t: tO) — f(Qa Q(Q: o, ta tO)a t) - f(QOa Q(Q: q0. t: tO): tO):

rne f(q, @, t) — nonHeld wHTErpas ypasHenus [ amuibrona—SIlkodu, a 3aBu-
cuMOCTE (¢, qo, t, tg) OTpeaesseTcsl ypaBHEHUEM (CHCTEMOH ypaBHCHHH [Uis
cIydas MHOTHX CTereHeH cBOOOIbI)

af(‘]v a, t) af(Q9 a, tO) -

Oy o

§ 13. AnqnaGaTndyecKkne HHBAPHAHTHI

13.1. E?] = const.
[Tosicaum nomyueHHBIH otBet. Ha Komeuko A nefictyer cuna F', onpenernsi-
emast HaTsbkeHreMm HUTH 1, [lpu MaibIX yriax OTKJIOHCHHS! MasiTHHKA @ cuiia

1
Fy =mgp, F,= imggoQ
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(och y HampaBJIeHa BepTHKAIBHO BBEPX, OChb & B INIOCKOCTH KoneOanmii). Tak
KaK JUTHHA HUTH AB = [ M3MeHsIeTCs Me/UTEHHO, MOYKHO YCPEIHHUTE CHITY TI0 Tie-
puoay xosiedaHuii L = g coswt, w = \/g_/l, CYHTAs JJIMHY HATH 110CTOSHHOMN.
[Moayuaem

1
Fr =0, Fy— ngapg.
[Ipu cMeleHun Kojneuka Ha dy = dl 2HED-
! rust yosiBaer Ha F,dy = imgap%dl. Tak kak
_ 1 2
a) \ E = ngl(lp()’ TO
1B
t __1&4
dl 57 dl

Orcrona F2l = const.

___! .
| 13.2. Ilocne Toro, Kak 4acTui@a CTOJK-

2/
N ,  HETCs ¢ 00enMHI CTCHKAMH, ee CKOPOCTh U M3Me-
HsieTcsl Ha 2/, YCIIOBHE ME/UICHHOCTH O3HAYAeT,
ol uro |21 < v.

Brroepem takoe Bpemst At, 4ro

[

21
" ?<<At<<‘7.

6) NSNS

Puc. 175 Takoe At cymecTByeT B CHITy YCIIOBHS MeJICH-

HocTH. 3a 310 Bpems npounsoiaer vAt/(2!) map cToNKHOBCHMII CO CTCHKAMH, U
CKOPOCTb M3MCHHTCS Ha

Av = —vl.%.

Wurerpupys, moaydacu vl = const unm EI? = const.

WNHTepecHO mpocieuTh MoaPoOHee KaK HIMEHACTCS TPOHU3BE/ICHHE v, ITO
JICTKO CAeTIaTh, BOCIIOIb30BaBMKCEH rpadukamu {(t) u v(t) (puc. 175 a,0). [padux
I = vl npencrasnen Ha puc. 175,¢. Benuunna vl xonebmeTcss OKONoO mpudiu-
3UTENBHO MOCTOSHHOTO 3HauCHus (vl), IpHYEM aMILIHTY[a KOJCOAHHH HMEeT

AT 0

I Ch
OrkinoHeHue {vl) OT MOCTOAHHON WMEET BBICIIHH OPSAOK MAJIOCTH

OTHOCHTEJIBHY) BCIIMYHHY

d gy o 2
dt<vl> 1=
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13.3. Ecmu 681 g(t) = g — a(t) GBUTO HOCTOSIHHBIM, TO 3AKOH JIBHIKCHIS
mmapuka ObIT OB

z(t)=h — %gt2 (mpu — \/2h/g <t < +/2h/g).

V3menenue ¢(t) Ha Ag UPUBOANT K W3MEHEHHIO TIOTCHITHAIBHOW JHEPTHH

Ha mzAg, a 3a mepuon — Ha m(z)Ag, tne (z) = %h CpesHEee 0 BPEMCHH
3HAYECHHE 2.
M3meneHwe mofHOW sHeprin A(mgh) r[poplcxoz[m UMEHHO W3-3a W3Me-

HEeHUsl MOTCHIHAILHON dHepruu. [loyromy mAg h = A(mgh) wie gAh +

lhAg — 0, orkyna h o g~ /3,

B mpesioskeHHOM BBIBOAEC MBI CICAYEM, IO CYHIECTBY, TCM KC IMYTEM, KO-
TOPHIH MOXHO MPHMCHUTH B OOITIEM Cllydac Al A0Ka3aTelIhCTBA COXPAHCHHS
$ pdq (em. [1], §49).

Pazymeercs B 910H 3amaue (Kak W B APYIHX HOPCILIIYIINX) MOKHO OBLIO
Cpa3y K¢ BOCIIONB30BATHCS PE3yIbTaTaMy OOIIeH TCOpHH.

Ecnu mimura MeuieHHO noyiauMaerces (Ho ¢g(t) = const), To A = const. 210
OYEBHIHO, €CIIH CKOPOCTH TIUTHI TTOCTOSTHHA (AOCTATOYHO MEPEUTH B CUCTEMY
OTCYETA, CBI3AHHYIO C 1HTON). ECiu ke cKopocTh U3MEHSETCA, TO PEe3yNbTar,
COrNacHO OO0IICH TCOPHH 3aBUCAIIHE JIHIIL OT BHICOTHI ITO;1b€Ma IUIHTHI, H3MC-
HUTbC He MOxkeT. [Ipu »roM npeanoliaractesi, Yro OTHOCHTE/ILHOC W3MCHCHHE
CKOPOCTH 3a BpeMs 1/ 2/ /g Maso, minTa MOTHAMAETCS TTABHO.

134. a) E — A(l - ;)“TA)Q;
T

6) F = —U0(1 _ \/%7%)

B)EZOJI\/E—F R
N E = {\/7[141/?%( %)/F(%)}Qn/(n—lﬂ)-
13.5. h o (sina)?/3.

13.6. a o (sina)~1/%,

8Sml/gl .0 Lo ©o
13.7. [ = — [E (sm 7) — cos? TK(sm ?”
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13.8. O0ozHaunM gepe3 r 1 X KOOPAUHATHI HacTHIl M B A, oTcHHTHIBae-
MBbIe OT TOUKH (). J[BIKEHHe JIeTKOI YaCTHIIBI MOXKHO TPHOIIKEHHO paccMaTpH-
BATh KAK JIBIJKCHHE MEXKTY JBYMsI CTCHKAMHE, OJTHA N3 KOTOPBLIX IEPEMEIIacTCsl.
[TocKONMBKY BBITIONHSIETCS YCIOBHE

] > | X, (1)

COXpaHsieTcsl yCpenHeHHoe mo mepuoay mnpowmsseneHue |#|X = ' (cm. 3ama-
yy 13.2). Uckirovas & U3 3aKoHA COXPAHCHUS YHEPTHHU
mi? | MX _

5 T3

HAXO[MM, YTO BJIHSIHUEC JICTKOH YACTHLIBI HA JIBHXKCHHUE TSIKCJIOH PABHOCHIILHO I10-

2 -2
SIBIIEHHEO TIOTEHIHATBHOM 3Heprun U (X)) = 2152 . Ypasuenne 24 éX +U(X) =

E,

2F
M
E, C'u T MOryT OBITH OMPE/CICHBI 0 HAYANBHBIM 3HaucHHsM X, X H 4 (He
3asuesT ot 2(0)). [Tocne Toro kax ycmoewe (1) Gyaer HapyuIeHo, npeaiaraeMeIi
criocod penieHus 3aaa9u Oyner HenpHuMEeHHM.

[Topobroe npubikeHre (HazbiBacMOe agHadATHICCKIM) HAXOAHMT ITHPO-
KOe [PUMEHCHHE, HAIIPUMED, B TEOPHH MOJICKYJL.

2
— F npHBOAMT K 3aKOHY ABWKCHuS X = \/ % + ==(t — 7)2. TlocTOSTHHBIC

13.9. O003HaYUM KOOPIHHATHI TSDKENBIX dacTul X o, a nerxoi x. [Ipu
X1 < & < X9 noTeHUMaILHAS YHEPTHA

U= (!L‘ — Xl)f -+ (XQ — LU)f = (Xg — Xl)f
[Mosromy serxas 4acTuua CBOOOIHO JABHKETCS MEXK/Y TSHKCIIBIMH, U
&[(Xe — X1) = C = const

(cm. mpeapirynTyio 3aia4dy). C y4eToM 3TOro U3 3aKOHA COXPaHEHUs JHEPTHH JIJis
OTHOCHTEJILHOI'O JiBHsKeHUsI TsoKenbix dactul (X = Xo — X ) nonydaem
M mC?

M 2
15T oy

L fX—FE.

Pasznaras U,y (X) = 7;)(;2 + fX B6mmsn muHEMyMa Xo = (mC?/ f)1/3,

2

HaxXo0JdHuM 4aCTOTly MallblX KoncOaHui «HOHA»

2 _ 2U0"(Xo)  6f

v M MX,
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13.10. B ypaBueHusax mia P u ()

O —w-—+ %sian, P~ —PY c0s2Q

Pa3I0KKM YacToTy B psij 110 t. OrpaHnyrBa-
ACh IONPABKAMK NIEPBOTO MOPSI/KA, MOIYINM

t
@ = (wot+¢)+lw0t2+& sin 2Q(t) dt, | t
2 2&)0
0
(1) P
. t 5) = e =
Wo
P =" 1——/0082th, 2
(-5, ) © |

TIe Wy W () — 3HAYEHHs TaCTOTH U ee 1po-
H3BOJIHON B MOMEHT BpeMeHH g — 0, mpuueM
wo = 2w me < 1.

o 2P
daza () u ammuTyma A — Thioe BO3-

MYIMCHHOI'O ABHMKCHHA OTHOCHUTCILHO MAaJo
OTIIMYAI0TCA OT CBOHMX HCBO3MYIICHHLIX 3HA-

wernil Qo = wot + ¢ u Ag = 7?11200 JTaKe

Puc. 176

IS IPOMEKYTKOB BPEMEHH, MHOIO OOJBIITIX
nepuona Konebanuii 27 /w) (puc. 176).

Tak, juis MOMeHTOB BpemeHH ¢ ~ 1 /2wy BTOpol uneH B (1) mopsajaka eau-
HHLBI, & TPETHN — MOPSIAKA €, U TOITOMY

Q = wot + ¢ + %wotQ, P—p,

Ho taxoe wameHerue (hazpl puBEACT K TOMY, YTO B IIEPEMEHHBIX D, § BO3MY-
IIIEHHOE JIBHKCHUE

q(t) = Agcos (wgt + @+ % '0t2>

Oyner CymecTBeHHO OTIHIATLCA OT HEBO3MYIIIEHHOTO

qo(t) = Ag cos(wot + @),
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TAK UTO paSHPIL[a
q(t) — qo(t) ~ qo(t)-

[Ipy mOMBITKE CTPOHUTH TEOPHIO BOZMYIICHHH I MEPEMEHHBIX ¢ H P MBI MOIY-
UM JIJIS TIOMPABKH TIEPBOTO MOPAJKA ¢1(f) yPaBHEHHE

ijl -+ wgql = —2(,00(.4.)015140 COS(wot -+ (,0)

C pacTyled BO BpeMeHH pPe30HAHCHOM cuioi. [1oaTomy 1oaydeHHoe B TaKOH Te-
OpHUH PEIIECHHE CIIPABEIINBO JIAIIL JUIsI MAJIBIX IPOMEKYTKOB BPEMEHH IIOPsIAKA
HECKOJBKMX TIEPHOOB KOneOaHmi

2m 1
o < Fo”

13.12. TIpecobpazyem ¢pyHKUHIO [aMHUITETOHA CHCTEMBI

Hiz,p.t) = £+ M2 1p) — B )

K BHTY
2

mw? F ’ p F?

mw? 2m 2rmw?

Orcrona BUHO, 4To (hazoBasi TPACKTOPHS LIPEACTABIACT COOO0M ILIUIIC, CMEICH-
HBIH BIONb OCH T Ha paccTosHue F/mw?, ¢ momyocsmu

2 2
— £ L b=/2mE+ L.

’
mw m2w4 w

Anmabarnuecknuii HHBAPHAHT C TOYHOCTHIO 710 MHOKHTETISI ZL COBITAJAET C IIJI0-
n
MAaas0 3TOrO AJUIHATICA

B+ (F2/2mw?
1=Lab = +(w/mw). (2)

31ech

2mw

HMMECT CMBICIT JHEepTHH KoyieOaHmii BONM3M CMEIICHHOTO MOJIOKEHUS PABHOBECHS
(cp. ¢ 3amaueii 5.16). Iloacrarss B (2) 3Hauenue £ u3 (1), MOXKeM npeACTaBUTH
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pe3y/ibTaT B BHIE

2
Izzm :i:—l—iw(:c—}—%) =
W MW
¢ 2
_m 1 w(t—T) iwt s . F(t)
=5, m /6 F(r)dr +e"“" [£(0) + iwz(0)] — s

0

(3xechk A BENMYWHBI & + %W HUCHOIB30BaHbl cooTHOomcHHs (22.9), (22.10)
u3 [1]). UHTETpUpYA 110 HACTSIM, [TOTYUUM
¢
(0
I(t) = 1(0) + #0) /F(t) sin wt dt—

(,4}2

0
i

—%{.’L‘(O) — F(O)} /F(t) coswt dt + ﬁ‘jﬁ’(t)ewt dtg.
0

mw?
0

Takum 0Opazom, ecl crila H3MEHSICTCST MeIJIeHHO, To () ocummnupyer BOIH-
3u /{0). Ecnm F'(t) — const npu t — ©C, TO MONHOE W3MEHEHHE aauadarmde-
ckoro unBapuaHTa [ (00) — I(0) Mosker OBITH OUeHb MaJbIM (CM. 3amady 5.18).

13.13. PV5/3 = const.

1304, a)F =T 112+I22+I§) b, ¢ — mHE peb ]
14, a —%(g b_2 c—2 , TAC 4, 0, C AJIMHBI PCOCP 1apal

Jenenumnesna, a f; = const.
0) CoxpaHnsitoTcst a0COTFOTHRIC BEJHMYHHBI TTPOCKLFH CKOPOCTH HA KAXKI0C
u3 pebep.

13.15. IlepemeHHbIE pa3nemnstorca B chepHIeCKUX KOOpAUHaTaX. MoMeHT
ummynseca M coxpansiercst ctporo (A, aBnsieTcs;, KpoMe TOTO, annadaTiaecKum
MHBAPHAHTOM, COOTBETCTBYIOIIMM YIIY ). AypabaTHUecKHii WHBAPHWAHT I

PaarualIbHOIO JBHNCHUA R

1 M?
I = = / 2mE — = dr. (1)

7

Tmin

3aBucuMocts E(R) MOKHO BBISICHHTH, HE BBIYMCTsiss WHTerpana (1). 3ameHa
r — Rz naer

xr

1
1 A2 2
I, = = / \/QmER2 — = dr =1,(ER", M), (2)

Zmin
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otkyna ER? = const. [loaToMy suist yIia majeHns o

'min

M
R V2mER

— const.

sinq =
2
13.16. a) E x~v2 7";6) E oc vy~ L

13.17. [IlpupasHuBasi 3HauCHUS aaRa0aTHYECKOTO MHBAPHAHTA IO H MTOCITC
BKJIFOYCHUS I10JIs

i 72 T 72
/ E - JLIQ—U(T)CZTZ/ E+ JUQ—U—(SUCZ?“
2mr 2mr
II0JTy4aeM
SE — (5U) — 2 / oU dr

13.18. E = [}y + I=2€)s (0obo3HaueHus 3amaum 6.5 a). Tpaekropus 3a-

HOJHSET MPAMOYTONBHUK (1| < \/Ilﬂl_l, Q2| < \/IQQQ_I.

yCJIOBI/IH HpI/IMeHI/IMOCTI/I TeOpI/II/I azma6amqec1<nx PIHBapI/IaHTOBI
Q| <7, Il <l (=1, 2).

BHe o0macTs BRIPOKIACHUS YTH YCJIOBHSI CBOAATCS K TAKHM KE YCIOBHUAM, HAJIO-
KeHHHIM Ha w1 (t). B obmactn BeIposkaeHus (|w? — w3| ~ «) BTOpOE yCnoswe
OKa3bIBaeTca Oonee KeCTKHUM K Jdaer |wi| < « (00macTh BBIPOXKIEHHS 1IPOXO-
JTCS 3a Bpems, Topa3no Oonpiiiee mepuoaa OueHHH).

13.19. B oTcyTcTBHE CBA3M (xxy CHCTEMa PACIaaeTcsl Ha JIBa HE3aBHCH-
MBIX OCIHILISITOpa ¢ KoopauHaramu & U y. CoorBeTcTRYIOmMME agHadarnieckue
Ee p_ Ly
w1 YT we

[Mpu yuere cBA3W cecTEMa COCTOUT W3 ABYX HE3aBHCHUMBIX OCIHILISTOPOB
¢ KoopamHaTaMu ()1 1 (Jo. Ecu gacToTa HM3MEHSAETCS JJOCTATOYHO MEJIEHHO,
TO COXPAHSAKOTCS

WHBapHaHTwl [, — ,rne By n B, — 3HEprum 3TUX OCLMJUIATOPOB.

_ B
=&

Es

L -0

Is
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Bre 00macTH BBIPOKJICHHA HOPMAaJbHBIE KOMEOAHHS CHILHO JOKAJIH30BAHEL,
a4 UMEHHO TpH w; < Wwo OKA3RBAeTCT Q1 = z, Qo = ¥y, a MPH wy > wo
Q1 = 4y, Qo = —x. Takum o0pazom, npu wi < wo OKaswBacrest I, = Iq,
I, = Iy, npn wa < wy Haobopor, I, = Iz, I, = I (puc. 177).

Puc. 177 Puc. 178

[TpormmrocTpupyeM 3T0 CIEAYIOMMM ITPAMEPOM. /[Ba MasgTHHKA, JJTHHA O/
HOTO H3 KOTOPHIX MOXKET MEIIEHHO H3MEHSATHCS, CBA3AHBI MPYKUHKOU MaJO
wecTkocT (puc. 178). [Ipu 3HaunTeIbHOM pa3HULIE /UIMH MasiTHUKOB { 1 L HOp-
MaJIbHBIC KOJeOaHWs TIOYTH COBIAJAIOT C KOJCOAHHWSAMH OJIHOTO FUIH JPYTOrO
MasTHUKA.

[Tycts BHauanme masitHUK AB KoneOmercs ¢ amMIuIuTymoH (g, a Masit-
Huk C') — ¢ oueHb manoi. [Ipu ymeHbeHN: L aMIuinTyna KoJieO0aHuH MasTHH-
ka C'D ocraercs Majiol, IoKa JUIMHA ero He craHeT mouty paeHa [. [Ipu L ~ |

AMIUTATYZIA eTo Bo3pacTaeT (a npu [ = [ 00a MasTHHKA OyayT KoJedaThes ¢ aM-

0 -
TTUTYIAM U, PABHBIMHE 907 B ipotreo(asze). C nampHeHmyM yObIBaHHeM [ ToUTH
2

BCA 3HEprus nepeiaer K MasiTHuky C' DD, v aMIIHATya €ro CTaHeT paBHOH w1 —

3/4
— @ (%) , KaK JiIsl OTJEIILHOIO MasiTHHKA.

[Tpu cpaBHUTENLHO OBICTPOM ITPOXOKICHUH OOTACTH BRIPOXKACHHUS W1 > (v
0;100HOH MMepeKaYKy IHCPTHH MEK/Y OCUMLIATOPaMH He IIpoucxonut. Eciw,
KpOME TOTO, Wy <K w%, w1 € wiwi, 10 coxpansrored I, u Iy.

13.20. W3 ypaBHEHUN OBHKCHHSI
&+ wiz + 28xy =0, (1)
i + wiy + fa* =0, (2)

JNeTKO OOHAPY:KHTh, YTO CBSI3h OCLH/UIATOPOB MPHBOIAHUT K OONBLIOH mepegade
HEPTHUM PH 2w = Wa.
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[Mycte = = a(t) cos(wlt + ¢), y = b(t)cos{wat + ). Ecmm a > b, 1O
unen Fr’ = lﬁ’a + Ba cos(2wy + 2¢) B (2) urpaer posb BHIHYKIAIOMIEH

CWJIbI, IPUBOMASIIIEH K pGSOHaHCHOMy pocry y. Ecim ke a < b, To wien 28zxy =
= 20bx cos(wat+1) B (1) mpUBOIMT K TApAMETPUIECKON pacKauke KoneOaHui .
[ToapobHoe nccnenosanue cucremMnl (1) 1 (2) MoxHO HakiTh B 3ana4e 8.10,

OGacTh Pe30HAHCHOIO B3aHMONeiCTBI: |2w; — wa| < Bhw] .

CHIBHOE pPE30HAHCHOE B3aUMOACHCTBHE OC-

Yy LULIATOPOB HMEET MECTO, BOOOIE TOBOPs, IPH

YCIOBHSIX Nw1 = TMws, [IE 1 U 1M — IEJIbIC YUC-

%) ja. Onmaxo IIMPHHBI 0OIACTEH YACTOT, B KOTOPHIX

OCYINECTBISIFOTCS 3TH PC30HAHCHI, IPH HE OYCHB

MallbIX 1 ¥ 7 4Ype3BeuaiiHo Manisl (cM. [1], § 29).

x TlosromMy BX BiMsHHCM Ha JBIKCHHEC OCLIHJLISTO-

POB MOKHO TIpeHeOpeUh MpH ) HE CJIMIIKOM Ma-

NBIX (XOTA M 0CTATOYHO MANbIX AJsi TOTO, 4TOORI
MOKHO OBIIIO KCIIONB30BATH TEOPHUIO aTHadaTHIESCKHX HHBAPHAHTOR).

Puc. 179

13.21. IlycTb wacTuia, ABUXKYMAACA B TNIOCKOCTH Ty MO MANlbIM YITIOM
(x) (puc. 179).

Ecnu cunTarh 3aKOH ABIDKCHES B HATIPABICHUH OCH & H3BECTHBIM, TO MOYKHO
HCCJIC/IOBATH JIBHIKCHHE B HALIPABJICHUH OCH ¥, paccMarpuBas T(t) KaKk MEUICHHO
m3MeHsonmiics mapameTp. CoxpaHseTcst annabatideckuii HHBapHaHT § p,, dy =
— 2|py|yo(x) = 271, ¥ 310 paBEHCTBO OLPE/ETHCT 3AaBUCHMOCTE Dy, (T ).

Jst  onpenenerust ke x(t) MOXHO
MCIIOJIb30BATh 3aKOH COXPAaHCHHS JHEPIHHE

m2i? + py( z) = 2mE. MuHumanb-
HOE PACCTOSHHE Ipin ONPEIETSIeTCS yCIo-
BHEM p;(ﬂcmin) = 2mFE. TloncraBmas

yolz) = ztga, 2rl = 2v2mEltg acos g
MONIYYAeM ZTpin = | COS ©g.

PemeHne 3amaun METO/IOM OTPAKCHHM

o4eBHIHO w3 puc. 180. Dror meron maer

X TOYHOC PCIICHHUE, MPHMCHUMOE MPH JTHOBIX

yrmax « U g, HO He MOXeT ObITh 0000111eH

Puc. 180 Ha CITy4aH, KOT/a 4o () HE SIBISCTCS MPSMOH,

2

13.22. tgax, =tgp, I'= —=———.
. S av4/cos 2@
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13.23. a)3anava o JBIKSHHH YaCTHIILGI B MATHUTHOM II0JI€ IIPH YKA3aHHOM
BHIOOPE BEKTOPHOTO TOTEHIIMAId CBOJIMTCS K 3a7[au¢ O JBIKCHWUN TapMOHHYE-
ckoro ocruisttopa (cM. 3agaay 10.7). AnnadaTnueckuil HHBApHAHT

E—pi/2m v 2
I = = X 5 X Ta I,
IIe a = % — pananyc opouthl yactumbl (cM. [2], § 21).

Coorromerre I o 7wa? 3 OLycKaeT LPOCTYIO MHTEPIPETALMIO. PajyC
OpOMTHI W3MEHSIeTCS TaK, YTO TTIOTOK MAarHWUTHOTO TIONST 4epe3 TIIOITa Ky, OXBa-
TBIBAEMYFO €10, OCTAeTCs MOCTOSIHHBIM. PaccrosiHue 1eHTpa OpOUTHI OT IIIOCKO-

cp
CTH Y2, PABHOC T = j ¢ poctoM € YMEHBIITACTCSL.

BoszarkrOBEHNE Apeiida OpONT CBA3AHO ¢ MOSBICHHEM JJICKTPHICCKOTO TTO-

nm & = —1 OA _ (0, —%33%9 ) 0) IPH W3MEHEHWH MAarHUTHOTO mofis (cp. [2],

¢ ot
§22).

BeKTOpEI 3ICKTPHYECKOTO 110111 & U CKO-
POCTH V4 AT PA3IHYHBIX TTOJOKCHUI OpOH- & Y
TBI YAaCTHLBI 110Ka3aHbI Ha puc. 181. Viop

0) @yukmnus [ aMUTBTOHA B ITHITHHPHIE- v
CKUX KOOpAWHATAX

2 2
[T N (@ eﬁ‘cgz). 8

2m - 2m T 2?71?"2 B 2—CT

X

HHrerpanamu nBuKEHHS ABISIOTCS P, H P, .
AnnabarndecKuii WHBapHaHT AT pau- Puc. 181
AJIBHOI'O JIBHKCHUSA

Tmin

1 esl o\2
wl, = 2mE ——( — ==y2) dr
Tiax
nocne 3ameHbl - = S/ 2( NPUHUMACT BUA
CIIld.X E 2 E
Zm ambsy 1 LY
f <2( Cg) dc:ﬂ?"(p"” %)
Cnun
1 y I
Hutepecno, uto [ akTUHECKU HE 3aBUCUT OT Py IPHU pp > 0. JleHCTBUTENBHO, W npea-
[r=)

craBisgeT coOOH Wi3Menenne yrra Ay 3a BpeMs OIHOTO paguaibHOTO koseGanud, a npH p, > 0
HA4asI0 KOOPIMHAT JISKUT BHE TPAGKTOPUH (CM. puc. 98, &), u notomy Ay = 0.
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[Mostomy FE,| /H# = const, T.e. JHeprus MOMEPEUHOTO ABHKESHHS H3MEHSIETCS
TAK K€, KaK B MyHKTE a). PaccTosHAe 1ieHTpa OpOMTEI OT Havaia KOOpIHHAT
"max + Tmin _ Cmax + Cmin - 1
2 NEZ VA
C pocrom J¢ ueHTp opOUThl mpHONMIKACTCA K Hadamy KoopauHat (puc. 182).
[lpu w3MeHEHHH .7 MOSBISAETCS JIEKTPHUECKOE

o =

& moJIe rou
(CQ_()(‘D:_%%7 (g)rr: 2207
® CHJIOBBIE JIMHHH KOTOPOTO TIPEICTABRISIIOT COOOM 3a-
’ Vv
ap v, MKHYTBIE OKPY>KHOCTH.
B pealibHBIX YCIOBUSAX OIHOPOJHOC MArHHTHOC
Puc. 182 IIOJIE MOJKET CYIECTBOBAaThH TOINBKO B OIPAHHYCHHOM

00nacTy POCTPAHCTBA. DIMECKTPUICCKOE TTONE, TIOSBIS-
IOMIeeCs MPH M3MEHEHHH MATHUTHOTO, OYU€Hb CHUIBHO 3aBHUCHT OT ()OPMBI 3TOH
obrmacTi u ycloBui Ha ce rpanuie (cm. [2], § 21). Hanmpumep, mone, paccMoT-
peHHoe B ciiydae a), OCyIIeCTBIIeTCS BOIN3H IPOBO/IAIIEH IIOCKOCTH C TOKOM,
B ciiyuae 6) — B coneHome! .

CunpHAs 3aBHCHMOCTH XapakTepa JBHMKEHUS YACTHITHI OT cliaboro moys &
Ja3KE B CIIYHAE [IPEJICIIbHO MAILIX J€ OOBSICHSICTCS HAJIMYUEM BHIPOXKIACHHS {IIPH
F = const, mepHo B IBHKEHHS 110 IBYM KOOP/IMHATAM I, % WIH I, £ COBIAJa-
OT).

3amernm, uro BenuauHa F | /7 oka3anach annadarn4eckuM HHBaApPHAHTOM
B 000uX ciayqassx. MOXKHO MOKa3aTh, YTO 3TOT PE3yNLTAT HE 3aBUCHT OT BEIOOpa A

(em. [2], § 21; [8], § 25).

13.24. DBuiOpas BEKTOPHBIA TTOTCHIIMAT B BHJC

A(P — %%(t)j AT — AZ — Y (1)
IoJIydacm aI[I/Ia6aTI/I‘-IeCKIer HHBAPHAHTEI
FE,
IZ = W IgD = pcpa
Cnl’mx dc
1

n-% [ \Jee-mowo T —1w..0) @

gmiu

"Usmerenns IMEKTPUUECKOTO TOJA, CBI3aHHOTO ¢ M3MeHeHHeM Bolbopa A, me ObImo Obl, ec-

" 1 .
1 OBl OAHOBPEMENHO OBLT M3MEeHeH CKATAPHBIH TTOTEHIHAT Ha BEITHIHHY 5% FCxy (TpagnenTHOE
C
npeoGpasopaHue).
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T71e
2mE| + e%”pgo/c
\/w (e /mc)?
Taxum obpazom,
eH > (eﬁ?ﬁ” )2
E, xw, EJ_‘|_2m Py X \/w o) (3)

BekTopHslii moTeHian (1) 3agaet MarHUTHOE TONE, CHMMETPHUIHOE OTHO-
CUTENBHO OCH 2, [IPOXOISMEH Yepes3 LEHTP OCUUILIATOPA.
[Tpu apyrom BeiOOpe A

Ap=A, =0, A, =zt (4)

oirydaeM (pakTHIeCKH APYTYI0 QU3N4ECKY IO 3a1aqy. DyHKuny Jlarpansxa B 9TuX
JBYX 3a/1a4aX OTJIMYAIOTCs Ha
5L =4 ( € sx y) £ Axy, (5)
dt 2c

T. €. OTJIUYHE WX, €CITH OTOPOCHTH B (5) HECYIIECTBCHHYO MOJIHYIO TPOH3BOHYIO
10 BPEMEHH, OYEHb Mano.

B npensiaymeii 3amave, rae ABIKCHHE OO BBIPOKACHO, UMCHHO MOSABIIC-
HHUE 310N T00aBKH [IPHBOAUIIO K IOTHOMY W3MEHEHHFO HAIPaBIEHUsI U CKOPOCTH
nperipa opbuter. B Hamem ke ciydae ABMWIKEHHE OcLpIaTOpa pu A = const
HEBBIPOXKACHHOE, B jJ00aBka MOoXeT ObITh oTOpomieHa (cp. ¢ 3ajgadeii 13.19).
[Toatomy cootHOmeHHs (3) cnpaBeaTuBBl U pu Apyrom Beioope A. Tlpu mpoxo-
xeHnn oonacty BeIpoxkaeHus (€ = 0) coorHoteHns (3) COXPAHIIOTCS TONBKO
Jutst akcHalibHO-cuMmmMeTpranHoro nostst (1), [osesenue xe ocnmmigropa, Haupu-
Mep, B mone (4) mpu npoxokaeHun H depes Hynb TpedyeT AOMONHUTENLHOTO
UCCTIEIOBAHMS.

13.25. a) C moMOMIbI0 KAHOHMYECKOTO MPEeoOpa3oBalNsS MOYKHO IIPHBE-
cTH (QyHKOHMKO [aMHIBTOHA K CYMME JIBYX HE3aBHCHMBIX OCIHUIATOPOR (I8
X, Y; cm. 3anauy 11.9). AquabarnyeckuMy HHBapHAHTAMU SIBJISFOTCST OTHOLLIE-
HUSl JHCPTHH KaXJI0T0 M3 DTHX OCIHIISTOPOB K €0 4acTOoTe.

HamoMH#M, 9TO KOJEOAHUS KasK0TO M3 HEX MPEACTABIAIOT COOOH JBIKE-
HHE MO0 AUHNCY (CM. 3anauy 6.36). BeipaxeHHbIe, HAIPUMED, YEPe3 aMIUIATY-
Ny aj KoneOaHuH BAONL OCH X, aguadarnyecKue HHBaPHAHTLI PaBHBI

may 1 — wiwd + ka%

Ik = 5. T (k—1, 2).
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[Ipw m3MeHeHNH MapaMeTPOB CHCTEMBI K HOBOM (pyHKITiH ['aMmibToHa 1O0ABS-
eTCsST TAK)KE JaCTHAS MPOH3BOHAS MPOM3BOAsMEH (QYHKITHA 1O BPEMEHH, PaB-
Has' \(mws XY + Px Py /mws). O1a nobaska mama (A < ), # ee MOXHO
HE YYHTBIBATh, €CITH TONLKO COOCTBCHHBIC YACTOTHI HE COBMAnaroT (cp. ¢ 3aja-
el 13.19). Ciyuail BRIpOXIGHHUS IPH W1 = Wwo U MArHUTHOM I10JI€, IPOXOASIIIeM
gepe3 Hyllb, TPEOyeT OTACIBHOTO PaCCMOTPCHHA.

[Ipu apyrom BBIOOpPE BEKTOPHOTO TOTEHIHATA, MPHBOMAIIETO K TOMY KE
MArHHTHOMY [IOJIK), HO APYTOMY JNCKIPHIECKOMY, & — %C)d?
CKHC WHBAPWAHTBHI OKA3BIBAKOTCA MPEKHHUMU (OMATH 34 HUCKIFKOUCHHUEM Clay4ast
(wl = Wa, H = O)

Ecin wi = we, TO BO3AMOXKEH U APYIOH BHIOOP anadaTHIeCKUX HHBApPHAH-
TOR (CM. MPEABIAYILYIO 3aJa9y).

0) IIycTh s OTIpEeIeIeHHOCTH w1 > wo. J|BUKEHWE TIPOUCXOINT IO OKPY K-

, annabarude-

w -
HOCTH paanyca a Qw—l C YACTOTOM W 4, IIEHTP K€ OKPYKHOCTH MEPEMETIACTCS
A

IO JMIHTICY € TTOJYOCAMH, TMAPAIIIETIbHBIME OCAM X W 4 ¥ PABHBIMH

buws /W b\/W1W
H —_—
Vwr (@? 4 w?) VWi + w3

C 9aCTOTOH wjwa /W 4.
B) Konebanme OyaeT mpoOMCXO(HTE MOYTH BAOTL OCH V; AMIUTHTY/A €T0 YBe-
JIAYATCA B +/wi/we pas (cp. ¢ 3amadei 13.19).

13.27. a) /lBuwkeHHe 4acTHlbl B IUIOCKOCTU T IHPOUCXOUT 110J ACH-
CTBHEM MEJICHHO W3MEHSTFOIMIErOCs (13-3a CMETIIEHHUS BOJIb OCH 2) MATHUTHOTO
. e (z)

momms. Tlpw aTom coxpamsercss apmadarmucckuii nHpapuadt | = F,) [ ————

(cM. 3amauy 13.23). 3 3akoHa coOXpaHEHHS YHEPTHH HMEEM
ms?2 e (2)

T+IJ_W:E.

I Briuncienne wacTHON TIpoW3BOAHON MPOM3BOAANICH (PYHKIHH MOXKHO YIPOCTHTh, HCIOJTB3YS
CIIEYIOUINE COO0PaKeHHA.

ITpy mepexome oT MoMeHTa ¢ k ¢ + ot HeoOXOAMMO COBepIIHTL TOTIONHUTEILHO KaHOHHTECKOES
mpeolpasopaHHe, COOTBETCTRYIOLIEE TEpexofy or A kK A + oA Taxoe mpeoGpasoBaHue 3ajaercs
npomzsoasmeit gpyrximedt ®(X, Y, Py, Py ) = X Py + Y P{ + 6A(mwa XY + PP /mws)

(em. zamaay 11.17). TlosTomy %_qt) SAn j\(mngY + Px Py /muwa).
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qaCTI/IHa ABIGKCTCA B HAIIPABICHHHN OCH 2 TdK, KdK ABHI'AJIACH OLL B ITIOTCHITH-

I
anmpoM moste U(z) = I € mgz). ITepuon xonebanmii (cp. ¢ 3amadeii 206 u3 [1],
§11)

T 2ma

v\/A sin — cos2ar
[71C (v — YTOJI ME¥KTy CKOPOCTBIO YACTHIIBI V H OCBI0 2 B HAYaJIC KOOpauHar. Ya-
CTHITHL, JUTS KOTOPEIX ctg? a > A, He y/IepKHBAIOTCS B JIOBYIIKE. YCIIOBHE MPH-
MCHHUMOCTH TEOPHH aInadaruuecCKUX HHBAPHUAHTOB 3aKTI0YACTCS B TOM, YTOOBI
M3MEHCHHE MATHHTHOTO TIOJS 33 OJWH 000pOT YacTHHBI ObLTO Maldo. DTO Jaer
mev, << aedy.

[TprMepoM MAarHUTHOH JOBYIIKH MOTYT CIYKHTh PAagHANUOHHEIC MOsca
3emiu (oapodHee 0 MOByMIKax cm. [29]).

0) T = 2mwa/vsina.

13.28. a) (A\E, — E.)a® =const, F| /#p =const, E=E | + E.;
0) E, /#y = const, B,/ H/a = const.

13.29. Tlpenedperas B pyHkuuu ['aMmuInrona

9 2

o Py Py eHpo  e?r?sin’ @

- + 2 + . 2 + 2
2m - 2mr 2mr? sin® 0 2cm Rme

o

HOCIICAHUM 4JICHOM, KBAaJAPAaTHUYHBIM 10 J€, MOKEM pa3elduTh [IEPCMCHHBLIC B
ypasuennu I'amuisTona — Axobn.
AnmabaTiie CKUe HHBAPUAHTEI HMEIOT BH/

62 9
1 Py
Icp:pgm Iy = E/ /6_ SingngIg(p(pa /6)3
01
) eIp eICp
IT:%/ 2m | E + chgo—U(T‘) —T%dr:[r E + chlp,ﬁ

Taxum obpazom, IpH METEHHOM HU3MCHEHHH # BCIHYHHEBL

2
P eIp
2 © ©
Poy, B=ppg+ —— w £+
o B T n2e 2me

OCTarTCA NMOCTOAHHBIMH.
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13.30. P2 e P, _—
om T g L gy T amwty = By
(m*w?z® — p3)y + zpapy, — A,

(m*w?z® — po)py — 2mwpLy = m{Eg, A}

2 2
1331, a) w=Arctg ., =2 4 T
3TH TiepeMeHHBIe Y/I00HBI, HampuMep, /Uil MOCTPOSHUS TEOPHH BO3MYIICHHH
(cM. 3amauy 13.9).
0) [lycTh BHAYANIE YACTHIIA JABIKETCS BIPABO OT TOUKH & = (), MPUYEM MBI

BLIOHpaeM S Tak, uto S = 0 mpu x = 0. Torna

L 2/3
/|pd:crrf7ral(é) — Fx
0

_1 _ L p32 . 2VZm _E =
I—W/|p\d:c—aE L 0SS  Tm T p| = V2m(E — zF).

3/2

e

S Ilpy nBUKEeHHH BIEBO
Tm x 2/3 3/2
S = // |p|dx =7l + mwa (é) — Fx
0 :I:Hfb

u T. 1. [Ipu n-m xonxeSanuu

3/2

7 2/3

(BepXHMI1 3HAK OTBEUACT ABWKCHIHK) BIIPABO, HIKHUM — BIC-

Puc. 183 BO; puc. 183). ®ynkmma S(x, I) cmykur npoussomsiieil
dyHKIHed 11 mepexoad K HOBBIM KAHOHUYECKHUM MePEMEHHBIM JCHCTBHE- YO
(cm. [1], § 49). Hosrle niepemennble CBA3AHEI CO CTAPBIMH CIIEAYIOIIEM 00pazoM:

_ erLF (é)g/g {r? —[(2n — L)m — w]?},

p=2a (g)”’ (20— 1) — ),

S=02n—1IFnma

90 I ENENERENS SN A

X

m
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X

2 A7 5%4 w

Puc. 184

TIPUYEM & ABRIACTCS MeproanIeckoi (hyHkupei w (a w — HeoHO3HATHOU (yHK-
nuei x; puc. 184).

13.32. U3 pasencrra

P= [ 2m(F —U)dz
/

HAXOIHUM
2 2 2
E_ P _ Vv n mV 205 .
2ma 2 8P
YKOpoueHHOe JeHCTBHE
4
V2mFEx+(n— 1)P npu na < x < (n+%) a,

So—fpdas— 5

0 npu (n—l—%)a<x<(n+1)a.
+ V2mE (%a) +(n—-1)P

"

x 2m(E — V) (a:—la>+

\

HckmouuB F, moaydacM poU3BOAAIIY O (PyHKIHIO paccMaTpUBAEMOTO KAHOHH-
JECKOTO 1IPeOOpa30BaHS

( (P | maV 1
(aJV 5P )x+(n—1)P npﬂna<:c<(n—|—2)a,
So(z, P) = { ma®V (g _ maV) ot
2P \@ 2P pu (n+%>a<x<(n—l—l)a.

{ +(r—1)P
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W3 paBencts

_ 05 _ 05
“=%p PT o
HAXOIAM
%—FWSCILDV HpHn—1<Q<n—l,
p(PaQ): p maV 1
T~ op rrpnn—§<Q<n,
( Q+4+1-—n 1
—1<@Q<n— 3,
1 — (ma?V/2P?) e @<n-3
Qr12 n + & Hn—l<Q<n
[ 1+ (ma®V/2P%) 2 P 2 '

[Tepemennsie /7, () aHATOTUYHBI [IEPEMEHHBIM JCHCTBHE-yTON, BeTWUIHHA a()
npeAcTaBIAeT coboil CpelHIO CKOPOCTh YaCTUIIBL.
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